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PREFACE. 


RATHER  more  than  a  year  ago  I  was  requested  by  the  Syndics  of  the 
University  Press  to  allow  my  mathematical  papers  to  be  reprinted  in 
a  collected  form :  I  had  great  pleasure  in  acceding  to  a  request  so  com- 
plimentary to  myself,  and  I  willingly  undeitook  the  work  of  superintending 
the  impression  of  them,  and  of  adding  such  notes  and  references  as  might 
appear  to  me  desirable. 

The  present  volume  contains  one  hundred  papers  (numbered  1,  2,  3, ...,100) 
originally  pubhshed  in  the  years  1841  to  1853.  They  are  here  reproduced 
nearly,  but  not  exactly,  in  chronological  order :  and  as  nearly  as  may  be 
in  their  original  forms ;  but  in  a  few  cases  where  the  paper  is  con- 
troversial, or  where  it  is  a  translation  (into  French  or  English)  of  an 
English  or  French  paper,  only  the  title  is  given :  there  are  in  some  few 
cases  omissions  which  are  indicated  where  they  occur.  The  number  is 
printed  in  the  upper  inside  corner  of  the  page ;  it  is  intended  that  the 
mmibers  shall  run  consecutively  through  all  the  volumes ;  and  thus  a  paper 
can  be  referred  to  simply  by  its  number. 

I  have  of  course  corrected  obvious  typographical  errors,  and  in  particular 
have  freely  altered  punctuation,  but  I  have  not  attempted  to  verify  formulae. 
Additions  are  made  in  square  brackets  [  ]  ;  to  avoid  confusion  with  these, 
square  brackets  occurring  in  the  original  papers  have  in  general  been 
changed  into  twisted  ones  {  },  but  where  they  occur  in  a  formula  it  was 
not  always  possible  to  make  the  alteration.  The  addition  in  a  square 
bracket  is  very  frequently  that  of  a  date :  it  appears  to  me  that  the 
proper  reference  to  a  serial  work  is  by  the  number  of  the  volume,  accompanied 
by  the  date  on  the  title  page  :  the  date  is  always  useful,  and,  in  the  case 
of  two  or  more  series  of  a  Journal  or  set  of  Transactions,  we  avoid  the 
necessity  of  a  reference  to  the  series;  Liouville  t.  i.  (1850)  is  better  than 
Liouville,  S^rie  2,  t.  i.  I  regret  that  this  rule  has  not  been  strictly 
followed  as  regards  the  titles  of  some  of  the  earlier  papers,  see  the  remark 
at  the  end  of  the  Contents. 

A.    CAYLEY. 

Jcmuatry  23,  1889. 


CONTENTS. 


[An  Asterisk  denotes  that  the  Paper  is  not  printed  in  full.] 


5. 


6. 


10. 


11. 


12. 


On  a  Theorem  in  the  Geometry  of  Position  .... 

Camb.  Math.  Jour.  t.  ii.  (1841),  pp.  267—271       (1841) 

On  the  Properties  of  a  certain  Symbolical  Expression 
Camb.  Math.  Jour.  t.  in.  (1843),  pp.  62—71  (1842) 

On  certain  Definite  Integrals        ....... 

Camb.  Math.  Jour.  t.  iii.  (1843),  pp.   138—144     (1842) 

On  certain  Expansions,  in  series  of  Multiple  Sines  and  Cosines 
Camb.  Math.  Jour.  t.  in.  (1843),  pp.  162—167      (1842) 

On  the  Intersection  of  Curves       ....... 

Camb.  Math.  Jour.  t.  in.  (1843),  pp.  211—213     (1843) 

On  the  Motion  of  Rotation  of  a  Solid  Body         .... 
Camb.  Math.  Jour.  t.  in.  (1843),  pp.  224—232      (1843) 

On   a    class    of  Differential    Equations,    and    on    the   Lines   of 
Curvature  of  an  Ellipsoid      ...... 

Camb.  Math.  Jour.  t.  in.  (1843),  pp.  264—267      (1843) 

On  Lagrange's  Theorem        ....... 

Camb.  Math.  Jour.  t.  in.  (1843),  pp.  283—286     (1843) 

Demonstration  of  Pascal's  Theorem      ..... 

Camb.  Math.  Jour.  t.  iv.  (1845),  pp.   18—20  (1843) 

On  the  Theory  of  Algebraical  Curves 

Camb.  Math.  Jonr.  t.  iv.  (1845),  pp.  102—112      (1844) 

Chapters  in  the  Analytical  Geometry  of  (n)  Dimensions 
Camb.  Math.  Jour.  t.  iv.  (1845),  pp.  119—127      (1844) 

On  the  Theory  of  Determinants    ...... 

Camb.  PhD.  Trans,  t.  viii.  (1849),  pp.  1—16  (1843) 


5 

13 
19 
25 
28 

36 
40 
43 
46 
55 
63 


viii  CONTENTS. 


PAGE 


13.     On  the  TJieory  of  Linear  Transformations  .         .         •         •  80 

Camb.  Math.  Jour.  t.  iv.  (1845),  pp.  193—209 


14.  On  lAnear  Transformations ^^ 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.  104—122 

15.  Note  sur  deux  Formules  donnees  par  MM.  Eisenstein  et  Hesse  .         113 

Crelle,  t.  xxix.  (1845),  pp.  54—57 

*16.     Memoire  sur  les  Hyperdeterminants ^^'^ 

Crelle,  t.  xxx.  (1846),  pp.   1—37 

*17.     Note  on  Mr  Bronwin's  paper  on  Elliptic  Integrals    .         .         .         11-8 
Camb.  Math.  Jour.  t.  iii.  (1843),  pp.  197,  198 

*1^.     Remarks  on  the  Rev.  B.  Bronwin's  paper  on  Jacohi's  Theory  of 

Elliptic  Functions 

Phil.  Mag.  t.  XXII.  (1843),  pp.  358—368 

19.  Investigation  of  the  Transformation  of  certain  Elliptic  Functions         120 

Phil.  Mag.  t.  XXV.  (1844),  pp.  352—354 

20.  On  certain  results  relating  to  Quaternions  .         .         •         •         123 

Phil.  Mag.  t.  XXVI.  (1845),  pp.   141—145 

*21      On  Jacohi's  Elliptic  Functions,  in  reply  to  the  Rev.  B.  Bronwin: 

'                                            •  1 27 

and  on  Quaternions 

Phil.  Mag.  t.  XXVI.  (1845),  pp.  208—211 


119 


128 
1S2 


22.  On  Algebraical  Couples      ....•••• 

Phil.  Mag.  t.  XXVII.  (1845),  pp.  38—40 

23.  On  the  Transformation  of  Elliptic  Functions     .... 

Phil.  Mag.  t.  XXVII.  (1845),  pp.  424—427 

24.  On  the  Inverse  Elliptic  Functions 13^ 

Camb.  Math.  Jour.  t.  iv.  (1845),  pp.  257—277 

25.  Memoire  sur  les  Fonctions  doublement  periodiques      .         .         •         156 

Liouville,  t.  X.  (1845),  pp.  385—420 

26.  Memoire  sur  les  Courbes  du  Troisieme  Ordre    .         .         .         .         183 

LiouvUle,  t.  IX.  (1844),  pp.  285—293 

27.  Nouvelles  remarques  sur  les  Courbes  du  Troisieme  Ordre  .         .         190 

LiouviUe,  t.  X.  (1845),  pp.  102—109 

28.  Sur  quelques  Integrates  Multiples 1^^ 

LiouviUe,  t.  X.  (1845),  pp.   158—168 

29.  Addition  d  la  Note  sur  quelques  Integrales  Multiples         .         •         204 

LiouviUe,  t.  X.  (1845),  pp.  242-244 


I 


CONTENTS.  IX 

PAOB 

30.  Memoire    sur    les    Courhes    a  double    Courhure   et   les  Surfaces 

developpables  .         .         .    ■     .         .         .         .         .         .         .         207 

LiouvUle,  t.  X.  (1845),  pp.  245—250 

31.  Demonstration  d'un  Theoreme  de  M.   Chasles      ....         212 

LiouviUe,  t.  X.  (1845),  pp.  383,  384 

32.  On  some  Analytical  FormulcB  and  their  application  to  the  Theory 

of  Spherical  Coordinates         .         .         .         .         .         .         .  213 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.  22—33 

33.  On   the  Reduction  of  du  -^  V£/,  ivhen   U  is   a   Function  of  the 

Fourth  Order 224 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.   70—73 

34.  Note  on  the  Maxima  and  Minima  of  Functions  of  Three   Vari- 

ables         228 

Camb.  and  Dubl.  Math.  Jour.  t.   i.  (1846),  pp.  74,  75 

35.  On  Homogeneous  Functions  of  the  Third  Order  with  Three  Vari- 

ables         230 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.  97—104 

36.  On   the   Geometrical   Representation  of  the  Motion   of  a   Solid 

Body 234 

Camb.  and  DubL  Math.  Jour.  t.  i.  (1846),  pp.  164—167 

37.  On  the  Rotation  of  a  Solid  Body  round  a  Fixed  Point    .         .         237 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.  167—173  and  264—274 

38.  Note    on    a    Geometrical    Theorem    contained   in   a    Paper    by 

Sir  W.   Tlumson 253 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.  207,  208 

39.  On  the  DiamMral  Planes  of  a  Surface  of  the  Second  Order     .         255 

Camb.  and  Dubl.  Math.  Jour.  t.  i.  (1846),  pp.  274—278 

40.  On  the  Theory  of  Involution  in  Geometry  .....         259 

Camb.  and  Dubl.  Math.  Jour.  t.  n.  (1847),  pp.   52—61 

41.  On  certain  Formulae  for  Differentiation,  with  applications  to  the 

evaluation  of  Definite  Integrals      .         .         .         .         .         .         267 

Camb.  and  Dubl.  Math.  Jour.  t.  ii.  (1847),  pp.   122—128 

42.  Ort  the  Caustic  by  Reflection  at  a  Circle   .....         273 

Camb.  and  Dubl.  Math.  Jour.  t.  ii.  (1847),  pp.   128—130 

43.  On  the  Differential  Equations  which  occur  in  Dynamical  Problems         276 

Camb.  and  Dubl.  Math.  Jour.  t.  ii.  (1847),  pp.   210—219 


CONTENTS. 


PAOS 

44.  On  a  Multiple  Integral  connected  with  the  Theory  of  Attractions         285 

Camb.  and  Dubl.  Math.  Jour.  t.  ii.  (1847),  pp.  219—223 

45.  On  the  Theory  of  Elliptic  Functions  ......         290 

Camb.  and  Dubl.  Math.  Jour.  t.  ii.  (1847),  pp.  256—266 

46.  Note  on  a  System  of  Imaginaries       ......         301 

Phil.  Mag.  t.  XXX.  (1847),  pp.  257,  258 

47.  Sur  la  Surface  des  Ondes ........         302 

LiouviUe,  t.  xi.  (1846),  pp.  291—296 

48.  Note  sur  les  Fonctions  de  M.  Sturm 306 

LiouviUe,  t.  xi.  (1846),  pp.  297—299 

4*9.     Sur  quelques  Formules  du  Calcul  Integral         .         .         .         .         309 
LiouviUe,  t.  XII.  (1847),  pp.  231—240 

50.  Sur  quelques  Theorbmes  de  la  Geometric  de  Position  .         .         317 

Crelle,  t.  xxxi.  (1846),  pp.  213—227 

51.  ProbUme  de  Geometric  Analytique      ......         329 

Crelle,  t.  xxxi.  (1846),  pp.  227—230 

52.  Sur  quelques  Proprietes  des  Determinants  Gauches    .         .         .         332 

Crelle,  t  xxxii.  (1846),  pp.   119—123 

53.  Recherches  sur  V Elimination,  et  sur  la  Theorie  des  Courbes      .         337 

Crelle,  t.  xxxiv.  (1847),  pp.  30—45 

54.  Note  sur  les  Hyperdeterminants .         .         ,         .         .         .         .         352 

Crelle,  t.  xxxiv.  (1847),  pp.    148—152 

55.  Sur  quelques  Theorhmes  de  la  Geometric  de  Position         .         .         356 

Crelle,  t.  xxxiv.  (1847),  pp.   270—275 

56.  Demonstration  of  a   Geometrical  Theorem  of  Jacobi's        .         .         362 

Camb.  and  Dubl.  Math.   Jour.  t.   iii.   (1848),  pp.   48,  49 

57.  On  the  Theory  of  Elliptic  Functions.         .         .         .         .         .         364 

Camb.  and  Dubl.   Math.   Jour.  t.   in.   (1848),  pp.   50,  51 

58.  Notes  on  the  Abelian  Integrals — Jacobi's  System  of  Differential 

Equations        ..........         366 

Camb.   and  Dubl.   Math.   Jour.    t.   in.  (1848),   pp.   51—54 

59.  On  the  TJieory  of  Elimination    .         .         .         .         .         .         .         370 

Camb.   and  Dubl.   Math.  Jour.  t.   in.    (1848),  pp.   116—120 

60.  On  the  Expansion  of  Integral  Functions  in  a  series  of  Laplace's 

Coefficients      ..........         375 

Camb.   and  Dubl.    Math.   Jour.   t.    in.   (1848),   pp.   120,  121 


CONTENTS. 


XI 


PAOB 

61.  On  Geometrical  Reciprocity         .......         377 

Camb.  and  Dubl.  Math.  Jour.  t.  iii.  (1848),  pp.   173—179 

62.  On  an  Integral   Transformation  .         .         .         .         .         .         383 

Camb.  and  Dubl.  Math.  Jour.   t.   ni.  (1848),  pp.   286,  287 

63.  Demonstration    d!un    Theorem,e    de    M.    Boole    concemant    des 

Integrales  Multiples        .         .         .         .         .         .         .         .         384 

Liouville,  t   xui.  (1848),  pp.  245—248 

64.  Sur  la  generalisation  d'un  Theoreme  de  M.  Jellett  qui  se  rapporte 

aux  Attractions      .........         388 

Liouville,  t.  xiii.  (1848),  pp.  264—268 

65.  Nouvelles  Recherches  sur  les  Fonctions  de  M.  Sturm         .         .         392 

Liouville,  t.  xiii.  (1848),   pp.   269—274 

66.  Sur  les  Fonctions  de  Laplace     .......         397 

Liouville,  t.   xiii.  (1848),  pp.   275—280 

67.  Note  sur  les  Fonctions  Elliptiques      ......  402 

Crelle,  t.  xxxvii.  (1848),  pp.  58—60 

68.  On  the  application  of  Quaternions  to   the  Theory  of  Rotation .         405 

Phil.  Mag.  t.  XXXIII.   (1848),   pp.   196—200 

69.  Sur  les  Determinants  Gauches    .         .         .         .         .         .         .         410 

Crelle,  t.   xxxviii.  (1848),  pp.  93—96 

70.  Sur  quelques  Theoremes  de  la  Geometne  de  Position        .         .         414 

CreUe,   t.   xxxviii.   (1848),   pp.   97—104 

71.  Note  sur  les  Fonctions  du  Second   Ordre .         .         .         .         .         421 

Crelle,  t.  xxxviii.    (1848),   pp.   105,  106 

72.  Note  on  the  Tlieory  of  Permutations  .         .         .         .         .         423 

Phil.   Mag.   t.  xxxiv.  (1849),  pp.  527—529 

73.  Abstract  of  a  Memoir  by  Dr  Hesse  on  the  construction  of  the 

Surface  of  the  Second  Order  which  passes  through  nine  given 
points      .........  .         .         425 

Camb.   and  Dubl.  Math.   Jour.  t.    iv.   (1849),  pp.   44—40 

74.  On    the    Simultaneous    Transformation    of    Two    Homogeneous 

Functions  of  the  Second  Order     .         .         .         .         .         .         428 

Camb.  and  Dubl.  Math.  Jour.  t.   iv.   (1849),  pp.   47—50 

75.  On  the  Attraction  of  an  Ellipsoid      ......         432 

Camb.  and  DubL  Math.  Jour.  t.   iv.   (1849),  pp.  50—65 

62 


Xll  CONTENTS. 


PAGE 


76.  On  the  Triple  Tangent  Planes  of  Surfaces  of  the  Third  Order         445 

Camb.  and  Dubl.  Math.  Jour.  t.   I  v.  (1849),  pp.  118—132 

77.  On  the  order  of  certain  Systems  of  Algebraical  JEquatioTis  .         457 

Camb.  and  Dubl.   Math.  Jour.   t.   iv.   (1849),   pp.   132—137 

78.  Note  on  the  Motion  of  Rotation  of  a  Solid  of  Revolution  .         .         462 

Camb.   and  Dubl.   Math.  Jour.   t.   iv.   (1849),  pp.    268—270 

79.  On   a   System  of  Equations  connected  with  Malfatti's  Problem, 

and  on  another  Algebraical  System         .....         465 

Camb.   and  Dubl.   Math.   Jour.  t.  IV.   (1849),  pp.  270—275 

80^     Sur  quelques  Transmutations  des  Lignes  Courbes       .         .         .         471 
Liouville,  t.  xiv.  (1849),  pp.   40—46 

81.  Addition  au  Memoire  sur  quelques    Transmutations   des  Lignes 

Courbes 476 

Liouville,  t.   xv.   (1850),  pp.  351—356 

82.  On  the  Triadic  Arrangements  of  Seven  and  Fifteen  Things       .         481 

Phil.  Mag.   t.  XXXVII.   (1850),  pp.   50—53 

*83.     On  Curves  of  Double  Curvature  and  Developable  Surfaces        .         485 

Camb.   and  Dubl.   Math.  Jour.  t.   v.   (1850),  pp.   18—22 

84.  On  the  Developable  Surfaces  which  arise  from  two   Stirfaces   of 

the  Second  Order 486 

Camb.  and  Dubl.   Math.   Jour.   t.  v.   (1850),  pp.   46—57 

85.  Note  on  a  Family  of  Curves  of  the  Fourth  Order     .         .         .         496 

Camb.   and  Dubl.   Math.  Jour.  t.   v.  (1850),  pp.    148—152 

86.  On  the  Developable  derived  from  an  Equation  of  the  Fifth  Order         500 

Camb.  and  Dubl.   Math.  Jour.   t.  v.   (1850),  pp.   152—159 

*87.     Notes  on  Elliptic  Functions  {from  Jacobi)  ....         507 

Camb.   and  Dubl.  Math.   Jour,   t   v.   (1850),   pp.    201—204 

88.  On  the  Transformation  of  an  Elliptic  Integral  .         .         .         .         508 

Camb.   and  Dubl.  Math.  Jour.  t.  v.   (1850),   pp.   204—206 

89.  On  the  Attraction  of  Ellipsoids  {Jacobi' s  Method)      .         .         .         511 

Camb.  and  Dubl.   Math.   Jour.   t.   v.   (1850),  pp.  217—226 

90.  Note  sur  quelques  Formides  relatives  aux  Coniqu^  .         .         .         519 

Crelle,  t.   xxxix.  (1850),  pp.  1—3 

91.  Sur  le  ProbUme  des  Contacts     .         .         .         .         .         .         .         522 

Crelle,  t.  XXXIX.  (1850),  pp.  4 — 13 


CONTENTS.  XIU 

PAGE 

92.  Note  sur  un  Systeme  de  certaines  Formules        .         .         .         .         532 

Crelle,  t.  xxxix.   (1850),  pp.   14,  15 

93.  Note  sur  quelques  Formules  qui  se  rapportent  a  la  Multiplication 

des  Fonctions  Elliptiques         .......  534 

Crelle,  t.  xxxix.  (1850),  pp.   16—22 

94.  Note  sur  V Addition  des  Fonctions  Elliptiques     .         .         .         .  540 

Crelle,  t.  xli.  (1851),  pp.  57—65 

95.  Note  sur  quelques  Theoremes  de  la  Geometric  de  Position.         .         550 

CreUe,  t.  xli.  (1851),  pp.  66—72 

96.  Memaire  sur  les  Coniqu^s  inscrites  dans  une  msme  Surface  du 

Second  Ordre.         .........         557 

Crelle,  t.  xli.   (1851),  pp.   73—86 

97.  Note  sur  la  Solution  de  l' Equation  af"— 1=0     .         .■        .         .         564 

Crelle,   t   xli.   (1851),  pp.   81—83 

*98.     Note    relative   a,   la   sixibme    section    du   Memoire   sur    quelques 

Theoremes  de  la  Geometric  de  Fositioti  .         .         .         .         .         567 

Crelle,   t.    xli.  (1851),  p.   84 

99.     Note  sur  quelques  Formules  qui  se  rapportent  d  la  Multiplication 

des  Fonctions  Elliptiques        .......         568 

CreUe,  t.   xli.  (1851),   pp.  85—92 

100.     Note  sur  la  Theorie  des  Hyperdeterminants       ....         577 
CreUe,  t.  xlii.   (1851),  pp.   368—371 


Notes  and  References   ..........         581 


Volumes  II,  III,  and  iv  of  the  Cambridge  Mathematical  Journal  have  on  the  title  pages 
the  dates  1841,  1843,  1845  respectively,  and  volume  viii  of  the  Cambridge  Philosophical 
Transactions  has  the  date  1849.  As  each  of  these  volumes  extends  over  more  than  a  single 
year,  I  have  added,  see  p.  vii,  the  year  of  publication  for  the  papers  1,  2,  ...  12.  In  all  other 
cases,  the  year  of  publication  Ls  shown  by  the  date  on  the  title  page  of  the  volume. 


«s 


I 


XV 


CLASSIFICATION. 


» 


Geometry  ^ 

Intersection  of  curves,  5 

Motion  of  solid  body,  6,  36,  37,  68,  78 

Theory  of  algebraical  curves,   10  ] 

Analytical  geometry  of  n  dimensions,   11 

Curves  and  developables,  30,  83  'j 

Geometrical  involution,  40  . 

Geometry  of  position,  50,  55,  70,  95,  98 

Theory  of  Curves,  53 

Reciprocity,  61 

Transmutations  of  curves,  80,  81 


Distances  of  points,  1 

Lines  of  curvature  of  ellipsoid,  7  ) 

Pascal's  theorem,  9 

Transformation  of  coordinates,  20 

Cubic  curves,   26,   27  '' 

Skew  Cubics,  theorem  of  Chasles',    31 

Spherical  coordinates,  32 

Theorem  of  Sir  W.   Thomson,  Equimomental  surfaces,  38 

Diametral  planes  of  quadric  surface,  39  i 

Caustic  by  reflexion  of  circle,  42 

Wave  surface  (Tetrahedroid),  47 

Centres  of  similitude  of  quadric  surfaces,  51 

Theorem  of  Jacobi,   Confocal  surfaces,   56  j 

Theorem  of  Jellett,   Attraction  and  surface  of  ellipsoid,  64 

Quadric  surfaces,  71  1 

Abstract  of  memoir  by  Hesse,   Quadric  surfaces,   73 

Cubic  surfaces,  triple  tangent  planes,   76  ^ 

Developable  from  two  quadric  surfaces,  84 

Quartic  curves,  85 

Developable  from  quintic  curve,  86  1 

Formulae  for  two  conies,   90  \ 

Problem  of  contacts,   91 

Comes  inscribed  in  a  quadric  surface,   96  i 


XVI  CLASSIFICATION, 

Analysis 

Determinants,  1,    9,  12,  52,  61,  69 

Attractions  and  multiple  integrals,  2,  3,  28,  29,  41,  44,  56,  63,  64,  88 

Attraction  of  Ellipsoids,  Legendre,  75  ;   Jacobi,  89 

Linear  transformations,  &c.  12,  13,    14,   15,   16,   33,   34,  35,   39,  53,  54,  71,  74,   77,   100 

Elliptic   functions,   17,  18,  19,  21,  23,  24,  25,  33,  45,  57,  58,  62,  67,  87,  88,  93,  94,  99 


Expansions  in  multiple  sines  and  cosines,  4 
Differential  equations,  7,  43,  58 
Lagrange's  theorem,  8 
Quaternions,  20,  68 
Octaves,  21,  46 
Algebraical  couples,  22 
\     Maxima  and  minima,   34 
Differentiation,  41 
Sturmian  functions,  48,  65 
Integral   Calculus,  49,  62 
Elimination,  53,  59 
Legendre's  coefficients,  60 
Laplace's  functions,  66 
Arrangements,  72,  82 

Systems  of   equations,  32,  77,   79,   90,  92,  96 
Equation  ar*'  -  1  =  0,^  97 


1] 


1. 


ON   A  THEOREM  IN  THE  GEOMETRY   OF   POSITION. 


[From  the  Cambridge  Mathematical  Journal,  vol.  II.  (1841),  pp.  267 — 271.] 


We   propose   to   apply  the  following  (new  ?)  theorem  to  the  solution  of  two  problems  in 
Analytical  Geometry. 

Let  the  symbols 


I 


a,  /3 


a  ,  P  .  7 


,  &c. 


denote  the  quantities 

a,  0^  -  a'/3,  a/Sy  -  a/S'V  +  a'/S'V  -  d^i'  +  oi'^i  -  a"/3'7,  &c. 
(the  law  of  whose  formation  is  tolerably  well  known,  but  may  be  thus  expressed, 


a  1  =a. 


=  a|/8'|-"'l^|. 


P  >  7 


/8",  7" 
/3  .  7 


+  a" 


^.  7 
/3',  i 


,  &c. 


a.  )S,  7 

a',  ^,  y     =a|';,;  '„    +a' 

a",  r,  7" 

the  signs  +  being  used   when   the   number   of  terms  in  the  side   of  the  square   is   odd, 
and  +  and  —  alternately  when  it  is  even.) 

Then  the  theorem  in  question  is 

p  a  +  o-/3  +  T  y..,  p  a'  +  a  ^  +  T  y'..,  p  a"  +  a  jS"  +  t  y" .. 
p'a+ar'  ^  +  t'  y.. ,  p  a' +  a' ^  +  r'y'.. ,  p  a"  +  a'  /3"  +  r  y" .. 
p"a+cr"/8+T"7..,   pV  +  a'/S'+TV-,  p"a"  +  o-"/3"  +  T"7"-- 


p     ,  0-    ,  T    ..j 

a",  ^" 

7"- 

P     ,<j'  ,    T    .. 

a',/3' 

/ 

.7  •■ 

//              U             II 

p  ,  a-  ,T  .. 

a  ,/3 

.7  •• 

^^ 
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(This   theorem   admits   of  a  generalisation   which    we    shall    not    have    occasion     to 
make  use  of,  and  which  therefore  we  may  notice  at  another  opportunity.) 

To  find  the  relation  that  exists  between  the  distances  of  five  points  in  space. 

We  have,  in  general,  whatever  x^,  y„  ^,,  Wi,  &c.  denote 

Xi^  +  yi'  +  ^i'  +  w,',   -2a;,,    -2y„   -2z„   -2w„   1 
a's'  +  ys'  +  ^s'  +  Wj',   -2a;j,    -2^2,   -2z,,   -2w,,   1 


3!,'  +  y>'  +  z,'  +  w,',   -2x„   -2y„   -2z„   -2w„    1 
1  ,        0  ,        0  ,       0  ,        0,0 


multiplied  into 

1. 

«i, 

yi. 

Zu 

w„ 

^r  +  2/.'  +  ^.-  +  w,» 

4 

1, 

«2, 

y^, 

Zi, 

Wj, 

x.'  +  yi'  +  z.'  +  w,' 

1,       a?5,        y5>        ^5,        'lo,,        a^j^  +  y^^  +  ^5' +  Wfi- 
0,        0,        0,        0,         0,  1 


i^^i  -  ^1  +  yi  -  2/1  +  «i  -  ^1  +  w'l  -  w'l » 

2        2  2  2 

Xi  ~~  iTg  "T" . . . ,        iPj  ~~  iC^  'T  , » ,f       Xi  "~  1^4  -f-  . . .  ,       3Jj  —  iCg  +  .  , ,  ,        1 


rf/2  ■"  I*'!  T   •  •  • 


•C3  ^  ^Jg  "!"••.>        X2       X^  H~  . . . ,       iJ?2  "~  X^  +  . . .  ,        X^i        X^  T  .  . .  ,        J. 


^6         1^1    I     •  •  • 


iCg  "~  X^  "t"  • 


2 


2 

^6         '^S  T"  • 


^8         ^4  T*   •  •  •  )  ^^6  ^  i^5  T"  -  .  .  ,         1 

1,1,  1,1,0 

Putting   the  w's   equal  to  0,  each  factor   of  the  first  side  of  the  equation  vanishes, 

and  therefore  in   this   case   the    second    side    of   the    equation    becomes    equal    to    zero. 

Hence   x^,  yi,  Zi,  x^,  y^,  z^,   &c.   being   the   coordinates   of   the  points    1,  2,   &c.   situated 

— 2  — 2 
arbitrarily   in  space,   and   12,   13,    t&c.    denoting    the    squares    of    the    distances    between 

these   points,   we   have   immediately   the   required  relation 

-2 

0. 


0, 

12, 

13, 

14, 

15, 

2 

21, 

0, 

— 2 
23, 

— 2 
24, 

— 2 
25, 

— 2 
31, 

— 2 
32, 

0, 

— 2 
34, 

— 2 
35, 

— 2 
41, 

— 2 
42, 

— 2 
43, 

0, 

— 2 
45, 

— 2 
51, 

— 2 
52, 

— 2 
■53, 

— 2 
54, 

0, 

1, 

1, 

1, 

1, 

1, 

0 
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which  is  easily  expanded,  though  from  the  mere   number  of  terms  the  process  is  some- 
what long. 

Precisely  the   same    investigation   is    applicable    to    the    case    of    four    points    in    a 
plane,  or  three  points  in  a  straight  line.     Thus  the  former  gives 


=  0. 


The  latter  gives 


0,     12! 

— 2 
13, 

— 2 
14,       1 

2!,'      0, 

— 2 
23, 

— 2 
24,       1 

2        2 

31,      32, 

0, 

"34!      1 

— 2     — 2 
41,       42, 

— 2 
43, 

0,       1 

1.         1, 

1, 

1,       0 

0, 

— 2 
12, 

— 2 
13,       1 

— 2 
21, 

0, 

— 2 
23,       1 

— 2 
31, 

— 2 
32, 

0,       1 

1, 

1, 

1,      0 

=  0; 


or  expanding, 


12  +  13  +  23  -  2  .  12  13  -  2  .  13  23  -  2  .  12  23  =  0 ; 


which  may  be  derived  immediately  from  the  equation 

+  12  +  13  =  +  23, 

and   is   the   simplest   form  under   which   this   equation,   cleared   of   the   ambiguous  signs, 
can  be  put. 

(The   above   result   may  be   deduced  so   elegantly  from   the   general  theorj'  of  elimi- 
nation, that  notwithstanding  its  simplicity  it  is  perhaps  worth  mentioning.) 


Let 


then 


2  2  2 

12  =  y,     23  =  a=,     31=y8=,     anda  +  ;8  +  7  =  0; 


from    which   a,   /S,   7   are   to   be   eliminated.     Multiplying   the   last   equation    by  ^'y,   ya, 
ayS,  and  reducing  by  the  three  first, 

0  .  o  +  12  .  i8  +  31  .  7  +       a/37  =  0, 

12  .  a  +    0  .  /3  +  23  .  7  +       a^y  =  0, 

2  —2 

31  .  a  +  23  .  /3  +    0.7+       a0y  =  O, 

■    a  +         /3  +         7  +  0  .  a/37  =  0 ; 

1—2 
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from  which,  eliminating  a,  y3,  7,  a/87  by  the  general  theory  of  simple  equations, 


0, 

— 2 
12, 

— 2 
13, 

1 

2 

21, 

0, 

— 2 
23, 

1 

— 2 
31, 

— 2 
32, 

0, 

1 

1, 

1. 

1, 

0 

=  0. 


The  (additional)  equation  that  exists  between  the  distances  of  five  points  on  a 
sphere  or  four  points  in  a  circle,  has  such  a  remarkable  analogy  with  the  preceding, 
that  they  almost  require  to  be  noticed  at  the  same  time. 

If  o,  ^,  7,  r  be  the  coordinates  of  the  centre,  and  the  radius  of  the  sphere,  and 
S  =  a'  +  P'  +  'f  —  r',  we  have  immediately 

a^"  +  y,»  +  Zi' -2ttXi-  l^y^  -  2yZi  +  8  =  0, 

a;>  +  y}  +  z}  -  2iuc,  -  2^y,  -  2^^,  +  S  =  0 ; 
whence  eliminating  a,  /8,  7,  B, 

x,^  +  yi'  +  zr\  -2x„  -2y„  -2z,,   1 

x.'  +  y.'  +  z,',  -2x„  -2y„  -2z,,   1 


=  0; 


whence,  multiplying  by^ 


we  have  immediately 


fi.      Vu      fi.      «i'  +  yr  +  ^i' 
oot,       y^,       z„       x.^  +  y-'  +  z," 


0,        12,        13,        14, 


15 


21, 
— 2 
31, 
— 2 
41, 


0, 

— 2 
32, 

— 2 
42, 


23, 

24, 

25 

0, 

— 2 
34, 

35 

— 2 
43, 

0, 

45 

— 2 
53, 

— 2 
54, 

0 

=  0. 


51,        52, 

Forming  the   analogous   equation   for    four    points    in    a    circle,   and    expanding,   we 
readily  deduce 

T4   23*+T2*  34  + 13   24-2.12   34   13   24-2.14   23    13    24-2.14   23   12   34  =  0, 
which  is  the  rational,  and  therefore  analytically  the  most  simple  form  of 


12   34+14   23  =  13   24. 

Euclid,  B,  vi.,  last  proposition. 

(It   may  be   remarked   that   the   two   factors   we   have    employed    in    the    preceding 
eliminations,  only  differ  by  a  numerical  factor.) 


2] 


2. 


ON    THE    PROPERTIES    OF    A    CERTAIN    SYMBOLICAL 

EXPRESSION. 


[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1841),  pp.  62 — 71.] 
The  series 


S^I-^A^^'  +  b"  -n  t^rms)P*^(ji-^ 


d' 


(« 


da""*" 
1 


m       # 
l+m'db'" 


{{l  +  l)a'  +  (l  +  m)bK..Y 

\}''^  2^«  1.2...p.i {i  +  1)  ...  (i  +  p)) ^'^^' 

poesessea  some  remarkable  properties,  which  it  is  the  object  of  the  present  paper  to 
investigate.  We  shall  prove  that  the  symbolical  expression  (yjr)  is  independent  of  a,  b, 
&c.,  and  equivalent  to  the  definite  integral 

af-^dx 


L 


{(l  +  laf'){l+mx')...}^' 

a  property  which  we  shall  afterwards  apply  to  the  investigation  of  the  attractions  of 
an  ellipsoid  upon  an  external  point,  and  to  some  other  analogous  integrals.  The 
demonstration  of  this,  which  is  one  of  considerable  complexity,  may  be  effected  as 
follows : 

d' 


m 


Writing  the  symbol  ^J-^ .  ^,  +  -  _^  ^^ .  ^^^ 


...  under  the  form 


W'*"d6»"7     \l+l-da'''^l+m-db'-)~         [l +1' da'''^  1 +m- db'- )  ^"PP«^^' 
let  the  p""  power  of  this  quantity  be  expanded  in  powers  of  A.     The  general  term  is 

^^     ^  1.2...^  \l  +  l  da'---J  ' 

which  is  to  be  applied  to 


1(1  +  0  a' ■■•}*• 
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Considering  the  expression 

/   1       ^      y  1 


if  for  a  moment  we  write 

(l  +  l)a'=ai'.  &c.;      ^i=  ^^.  + Jl  -  !      P,  =  a,'  +  6,» .... 

this  becomes  A,'     . . 

XT        ;.   ■    ■         J-  ^  1               ^v,  ^   A    1       2i'(2i'+2-n) 
iNow  it  IS  immediately  seen  that  A, — ^  = ^^ r— ; 

from  which  we  may  deduce 

.gJi^  2t  (2t  +  2) ...  (2i  +  2g  -  2)  {2i  +  2 -  n) ...  (2i  +  2q-n) 


Pi 


Pi 


or,  restoring  the  value  of  pi,  and  forming  the  expression  for  the  general  term  of  (■^),  this  is 

1 


^,.pp*^r 


AP 


P, 


(a'  +  6» . . .  +  Za»  +  mb^  +  &c.y 
1 


+  &C. 

p  representing  the  quantity  a^  +  t^  +  fec. 

Hence,   selecting   thfe   terms    of   the   s""   order  in   ^,  m,   &c.   the    expression   for    the 
part  of  (a/t)  which  is  of  the  s*  order  in  I,  m  &c.  may  be  written  under  the  form 


*^*»     1.2..,s 


multiplied  by 


i(i  +  l)...(t  +  s-l)AP^ 


f/" 


-|  2i  (2i  +  2  -  n)  (i  +  1)  ...       (i  +  s)  AJ-'^jf^, 

_^pj£-l) ^. ^^. _^  2^  ^2^. ^.  2  _ n) (2i  +  4 -  n)  (i  +  2) . ..  (i  +  s  +  1)  A^-'-iTi+ 

^  -  &c.  [ia''  +  m6-  ...  =  U suppose] 

which  for  conciseness  we  shall  represent  by 

1.2...s'^po^    "^^ 


«'^%^. 


2  ^« "      „t+«+i 


+       1.2     ^'  P- 


-&c. 


=  S  suppose. 
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Now   U  representing  any  homogeneovis  function  of  the  order  2s,  it  is  easily  seen  that 

and    repeating   continually    the    operation    A,   observing    that    ACT,   A'Z7,  &c.   are   of  the 
orders  2  (s  —  1),  2(s— 2),  &c.  we  at  length  arrive  at 

+ 1  2i  (2i  +  2?  -  4s  -  n)  A9-' U",  ^ 
+  ^^Y^  2i (2i  +  2)  (2i  +  2q -  'ts-n) (2i  +  2q - 4:s  -  n  -  2)  A^  U . 4r, 


+  2t(2i  +  2)...  {2i  +  2q)(2i+2q-4,s-n) ...        (2i  +  2-4s-n)  i^.-j:;^. 


(«). 


Changing  i  into  s  +  i  +  i',  we  have  an  equation  which  we  may  represent  by 
_0;    _  AflU     ,  .        A?-'  U  U 

where  in  general 

M       -  g(g-l)-(g-^  +  l) 
"•'"  1.2...r 

X  (2«  +  2t  +  2t')  (2«  +  2i'  +  2i  +  2)  ...  (25  +  2i'  +  2i  +  2r  - 2) 

X  (2i  +  2i'  +  2g  -  2«  -  n)  . . .  (2i  +  2i '  +  29-  -  2s  -  n  -  2r  +  2). 

Now  the  value  of  8,  written  at  full  length,  is 

i.2...«       ^'''  r  p'+'  1^'    p.+i+i- 

I  >-     rt»+>-i  /'o  A»-i    z. *-~_  s  A«-2  — ^ 

+  &c. 

and    substituting    for    the    several    terms    of    this    expansion    the    values    given    by    the 
equation  (a),  we  have 


where  in  general 


1. 2 8  \  p  P      I 

"^x  ~  *«  (  -"»>  0  i*  +        -"»— 1>  0  b«— 1  •  •  •  +  ■"■s—x,  0  bs— xj 

V T  »-l'  1  b«  •  •  •  +  1  -^«-x>  1  i)«-x+i  I 


«(«-!)...  (s-x  +  l) 


-^'V  1.2...X 

X,  being  the  (x  +  l)""  of  the  series  ag,/3, ... 


•^»— X>  X  b« J  > 


I  

I 
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Substituting  for  the  quantities  involved  in  this  expression,  and  putting,  for  simplicity 
2i  +  2  —  n  =  27,  we  have,  without  any  further  reduction,  except  that  of  arranging  the 
factors  of  the  different  terms,  and  cancelling  those  which  appear  in  the  numerator 
and  denominator  of  the  same  term, 

i-iyh  (-l)»-x(l-y)(2-y)...(x-7) 

1.2 s     2*'+M.2...s.l.2...  (s-x).1.2...x 

multiplied  by  the  series 

(t  +  s  + 1)  ...  (i  +  s  +  X  —  1)  into 

|l  +  y  ^^+1p^  ,-    'w"'i-^+-  (-+  1)  terms) 

(         lx-7         1.2      (x-7)(x-l-7)  I 

(i  +  s)  ...(i  +  8  +  x-2)   .  ^ 

—  -i ^ into 

^t  1-7 

^  ^7x(x-l)  ^  7(7+1)    x(x-l)(x-2)    ^  ^^^ 


1      X  —  7 


1.2       (x-7)(x-l-7) 


X  terms  > 


4.(-l).(^'  +  ^-^+l);--(\+^+^-^-l)  into 


(l-7)(2-7)...(r-7) 


|x(x-l)...(x-r  +  l)  +  |^ 


;x-l)...(x-r) 


x-7 


+ . . .  (x  +  r  —  1)  terms[ 


to  r  =  X. 


Now  it  may  be  shown  that 

1 

(l-7)(2-7)...  (r-7) 

{x  (x  -  1)  . . .  (x  -  r  +  1)  + 1  ^(^-1)^"(^-^)  +  &c. . . .  (x  + 1  -  r)  termsl 

_  X  (x  -  1)  .  ■■(/■+l).x(x-l)  ...  (x-r  +  1) 
(1-7)  (2-7)...  (x-7) 

which  reduces  the  expression  for  Ar^  to    the  form 

{-iyk^_ (-1)»+''  f  (i  +  s  +  1)  ...(i  +  s+x-1) 


1.2...S     2=»+'.1.2...s.l.2...(s-x) 


x  ,.       . 
-J  (i+s) 

x(x-l),. 


■       1.2 

+  &c.  (x  +  1)  terms ; 
from  which  it  may  be  shown,  that  except  for  x  =  0,  k^  =  0. 
The  value  x  =  0,  observing  that  the  expression 

(i  +S+ 1)  {i  +  8  +  2) ...  (i  +  s-  1) 


(i  +  s  +  X  -  2) 
(t  +  s-1)...  (t  +  s  +  x-3) 


represents  -; ,  gives 
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1.2... s     2'»(1.2...s)^(2i  +  2s)' 

or  we  have  simply 

S-               (-^^               AT 

2^(1.2...s)^(2^•+2s)         ' 

where 

^-dt+dt+-'    f^-(^'^^  +  -^^-)'. 

Consider  the  term 

,    o      .^'f';'"         ,,_a^b^...l^m-...: 

with  respect  to  this,  A»  reduces  itself  to 

U2...S  ^d\^ 

1.2... X 


2...S /dY 

1.2  ...fi. &c.  \da) 


and  the  corresponding  term  of  (S  is 

(-1)' 


2«(2t  +  2s)(1.2.,.X.1.2.../t.  &c.)= 


1.2...  2\.  1.2...2fi.  &c.  ^'■m'^ 


=  (-l)'-l-3...(2\-l).1.3...(2/.-l).  &c. 

(2i  +  2s)2.4...2\.2.4...2w.  &c.  "" 

which,  omitting  the   factor   ^. — s">  ^^^d  multiplying  by  a^,  is   the   general   term   of  the 
a""  order  in  ?,  m, ...  of 


VRl+'a^Xl+ww;')-.}' 


The  term  itself  is  therefore  the  general  term  of 

or  taking  the  sum  of  all  such  terms  for  the  complete  value  of  S,  and  the  sum  of  the 
different  values  of  S  for  the  values  0,  1,  2...  of  the  variable  s,  we  have  the  required 
equation 


J  0 


V{(l  +  iar')(H-«uc=)...|" 


Another    and    perhaps    more    remarkable    form    of    this    equation    may    be    deduced 

by  writing    , — -, ,  , ,  &c.   for   a',  6",  &c.,  and  putting  , — -.+- h  &c.  =  t;^  lri-  =  a?, 

l+il+wi  L+L      \.\-m 

mrf  =  ff',  &c.:    we  readily  deduce 

„_^  I ' cd^^dx 

''"Jo  sl{{ri'  +  aW)  (7?»  +  ^a?) . . . } 

_  o  »    1 (  i  ^      R^^      Y  1 

-Op(,2»P+M.2...j9.i(i  +  l)...  (i+2j)r  da="^ '^  d6»  "7  (a»  +  6'...y' 
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ij  being  determined  by  the  equation 
■or,  as  it  may  otherwise  be  written, 


,.  +  a«  +  ^  +  /9'-~^' 


77'  +  a'     ■>)  +  (^ 
n,  it  will  be  recollected,  denotes  the  number  of  the  quantities  a,  b,  &c. 

Now  suppose 

V=JJ...^{a  —  x,  h  —  y,...)dxdy... 

(the  integral  sign  being  repeated  n  times)  where  the  limits  of  the  integral  are  given 
by  the  equation 

and  that  it  is  permitted,  throughout  the  integral  to  expand  the  function  <^(a  — «, ...) 
in  ascending  powers  of  x,  y,  &c.  (the  condition  for  which  is  apparently  that  of  ^ 
not  becoming  infinite  for  any  values  of  x,  y,  &c.,  included  within  the  limits  of  the 
integration) :  then  observing  that  any  integral  of  the  form  jj  ...xP y^  ...dxdy  &c. . . .  where 
any  one  of  the  exponents  p,  q,  &c.  ...  is  odd,  when  taken  between  the  required  limits 
contains  equal  positive  and  negative  elements  and  therefore  vanishes,  the  general  term 
of   V  assumes  the  form 

1       "-  fdY-fd- 


1.2...2r.l.2...2«. 


{^T{^J-'l>i-.b...)If...x^^r...dxdy 


Also,  by  a  formula  quoted   in   the   eleventh   No.    of  the  Mathematical  Journal,  the  value 
of  the  definite  integral  // . . .  oF y^ ...  dxdy  ...  is 


'     ■■■  r(r  +  s+...  +  in  +  l)' 


(r  +  s+.. .+in  +  l)' 

(observing   that  the   value   there  given  referring  to  positive  values  only  of  the  variables, 
must  be  multiplied  by  2"):  or,  as  it  may  be  written 

;,.r+,  /.  ^+,         m  _J_  1.3  ■■.(2r-  1) .  1 .  3  ...  f2.s- 1) ... 
'     ■■■'^  ■2'-+'-in(in  +  i)...(in  +  r  +  s...)r(in)- 

hence  the  general  term  of  V  takes  the  form 

M...7r*"  1  1  1 


r(|n)     Jn(Jn+l)  ...  (^n  +  r  +  s  ...)' 2*'-+^-  1.2.3...r.l.2...s... 

and  putting  r -\- s  +  &c.  =  p,  and  taking   the  sum   of  the  terms  that  answer  to    the  same 
value  of  p,  it  is  immediately  seen  that  this  sum  is 


r(|n)    ■2=p.l.2...;j.in  (in  +  1)  ...(in+p)  V   rta=      '  db 


(^'cS+'^'l-T^(«.^-)- 


2]  SYMBOLICAL   EXPRESSION.  It 

Or  the   function   <f>{a  —  x,   b  —  y...)   not   becoming  infinite   within   the   limits  of  the 
integration,  we  have 

ff ...<}) {a  —X,  h  —  y...)dxdy... 
2M,...7r>"Qr  ^ 1 (,^^^L,d'       y..      ,      . 

the    integral   on    the    first   side   of   the   equation   extending    to    all   real    values   of   x,  y, 
&c.,  subject  to  -p  + 1^  +  . . .  <  1. 

Suppose  in  the  first  place         (^(a,  h...)  — 


By  a  preceding  formula  the  second  side  of  the  equation  reduces  itself  to 


ran)    J„V{('7'  +  ^'^)('7'+A; 


x^~^dx 

'a?)  ...  (n  factors))' 


Hence  the   formula 

dxdy ... 


//...„« 


times 


{(a-a;y+(6-y)»...} 


in 


a;""' .  da; 

'orr)  ...  (n  factors)) ' 


where    the    integral    on    the    first    side    of   the    equation    extends   to    all   real    values   of 
X,  y,  &c.  satisfying  ^-  +  f-,  +  &c.  . . .  <  1 ;   v'^,  as  we  have  seen,  is  determined  by 

if  +  h*     T  +  V 

and   finally,  the  condition   of  <f>{a  —  x,   b  —  y...)   not   becoming  infinite   within  the   limits 

a^      b- 
of   the    integration,   reduces   itself   to  j-+j-^+...>l,   which   must   be   satisfied   by  these 

quantities. 

Suppose  in   the  next  place  that  the  function   </>(«,  b...)  satisfies  ^„  + -^.^  +  &c.  =  0. 
The  factor  ( A'  3-^  +  &c.  1  may  be  written  under  the  form 

2—2 
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d}       d^ 
since,    as    applied    to    the    function    <j),  j"j  +  jra  +  &c.    is    equivalent    to    0;    we    have    in 

this  case 

jj  ...<i>{a-x,  h-y  ...)dxdy... 

mW^''''^^^'.i.2...p.in...(hn+p)r'~^^d^-^'--\  '''^"'  *-^' 

or  the  first  side  divided  by  hh^ . . .  has  the  remarkable  property  of  depending  on  the 
differences  A/  —  A',  &c.  only ;  this  is  the  generalisation  of  a  well-known  property  of  the 
function  V,  in  the  theory  of  the  attraction  of  a  spheroid  upon  an  external  point. 


If  in   this   equation   we   put   <^(a,  b...)  = 
d'<f> 


(a' +  6'...) 


Y„ ,  which    satisfies   the   required 


condition  j^  +  &c.  =  0,   then   transferring   the   factor  a   to  the  left-hand  side  of  the  sign 

8,   and   putting   in   a   preceding  formula,   a"  =  0,   yS'  =  A/  -  A',   &c.   and   77'  +  h'   for   7?',  we 
obtain 


ff  ...(n  times)        (^--)<^dy- 


2M....7r*"a 


I  Jo 


ai^-'dx 


^(ri'  +  h').r  (|n)  J  0  V  [{v'  +  h'  +  (V  -  ^')  a^l  W  +  h'+  iK'  -  A')  *°}  •  •  •  («  -  1)  factors] ' 
where,  as  before,  the   integrations  on  the  first  side  extend  to  all  real  values  of  x,  y,  &c., 
satisfying   j-  +  ^^...  <\;  tf  is  determined  by  ,a-l-&c.  =  1 ;   and  a,  h,...h,  A,,  &c.  are 

subject  to  p  -t-  v-j  -t-  &c. . . .  >  1. 

For  n.=  3,  this  becomes, 

n^  (a  —  x)dxdydz  " 

JJJ  {{a  -  xy  -I-  (6  -  yy  +  (c  -  zf]^ 

_  4-7rhh,h„a  /"'  a^c^ 

~  ^{k'  +  v")]  0  VLi'?'  +  h,''+  (V  -  ^')  ^}  {V  +  *■'  +  (V  -  'i')  a^)]  ■ 

the    integrations    on    the    first    side    extending   over    the    ellipsoid    whose    semiaxes    are 
A,  h^,  A„,  and   the   point  whose   coordinates   are   a,  b,  c,  being  exterior  to  this   ellipsoid; 


also 


1.2  "*■».» 


+ 


n^  +  h'^v'  +  hyv'  +  K 


,  =  1 :   a  known  theorem. 
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[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1841),  pp.  138 — 144.] 
In  the  first  place,  we  shall  consider  the  integral 

F=ff...(n  times)- ^^^^ ^, 

the  integration  extending  to  all  real  values  of  the  variables,  subject  to  the  condition 

^,  +  J,+  ...<or=l, 
and  the  constants  o,  6,  &c.  satisfying  the  condition 


We  have 


a'      b'  . 


dV        ,        -.  ff      ,      .       .         (a  —  x)dxdy ... 

-^  =  -  (n  -  2)       ...  (n  times) i — — ^ -r-  , 

2M,  ...■jr*"a      r  x^-'dx 


2hh,...'n'"a      n 


V(f  +  h').r  {in)  J,  V  [{f  +  A'  +  (V  -h')x']{^  +  h'  +  Qi,:-  -  A»)  ^}  . . .  ] ' 
f  being  determined  by  the  equation 

by  a  formula  [see  p.  12]  in  a  paper,  [2],  "  On  the  Properties  of  a  Certain  Symbolical 
Expression,"  in  the  preceding  No.  of  this  Journal:  f  having  been  substituted  for  the  rf^ 
of  the  formula. 
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Let  the  variable  x,  on  the  second  side  of  the  equation,  be  replaced  by  <^,  where 

we  have  without  difficulty 

dV__  hh,...ir^''a  r  d<l> 

da         ^"     ^^     r(in)"    Jo(?  +  ^'  +  <^)V*' 

where  4>  =  (f +  /t^  +  «^)  (?  + V  +  «^)  ••• 

and  similarly 

Ob 
&c. 


^"      -*  Tan)  ";„(?  + V  +  <^)V«>' 


From  these  values  it  is  easy  to  verify  the  equation 

S  Tr^("-2)M,...7r^"  r  /  g^ 6°  \  dj, 

dF    dF  dF 

For  this  evidently  verifies  the  above  values  of  -z— ,  —^ ,  &c.  if  only  the  term  -y^  d^ 

vanishes ;  and  we  have 

dF_(n-2)M,  ..■7r^"r         d  (  a?  Nj. 

d^~        2r(in)       j/'^-d^V     ^  +  h^  +  ,i>^•■)^J^' 

or,  observing  that  » 

^  /  a°        _      \      1 ^/i_        g'  ^    J__ 

dfl        f  +  A'  +  <^     ■•VV(*)~#V        f  +  A»  +  0"7V(^)' 
and  taking  the  integral  from  0  to  oo , 

dV  _     (n-2)Afe,...'7r*"/  g'  6^         \       '  1 ^ 

d^-  2r(in)        V^     f+A=    |  +  V"VV!(?  +  /»^)(?  +  V)-l'      ' 

in  virtue  of  the  equation  which  determines  f. 

No  constant  has  been  added  to  the  value  of  F,  since  the  two  sides  of  the 
equation  vanish  as  they  should  do  for  a,  h ...  infinite,  for  which  values  ^  is  also  infinite 
and  the  quantity 

which  is  always  less  than     ,,x:z>  vanishes. 
Hence,  restoring  the  values  of  F  and  <i>, 

//■■•'"  "--'i(„-»).t(t;r...i'- 

_  (n-2)  hh,^^^  r  f    _         a' fc'  \ d^ 

2r{Jn)       JA      ^  +  lr+4>    f  +  V  +  <^"VV{(r  +  A=  +  <^)(f  +  V  +  <^).-} 
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the  limits  of  the   first   side   of  the   equation,  and  the   condition   to   be   satisfied   by  a,  b, 
&c.,  also  the  equation  for  the  determination  of  ^,  being  as  above. 

The  integral 

r'=ff...(n  times)- ^^^y^ .„, 

between  the  same  limits,  and  with   the  same  condition  to  be  satisfied  by  the  constants, 
has  been  obtained  [see  p.   11]  in  the  paper  already  quoted.     Writing  ^  instead  of  t]"-,  and 

x"  =  ^  -^  ,  we   have 

„ ,  _  hh^ . . .  TT     ["  d(f> 


r(|n)  ],(^  +  ^)^{{^  +  h^  +  ^){^  +  h; +  <}>)...}• 


where  ^ — ^  +  ^ — .-  ...  =  1. 

d^       d^ 
Let  V  =  j^j  +  -jp  +  ...     Then  by  the  assistance  of  a  formula, 

V^(^,^^      y=2»(2t+2)  ...  (2i  +  2q  -  2)(2t  +  2  -n)  ...  (2i+2q  -  n).j^~—y^, 

given  in  the  same  paper  [see  p.   6],  in  which  it  is  obvious   that  a,  b...    may  be  changed 
into  a  —  x,  b  —  y,  &c. ...;   also  putting  i  =  ^n;    we  have 

jj...  (n  times)  {(„_^),^_    ji„.,  =  2=..i.2...2.r(in+g)Jo^'^-^(f+'^)VKH/^^+</.)...} " 
Now  in  general,  if  ;;^^  be  any  function  of  ^, 

v=^f=x-f(g.s...).x'f{(g)V(fy...H.-fx(2).,"fs(D-,»pp.se. 

But  from  the  equation  2.^; — 7Vx  =  l. 

(?  +  «') 

^«  obtain  2«    _  |         a^)  d^^ 

^  +  A'      I    {^  +  hj}da 

whence  2  (■^]  = r—  • 


Also         A__4^^^_'^r  2I2    ^-U^^V-ls -^^l^^=0- 

Avhence  taking  the  sum  S,  and  observing  that 


16 

we  find 

and  we  hence  obtain 
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^  [da'J  %       g'      ' 
i^  +  hj 


[3 


1 


VX^  = 


^x'^^fTh'  +  ^x"^ 


Hence  the  function 


/o^^-^tt; 


1 


(ob^rving  that  differentiation  with  respect  to  f  is  the  same  as  differentiation  with 
respect  to  </>)  becomes  integrable,  and  taking  the  integral  between  the  proper  limits,  its 
value  is 

^Xol^J^.  +  ^Xot 

2 


where 

We  have  immediately 

or 
whence 


Xof  = 


1 


fV{(f+AO(l  +  V)-}" 


rd<f>: 

J  0 


(?  +  <^)V{(f+A»  +  0).-} 


rv{(i+AO(?+V)-} 


,+  : 


Hence  restoring  the  value  of  V,  and  of  the  first  side  of  the  equation, 

//■•■("  «-"i,.-.).t('-;)....r' 

1 


-.  +  ■■ 


with  the  condition 


fV{a  +  /0(^+V)-}-!,.-^.+  :     ^' 


(f  +  AO-    (?  +  V)' 


+  ... 


6' 


=  1 


from  which  equation  the  differential   coefficients   of    f,   which   enter   into   the   preceding 
result,  are  to  be  determined. 
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In  general  if  u  be  any  function  of  ^,  a,  b 


d'li        du^     1  d'u  ^     a 

da"' 


from  which  the  values  of  the  second  side  for  g'  =  1,  q=  2,  &c.  may  be  successively 
calculated. 

The   performance  of  the  operation   (-,-]    f-^j    I     )  ...,  upon  the  integral  F',  leads  in 

like  manner  to  a  very  great  number  of  integrals,  all  of  them  expressible  algebraically, 
for  a  single  differentiation  renders  the  integration  with  respect  to  <f>  possible.  But 
this  is  a  subject  which  need  not  be  further  considered  at  present. 


We  shall  consider,  lastly,  the  definite  integral 


U=  ii  ...  (n  times)" 


x'     y- 


(a-^)f[jT,+l-,+  ...]dxdy... 


limits,  &c.  as  before.     This  is  readily  deduced  from  the  less  general  one 

[("...(„  times)        C^-^)'^^^y- 

For  representing  this  quantity  by  F{h,  A,...),  it  may  be  seen  that 

d 


U=j  /  (m")  -£^  F(mh,  mh,  ...)dm; 


but   in   the    value    of   F{h,  h,...),   changing  h,   h^...   into    mh,   mh^...    also   writing   m-<l> 
instead  of  <f>,  and  m'^'  for  ^,  we  have 


p,    ,       ,       ,     hh,...ir^''     r  d<b 


ran)  "'J,  (r  +  A»  +  </))V(^') 

where  <i,' =(^' +  h'  +  <f>)  {^' +  h,' +  (f>} ... 

-°d  |-^,+  |q^,+  -=»^'- 


(in)       dm  ;„  ""^df  (f  4./i=+,^)V(*')' 

or,  observing   that   -r^,  is  equivalent   to  -,—  ,   and   effecting  the  integration    between    the 
proper  limits, 

^    P I    h       h       \  —     ^^'  •  •  •  ""^        \ 
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(    a'  6'  ) 

Substituting   this   value,   also  /-jp — T^i"^  W~  h'"^  "'\  ^^^  /("*')■  '°   ^^^   value   of   U, 

and    observing    that    m  =  0    gives    ^  =  so ,    m  =  l    gives    ^=f,    where    f    is    a    quantity 
determined  as  before  by  the  equation 


^  +  A'    ^  +  h; 


1, 


we  have 


[r=- 


f(jn)    i„(r+/»'^)VKr+/o(r+v)-r 


f + /t^ 


df 


or  writing  <^  +  ^  for  ^',  d^'  =  d(^,  the   limits   of  (/>  arc   0,  x  ;   or,  inverting  the  limits  and 
omitting  the  negative  sign. 


< 


U: 


hh... 


7r>"a  [ 
n)     i, 


/ 


ft" 


^+/t'  +  rf)    g+^;  +  </) 


+  ...\d<f> 


r(in)    Jo  (F+1^+WvkFFa^+?HF+V+?M' 


which,    in   the   particular   case   of    n  =  3,   may    easily   be    made  to    coincide    with    known 
results.     The  analogous  integral 

JJ  {(a-^)=+(6-t/)^..f 

is  apparently  not  reducible  to  a  single  integral. 
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ON   CERTAIN   EXPANSIONS,   IN   SERIES   OF  MULTIPLE   SINES 

AND  COSINES. 

[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1842),  pp.  162 — 167.] 

In   the   following  paper   we   shall  suppose   e   the    base   of  the   hyperbolic   system   of 

logarithms ;  e  a  constant,  such  that  its  modulus,  and  also  the  modulus  of  -  {1  —  Vl  —  e-], 

are  each  of  them  less  than  unity;  xfe"*"""}  a  function  of  u,  which,  as  u  increases 
from  0  to  TT,  passes  continuously  from  the  former  of  these  values  to  the  latter,  without 
becoming  a  maximum  ia  the  interval,  /{e'""""}  any  function  of  u  which  remains  finite 
and  continuous  for  values  of  u  included  between  the  above  limits.     Hence,  writing 

X{e«'"-»}=m (1), 

and  considering  the  quantity 

/3ig«V(-i)j^'{6«V(-i,}(i_ecosw) 

ad  a  function  of  m,  for  values  of  m  or  m  included  between  the  limits  0  and  tt,  we  have 
>/l-e'/{6"""-"}  2^   „  /•'        ^/r^/{6'"'<-"jcosr7n,dm 

—      '■    '-- "- — ! i— ^  X  COS  7*771  f  ~~ — ^ ' (o) 

7-le'"'<-'»x'{6"'"~"}  (1-ecosu)      t    '"  Jo  /^e"""-"  x' {e"""""}  (1 -«cos It)"       ' 

(Poiason,  Mec.  torn.  i.  p.  650) ;    which  may  also  be  written 

Vr^/{6;^v^ ^  2  y  »■  ,,„^^  ['  ^r^eV|6">^'-"l  cosrx  {e-V'-)  du      ,^y 

y_le»V(-ii^'{g«V(-i)j(x_ecosu)     "^    '"  U  1-ecosw 

and  if  the  first  side  of  the  equation  be  generally  expansible  in  a  series  of  multiple 
cosines  of  m,  instead  of  being  so  in  particular  cases  only,  its  expanded  value  will 
always  be  the  one  given  by  the  second  side  of  the  preceding  equation. 

3—2 
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Now,  between  the  limits  0  and  tt,  the  function 

/{€«•"-»}  cos  rx  {€"•"-"} 

will  always  be  expansible  in  a  series  of  multiple  cosines  of  u;  and  if  by  any  algebraical 
process  the  function  fp  cos  r')(p  can  be  expanded  in  the  form 

/pcosrx/>=2-«a^»,     (flf,  =  a_,)  (5); 

we  have,  in  a  convergent  series, 

/{e««"-"}cosrx{6"*"-"l  =a«  +  22"a,coss« (6). 

Again,  putting  -  {1  —  s/l  -  e=}  =  \ (7), 

we  have  >l   -e'    ^^  i  ^  22*  V"  cos  pm (8). 

1  —  e  cos  u  1  ^  ^ 

Multiplying  these  two  series,  and  effecting  the  integration,  we  obtain 

^'JlE^ne-p]co^X{^^^-^^da^  

Trjo  1  — ecosu  '-  i  \  •    n  \  / 

and  the  second  side  of  this  equation  being  obviously  derived  from  the  expansion  of 
f\  cos  r-^X  by  rejecting  negative  powers  of  \  and  dividing  by  2,  the  term  independent 
of  \  may  conveniently  be  represented  by  the  notation 

2/Xcosrx\ (10); 

where  in  general,  if  T\  can  be  expanded  in  the  form 

r\=2_:(^n     [A_,=A,]  (11), 

we   have  f\  =  ^A  +  2"AX' (12). 

(By  what  has  preceded,  the  expansion  of  TX  in  the   above   form   is   always   possible 
in   a  certain   sense ;    however,  in   the   remainder   of   the   present   paper,   TX  will    always 

be   of  a   form  to  satisfy  the  equation  F  ( -  j  =  FX,  except  in   cases  which  will   afterwards 

be  considered,  where  the  condition  A_g  =  ^,  is  unnecessary.) 

Hence,  observing  the  equations  (4),  (9),  (10), 

J I  _e2/fc«V(-i)|  _^  ^ — — s 

-1= — .         .r, =  S   "  cos  rm  2  cos  rvX/\ (13) ; 

V_le«V(-i»j^'(£«V(-i)](i_ecosM)        ""  ^ ^^-^ 

from  which,  assuming  a  system  of  equations  analogous  to  (1),  and  representing  by  11  (<E>) 
the  product  ^i^^ ... ,  it  is  easy  to  deduce 

x'{e"""-"}(l-ecosM)j 

=  2_:S_:...ncosrmri(2cosrxX)/(\,  X,...)' (14), 


n  {  -r= — — l/fe"'*"-",  e"'"'-"  ...] 

[J -I  €"-"-"  y'  {e"""-" }  (1  -  e  cos  M)j  -^  ^  ' 
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where  F  (Xi,  \. ...)  being  expansible  in  the  form 

r(\„  x,. ..)= 2.:  s.:...^.,,,...x,«.V'...[^„,....=^-»,. -,....] (15), 

r(x„x,...)  =  2;s;...^A......vx/'...,  (i6), 

N  being  the  number  of  exponents  which  vanish. 

The  equations  (13)  and  (14)  may  also  be  written  in  the  forms 

^ —  ^ 

/{€«"<->  1  =  S .:  cos rm 2 COS r^X  J^^x">^{'^-^0^ +  '>'-')] ^^ (17). 

ijl  —  e^ 

=  l.:i_:...  n  (cosrm)  n  |2  cos  r^X ^ ~  ^  ^'^jf^^^  ^ ^~'^}f(\,  ^  •••)  -  (18). 

As   examples   of  these   formulae,   we   may   assume 

xte"*"""}  =  m  =  w  — esin« (19). 

Hence,  putting 

vr^'--Vx-.e^<--"  =  A (20), 

and  observing   the   equation 

731g«vi-i)^'(euV(-i)j  =  i_ecosu (21), 

the   equation   (17)   becomes 

/{c"^'->}  =  S_:  cosnnA.{^  ~ ^'^-Jf'^^' f^ (22). 

Thus,  if  g-a7  =  co8-'  ^''^""^   (23), 

1  —  e  cos  u 

™-g  /{'""'-"Hr?^ (2^)' 

cos  (^ -  «r)  =  2 .  ^    .1=  cos  rm \l  -  ^e  (X  +  X"')}  (j  (X  +  X"')  -  e]  A,  . .  .(25), 
the   term   corresponding   to  r  =  0   being 

— ■— —  {2X - 2e - e  (X'  + 1)  +  2e°X],  =-e  (26). 


Again,  assuming 


•^i*        '     dm     (l-ecosM)»  ^^'^' 
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and   integrating   the   resulting   equation   with   respect   to  m, 

.  _,„  sin  rm'T-^  ^„  sin  rm^r^  ,-.. 

6 -m  =  z_„ Ar  =  m  +  2z,  Ar (28), 

r      V /  1       r     - ' 

a  formula  given   in  the  fifth  No.  of  the  Mathematical  Journal,  and  which  suggested  the 
present   paper. 

As  another  example,  let 

/,.w„,.„„(.-„,£.,^r^i^^) „,, 

Then  integrating  with  respect  to  m,  there  is  a  terra 

,;  2^^Mx+g (3«>' 

which  it  is  evident,  d  priori,  must  vanish.     Equating  it  to  zero,  and  reducing,  we  obtain 

e     _'      X  +  \-'  „ 

l_e>     l_^e(\  +  \-0 ^     ''' 

that  is  j-^  =  X  +  |(\'  +  l)  +  J(\'  +  3X.)  +  |(V  +  4\=  +  3)+ (32), 

a  singular  formula,  which  may  be  verified  by  substituting  for  \  its  value  :  we  then  obtain 

sm(e-^)=2S.  ^^A,ii-p^ (33). 

The    expansions    of    sin  k(0  —  ct),   cos  k  {0  —  w),    are    in    like    manner   given    by    the 
formulae 

cos^(0  — ■Br)  =  2_"  A,2/'cos  ArZ  cosr?tt  (34), 

8ini(^  — cr)  =  1,_2  A,  7— cos  kL (35), 

tCT*  T 

where,  to  abbreviate,  we  have  written 

--{.*^i±a^)}=- <^). 

Forming  the  analogous  expressions  for 

cos  k  (0'  -  w').         sin  k  {0'  -  w'), 
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substituting  in 

cos  k  {6  -  6')  =  cos  k{Ts-  w')  {cos  k  {6  -  ot)  cos  k  (6'  -  ■or')  +  sin  k  (0  -  w)  sin  k  {6'  -  tn-')} 
-  sin  A  (isr  -  ■sr')  {sin  k  {6  -  •sr)  cos  kiff  --m')-  sin  i'  {6'  -  -sr')  cos  yfc  (0  -  ct)  j, 
and  reducing  the  whole  to  multiple  cosines,  the  final  result  takes  the  very  simple  form 


cos k[e-d')=l_Z  cos  {r'm' - rm  +  i-  (ct  - ct';}  A^AV cos  kL  cos kL'  (l-^](l'-  ,^-,)  . . . (38). 


kr 


kr'J 


Again,  formate  analogous  to  (14),  (18),  may  be  deduced  from  the  equation 
r(»n,,  vu ...) 


=  1   "t  "  . 


30   ■*  -00 


—  . . .  cos  (j-iTJii  +  raWij . . .)  r  (mi,  Wj . . .) 

0 


cos  (r,m,  +  rjWia . . . )  j     ^^  I 

-|-sm(r,ni,  +  rjjn,...)j    -^j     ^  ...  sin  (nwii +  r2OT2  ...)r(»n„  m, ...)    (.39). 

which  holds   from  ni,  =  0   to   m,  =  27r,  &c.,  but  in   many  cases  universally.     In  this  case, 
writing  for  r(7?ii,  wij...)  the  function 

n  l^= ^ 7rr^-esin^y^|         _        _,, 

iy_lg«V(-i)^'{e«V(-i.j  1-ecosw  j -^  ^  '  •••j.-A*";, 

and  observing 

1-ecosu =  1  -X.-»V(-».  =  1  +  2Sr  (cos .u - y -  1  sm m\  V (41), 

an  exactly  similar  analysis,  (except  that  in  the  expansion 

r(\„  X,...)  =  2_:2_:...^„,,...VV'.... 
ithe  supposition  is  not  made  that  A,^  ,^...=  A_,^^  -»»•••)>  leads  to  the  result 

J  \—e^  —  e  sin  u  J  —  \ 


/{e"'«'i-»,  £«•"' !-'»... }n 


.7  -  1  £«•'<-"  x'l'"*"""}  (1  -  ^  COS  m) 


^*-X^-oo    ■     * 


COS  (r,mi  +  rjmj ...)  2" cos (ri;;^i\,  +  rj^^Xs  ...)/(X,i,  X^ ...) 


+  sin (riTWi  +  rjTO, . . .)  2" sin  (r,;^,\i  +  r^x^'^.j  ...)f(\,  Xa-..)^ . . . (42), 
(h)  being  the  number  of  variables  u^,  u,....     Hence  also /{e""'<~",  e"'*"""  ...} 


r  ,  N       /      >  NTT  (2N/-l>''X{l-|e(\  +  X-')n   ,,^     ^      . 

cos  (r,vh  +  ...)  cos  (nxi\  +  . . .)  n  I      j—^  _  y  A  _ X-')       J  •^^^'  ^■■■^ 


+  sin  (r,7»,  +  . . .)  sin  (n^iXj  +  . . .)  11 


2y^riy'x{i-^e(X  +  X-)l 
Vl-e»-ie(X-X-^) 


/(X:,  X,. 
..(43). 
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By  choosing  for  /{e"''"~",  e"**"""  ...},  functions   expansible  without   sines,  or  without 
cosines,  a  variety  of  formulae  may  be  obtained:   we  may  instance 

(\-\-0{l-^e(\  +  \-)}A:^Q 
Jl^^-^e{X-\-') 

Ar  having  the  same  meaning  as  before. 

^^^^W^F^'-o <->■ 

N ' 

wher.  AV  =  vr?'^-^-"-^e?<^-^-'> (46). 

V 

Again,  il-ie(X  +  X-)|(X-X:2£;H-^g,0 («), 

s y 

s, y 

or,  what  is  the  same  thing, 


or,  comparing  with  (44), 


(V'-X^)|l-^e(\  +  \-')jA,     p 


<50), 


sm 
which  are   all    obtained  by   applying  the   formula  (43)  to   the   expansion   of         (^-tsr), 

COS 


and  comparing  with  the  equations  (25),  (33). 
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5. 

ON  THE  INTERSECTION   OF  CURVES. 

[From  the  Cambridge  Mathemaiical  Journal,  vol.  iii.  (1843),  pp.  211—213.] 

The  following  theorem  is  quoted  in  a  note  of  Chasles'  Aper^u  Historique  &c.,  Memoires 
de   Bru^elles,   torn,   xi    p.    149,   where   M.   Chaales    employs   it   in   the   demonstration    of 
Pascals   theorem:    "If  a  curve   of  the   third   order  pass   through  eight   of  the  points  of 
mersecion_  of  two  curves   of    the   third   order,   it    passes    through    the    ninth    point    of 
intersection.      The   application  in  question  is  so  elegant,  that  it  deserves  to  be  generally 
known.     Consider    a    hexagon    inscribed    in    a    conic    section.     The    aggregate    of   three 
alternate   sides  may  be   looked   upon   as   forming  a  curve   of  the   third   order,   and    that 
ot   the   remaimng  sides,  a  second  curve  of  the  same  order.     These  two  intersect  in  nine 
pomts,   VIZ.   the   six   angular    points    of    the    hexagon,  and    the    three    points  which    are 
the   inteiBections  of  pairs  of  opposite  sides.     Suppose  a  curve  of  the  third  order  passing 
through    eight   of  these   points,  viz.  the    aggregate    of  tlie   conic  section  passing   through 
the   angular   pomts    of  the   hexagon,  and   of   the   line  joining  two    of   the    three    inter- 
sections of  paii^  of  opposite  sides.     This  passes  through  the  ninth  point,  by  the  theoren, 
ot   Lhasles,  Le.  the  three  intersections  of  pairs  of  opposite  sides  lie  in  the  same  straight 
line,    since  obviously  the  third  intersection   does  not   lie   in   the  conic  section);   which  is 
rascal  s  theorem. 

The  demonstration  of  the  above  property  of  curves  of  the  third  order  is  one 
of  extreme  simplicity.  Let  t^=0,  F=0,  be  the  equations  of  two  curves  of  the 
third  order,  the  curve  of  the  same  order  which  passes  through  eight  of  their  points 
of  intersection  (which  may  be  considered  as  eight  perfectly  arbitrary  points),  and  a 
nmth  arbitrary  point,  will  be  perfectly  determinate.  Let  U,,  F„,  be  the  values  of 
1TV  fTiT  *^^  '^oo'^iiiates  of  this  last  point  are  written  in  place  of  x,  y  Then 
UV,-U,V^O,  .satisfies  the  above  conditions,  or  it  is  the  equation  to  the  curve 
required ;  but  it  is  an  equation  which  is  satisfied  by  all  the  nine  points  of  intersection 
of  the  two  curves,  i.e.  any  curve  that  passes  through  eight  of  these  points  of  inter- 
section, passes  also  through  the  ninth. 

4 


26  ON   THE   INTERSECTION    OF   CURVES.  [5 

Consider  generally  two  curves,  Um  =0,  V„  —  0,  of  the  orders  m  and  n  respectively, 
and  a  curve  of  the  r""  order  (r  not  less  than  vi  or  n)  passing  through  the  mn  points 
of  intersection.     The  equation  to  such  a  curve  will  be  of  the  form 

U  =  Ur-mUm  +  Vr-nVn  =  0, 

Ur-m,  Vr-nt  denoting  two  polynomes  of  the  orders  r—m,  r  —  n,  \vith  all  their  coeflScients 
complete.  It  would  at  first  sight  appear  that  the  curve  U  =  0  might  be  made  to 
pass  through  as  many  as  {1  +  2  . . .  +  (r  —  m  + 1)}  +  {1  +  2  . . .  (r  —  n  +  1)}  —  1,  arbitrary 
points,   i.e. 

^  (r  -  m  +  1)  (r  -  7M  +  2)  +  J  (r  -  71  +  1)  (?•  -  ?H-  2)  -  1  ; 

or,  what  is  the  same  thing,  ' 

^r  (r  +  3)  —  vin  +  ^  (r  —  »i  —  »i  +  1)  (r  —  ?w  —  n  +  2) 

arbitrary  points,  such  being  apparently  the  number  of  disposable  constants.  This  is  in 
fact  the  case  as  long  as  r  is  not  greater  than  m  +  n  —  \  ;  but  when  r  exceeds  this, 
there  arise,  between  the  polynomes  which  multiply  the  disposable  coefficients,  certain 
linear  relations  which  cause  them  to  group  themselves  into  a  smaller  number  of 
disposable  quantities.  Thus,  if  r  be  not  less  than  m  +  n,  forming  different  polynomes 
of  the  form  af-y^  F„  [a  +  (S  =  or  <  m],  and  multiplying  by  the  coefficients  of  a^y^  in  f7„ 
and  adding,  we  obtain  a  sum  UmVn,  which  might  have  been  obtained  by  taking  the 
different  polynomes  of  the  form  x^r^  U,n  [7  +  ^  =  or  <  n],  multiplj-ing  by  the  coefficients 
of  x'^y^  in  F„,  and  gtdding:  or  we  have  a  linear  relation  between  the  different 
polynomes  of  the  forms  af^y^Vn,  and  aP'y'V'm-  In  the  case  where  r  is  not  less  than 
m  +  n  +  1,  there  are  two  more  such  relations,  viz.  those  obtained  in  the  same  way 
from  the  different  polynomes  afy^.xV„,  x'^y^.xU'm,  and  a^y^.yVn,  xyy'.yUm,  &c. ;  and 
in  general,  whatever  be  the  excess  of  r  above  ?/i.  +  rj— 1,  the  number  of  these  linear 
relations  is 

1  +  2  ...  (r  — m—n+ 1)  =  ^(r  —  m  — n +  \) (r  —  m— 71  +  2). 

Hence,  if  r  be  not  less  than  m  + «,  the  number  of  points  through  which  a  curve  of 
the  r""  order  may  be  made  to  pass,  in  atldition  to  the  mn  points  which  are  the 
intersections  of  Um=0,  F„=0,  is  simply  \r(r  +  S)~mn.  In  the  case  of  r  =  m  +  n  —  l, 
or   r=m  +  n—2,  the  two  formulae  coincide.     Hence  we  may  enunciate  the  theorem 

"A  curve  of  the  r""  order,  passing  through  the  mn  points  of  intersection  of 
two  curves  of  the  »«""  and  Ji""  orders  respectively,  may  be  made  to  pass  through 
J^r  (r  +  3)  — m«  +  ^  (m  +  n  —  r— 1)  (m  +  n— r  —  2)  arbitrary  points,  if  r  be  not  greater  than 
m  +  n—2:  if  r  be  greater  than  this  value,  it  may  be  made  to  pass  through  ^»*  (r  +  3)  —  wn 
points  only." 

Suppose  r  not  greater  than  m  +  n  — 3,  and  a  curve  of  the  r""  order  made  to  pass 
through 

^r  (r  +  3)  —  7nn  +  ^{m  +  n  —  r  -I)  (m  +n—r  —  2) 
arbitrary   points,    and 

mn  -  ^  (m  +  n  —  r  -  1)  (ni  +  n  —  r  —  2) 
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of  the  mn  points  of  intersection  above.  Such  a  curve  passes  through  ^r(r  +  3)  given 
points,  and  though  the  mn —  ^  (m  +  n-r  —  l)  {m  +  n  —  r—2)  latter  points  are  not  perfectly 
arbitrary,  there  appears  to  be  no  reason  why  the  relation  between  the  positions  of 
these  points  should  be  such  as  to  prevent  the  curve  from  being  completely  determined 
by  these  conditions.  But  if  it  be  so,  then  the  curve  must  pass  through  the  remaining 
^{m  +  n~r  —  l)(m  +  n  —  r  —  2)   points  of  intersection,   or  we  have   the  theorem 

"If  a  curve   of  the  ?•"'  order  (r  not  less    than  m  or   n,  not  greater  than    m  +  n-3) 
pass   through 

mn  —  ^{m  +  n  —  1 —  1)  {m  +  n  —  1 —  2) 

of  the  points  of  intersection  of  two  curves  of  the  ?)i"'  and  n""  orders  respectively,  it 
passes    through    the    remaining 


^  (m  +  n  —  J'  —  1)  (to  +  n  —  r  —  2) 


points  of  intersection." 


4  —  2 


■ 
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6. 

ON   THE   MOTION   OF  ROTATION   OF  A  SOLID   BODY. 

[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1843),  pp.  224 — 232.] 

In  the  fifth  volume  of  Liouville's  Journal,  in  a  paper  "  Des  lois  geometriques  qui 
regissent  les  d^placemens  d'un  systeme  solide,"  M.  Olinde  Rodrigues  has  given  some 
very  elegant  formulae  for  determining  the  position  of  two  sets  of  rectangular  axes  with 
respect  to  each  other,  employing  rational  functions  of  three  quantities  only.  The 
principal  object  of  the  present  paper  is  to  apply  these  to  the  problem  of  the  rotation 
of  a  solid  body ;  but  I  shall  first  demonstrate  the  formulae  in  question,  and  some  others 
connected  with  the  same  subject  which  may  be  useful  on  other  occasions. 

Let  Ax,  Ay,  Az\  Ax^,  Ay,,  Az,,  be  any  two  sets  of  rectangular  axes  passing 
through  the  point  A:  x,  y,  z,  x,,  y,,  z,,  being  taken  for  the  points  where  these  lines 
intersect  the  spherical  surface  described  round  the  centre  A  with  radius  unity.  Join 
XX,,  yy,,  zz,,  by  arcs  of  great  circles,  and  through  the  central  points  of  these  describe 
great  circles  cutting  them  at  right  angles:  these  are  easily  seen  to  intersect  in  a 
certain  point  P.  Let  Px=f,  Py=g,  Pz  =  h;  then  also  Px,=f,  Py,=g,  Pz,  =  h:  and 
ZxPx,=  ZyPy,=  ZzPz,,  =6  suppose,  6  being  measured  from  xP  towards  yP,  yP 
towards  zP,  or  zP  towards  xP.  The  cosines  of  /,  g,  h,  are  of  course  connected  by  the 
equation 

cos'/+  cos-  g  +  cos^  h  =  l. 

Let  a,  /9,  7 ;  a',  /3',  7' ;  a",  /8",  7",  represent  the  cosines  of  x,x,  y,x,  z,x ;  xy,  y,y,  zy ; 
x,z,  yji,  zjt:   these  quantities  are  to  be  determined  as  functions  of/,  g,  h,  9. 

Suppose  for  a  moment, 

/.  yPz  =  X,  /.  zPx  =  y,  Z  xPy  =  z ; 
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a   =cos'/  +sin^/cos0, 

a'  =  cos/cos^r  +  sin/sin^rcos  (z  — ^), 

a"  =  cos/cos  h  +  sin/sin  h  cos  (y  +  6), 

/3  =  cos  ^  cos/  +  sin  g  sin /cos  (z  +  ff), 

^  =  cos^  g         +  sin^  g  cos  ^, 

/3"  =  cos  ^r  cos  A  +  sin  g  sin  A  cos  (x  —  0), 

7  =  cos  A  cos/+  sin  h  sin/cos  (y  —  6), 
y'  =  cos  A  cos  ^r  +  sin  h  sin  g  cos  (x  +  6), 
y"  =  cos^  h         +  sin'  A  cos  d. 

sin  ^r  sin  h  cos  x  =  —  cos  ^  cos  h, 
sin  A  sin /cos  y  =  —  cos  h  cos/ 
sin/  sin  g  cos  z  =  —  cos  /  cos  g, 

and  sin  ^r  sin  A  sin  x  =  cos/ 

sin  A  sin /sin  y  =  cos^, 
sin/ sin  ^r  sin  z  =  cos  h. 

Substituting,  a   =cos»/  +  sin'/ cos  ^, 

o'  =  cos/cos 5f  (1  —  cos  0)  +  cos  A  sin  0, 
a"  =  cos/cos  h  (1  —  cos  ^)  -  cos  g  sin  ^, 

S  =cosg  cos/  (1  —  cos  6)  —  cos  h  sin  ^, 
/3'  =  COS'  g  +  sin^  ^  cos  0, 

/3"  =  cos^  cos  h{l  —  cos  0)  +  cos/sin  0, 

y  =cos  Acos/(l  —  cos  0)  H-cos^rsin  ^, 
7'  =  cos  h  coag  (1  —  cos  0)  —  cos/sin  0, 
7"  =  cos' A  +  sin' A  cos  ^. 

Assume  \  =  tan  ^0  cos/  fi  =  tan  ^0  cos ^r,  1/  =  tan  |0  cos  h,  and  sec'  J^  =  1  +  \'  +  /a'  + 1;'  =  ac  ; 

then  A:a  =  l +V-/i'-i;',        «  a' =  2  (\/i  +  v),  «a"  =  2  (i/\ -/i), 

«/3  =  2(X/t-i'),  /c/3'  =  l+/i'-i/'-\',         ATyS"  =  2  (ytii;  +  \), 


/C7  =  2  (kX  +  /a), 


«7'  =  2  (/Ai/  — \), 


Ky"  =  1  +  I''  —  X'  —  /ii' ; 


which  are  the  fonnulae  required,  differing  only  from  those  in  Liouville,  by  having 
X,  fj,,  V,  instead  of  ^m,  ^n,  \p ;  and  a,  a',  a" ;  /3,  /3',  y3" ;  7,  7',  7",  instead  of  a,  6,  c ; 
o',  b',  c' ;  a",  6",  c".  It  is  to  be  remarked,  that  yS',  y8",  j8 ;  7",  7,  7',  are  deduced  from 
a,  a',  a",  by  writing  /*,  v,  X;    v,  X,  /x,  for  X,  fi,  v. 


Let  1  +  a  +  /3'  +  7"  =  u ;   then  kv  =  4,  and  we  have 

\v  =  ^'-y', 

X'v  =  l  +  a-/3'-7", 


fiv  =  y-a  , 


v--v  =  l-a-^'-y". 
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Suppose  that  Ax,  Ay,  Az,  are  referred  to  axes  Ax,  A\,  A?.,  by  the  quantities 
/,  m,  n,  k,  analogous  to  \,  /x,  v,  k,  these  latter  axes  being  referred  to  Ax^,  Ay,,  Az,, 
by  the  quantities  I,,  in,,  n,,  k,. 

Let  a,  b,  c ;  a',  b',  c' ;  a",  b",  c" ;  a„  b,,  c, ;  a/,  6/,  c,';  a",  b",  c",  denote  the 
quantities  analogous  to  a,  fi,  y;  a',  ff,  y' ;  a",  ^",  7".  Then  we  have,  by  spherical 
trigonometry,  the  formulae 

a  =  a  a,  +  6  a/  +  c  a,",  /3  =ab,  +b  b,'  +  c  b",  7  =ac,+b  c'  +  c  c" ; 
a'  =a'a,  +  V  a,'  +  c'  a/',  /3'  =^a'b,  +  b'b;+  c'  b," ,  7'  =  a  c,  +  b'c;  +  c'c,"  ; 
a"  =  a\  +  b"a;  +  c"a;',        yS"  =  a"b,  +  b"b;  +  c"6/',         7"  =  a"c,  +  6"c;  +  cX". 

Then  expressing   0,   b,   c\    a',  b',   c';   a",  b",  c";    a,,  fc,,  c/.   a',    b' ,  c/;    a,",   b",    c" ,   in 
terms  of  I,  m,  n;   I,,  m,,  n,,  after  some  reductions  we  arrive  at 


>i 


and  hence 


kk,v  =  4:  (1  —  II,  —  mm,  —  »!n,)^    =  411'  suppose, 

kk,  (/3"  -  7  )  =  4  (i  +1,  +  n,m  -  nm,)  U, 
kk,  (7  —  a' )  =  4  (m+  m,  +  l,m  —  Im, )  11, 
kk,  (a.'  —  /3")  =4<  [n  +n,  +  m,n  —  mn,)  11 ; 

n    =1  —  11,—  mm,  —  nn, ,  IlX  =  l+  l,  +  n,m  —  nm, , 

Il/x  =  m  +  m,  + 1,7)1  —  Im,,  Tlv  =n+n,  +  m,n  —  vin„ 


which    are    formulae    of    considerable    elegance    for    exhibiting    the    combined    effect    of 
successive  displacements  of  the  axes.     The  following  analogous  ones  are  readily  obtained : 


and  again, 


P     =  1  +  \Z  +  fim  +  vn, 
Pm,  =  /A  —  ■wi  —  Xn  +  vl , 

P,      =\+\l,  +  ^lm,Jrvn„ 
P,m  =/i  —  m,  +  \n,  —  vl, , 


PI,  =X  —I  —  vm  +  fill , 
Pn,  =  v  —  n—  ixl-\-  \m  : 

I^l  =  X—  l,  +  vm,  —  fj,n,, 
I^n  =  v  —  n,  +  fil,  —  \m,. 


These   formulae  will  be   found   useful   in  the   integration   of  the   equations  of  rotation  of 
a   solid  body. 

Next   it   is   required   to  express  the   quantities  p,  q,  r,  in   terms   of  X,   fj,,   v,  where 
as   usual 


dl3^  ,(lff ^  ..dS" 
''-'-dt+''-di+''  W 

Differentiating  the  values  of  /9«,  /SV,  /3"k,  multiplying  by  7,  7',  7",  and  adding, 
Kp  =  2X,'  (7/t  -  7'X  +  7")  +  2/a'  (7X  -  y'/j,  +  y"v)  +  '2,v' {- y  ~y'v  +  y"fi). 
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where  \',  fj.',  v,  denote  -5- ,  -37 ,  -tt  .     Reduciug,  we  have 

AC/)  =  2  (\'  +  vfi!  —  j/'/x)  : 

from  which   it  is  easy  to  derive  the   system 

*y  =  2  (  \'+  pfi'  —  v'fi), 
Kq  =  2(-vX'  +  f/  +  v'X), 
Kr  =  2(     /i\'  -  Xfi'  +  v'  )  ; 

or,  detennining  X',  fj.',  v ,  from  these  equations,  the  equivalent  system 

2X'  =  (1  +  X')p  +  (X/A-i/)g  +  (i'X+M)r, 
2/i'  =  (Xm  +  r)  p  4-  (  1+  yf)  q  +  (jiv-  X)  r, 
2i/'  =  (j/X  -  /i)/)  +  (/ij/  +  X  )  g-  +  (  1  +  v')  r. 

The   following  ecjuation  also  is  immediately  obtained, 

K  =  K  (\p  +f^q  +  vr). 

The  subsequent  part  of  the  problem  requires  the  knowledge  of  the  differential 
coefficients  of  p,  q,  r,  with  respect  to  X,  fj,,  v;  X',  /*',  v'.  It  will  be  sufficient  to  write 
down   the   six 


d\'~ 

2, 

^1-^^- 

0, 

3=- 

*dx' 

-2^, 

''1  +  2^^  = 

2u', 

dr 

2m, 

4%2,-X=- 

-V, 

from  which  the  others  are  immediately  obtained. 

Suppose   now    a   solid   body   acted    on    by   any    forces,    and   revolving    round   a    fixed 
point.     The  equations  of  motion  are 

d   dT  _dT^dV 
dt  d\'     dX.      d\ ' 

d  dT  _dT^dV 
dt  dfj!     dfi      d/i ' 

d  dT_dT^dV_ 
dt  dv       dv      dv ' 


wheVe 


T  =  i  {Af  +  Bq'+Cr');    V  =  l  [/(Z(fe  +  Ydy  +  Zdz)]  dm  ; 

dV 

dK  ' 


dV     dV     dV 
or    if   Xdx  +  Ydy  +  Zdz    is    not    an    exact    differential,    ^ ,   ->— ,    -r  ,   are    independent 


symbols   standing   for 


H'&^yi^'S)'- 
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see  M^canique  Analytique,  Avertissement,  t.  I.  p.  v.  [Ed.  3,  p.  vii.] :    only  in  this  latter 
case   V  stands   for  the  disturbing  function,   the  principal   forces  vanishing. 

Now,  considering  the  first  of  the  above  equations 

.  ,     ,     ,     ,   f     dp     dq     dr     dK 

whence,  writing  P '  ^'  "" •  "'  ^''''  dt'    dt  '   Tt'   Tt' 

§^^,=  l{Ap'-vBq'+M.Cr')-lBqv+lCrf.'-^-^(Ap-vBq-^^Cr). 

^    ^'^       'i-^p'i^^^'i^^'      -'^iAf^Bt.C.)^lBq,-lCr,-; 

,   ,  .(ddT     dT\ 

and   hence  ^--,--j 

=  ^{Ap'-  vBq'  +  ^Gr)  -  -  Bqv'  +  -  Crfji'  +  -  (Ap^  +  Bq'  +  Cr^)  -  -,  {Ap  -  vBq  +  fiCr). 

Substituting   for  \\   fi\   v\   k\   after  all   reductions, 
^[j^^,-~)=^J{Ap'  +  (C-B)qr}-v{Bq'  +  iA-C)rp}+f.{Cr  +  iB-A)pq}]-, 

and,   forming   the    analogous    quantities   in    /x,   v,   and    substituting   in    the    equations   of 

motion,    these   become 

dV 
[Ap  +(C-B)  qr]  -  V  {Bq'  ^  {A  -  C)  rp]  +  ,i,  {Or'  +  {B-A)  pq]  =  i«  ^ , 

dV 

v[Ap'  +  {G-B)qr]+     {Bq'  +  {A-C)rp]-\[Cr'  +  {B-A)pq]  =  \K:^, 

fi  [Ap  +{G-B)  qr]  +\[Bq+{A  -  G)  rp]  +     [Gr  +  (B  -  A) pq}  =  i«  ^  ; 


,     •  ,      ,      ,    ^.     dp     dq     dr  ,  ,  . 

or   eliminating,  and   replacing  p,   q,   r,  by    -^^  ,   ^ ,    ^ .  we  obtain 

G%HB-A)pq  =  ^[i.X^,)'^^^,v-X)f^^il.^Q; 
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to    which    are    to   be  joined 

_  /         dX        du.        dv\ 
"P^^i         di  +  'dt-f'di)' 

d\        du         dv\ 


a  (        dX        dfi       dv\ 
=  n     '^d^-^W+    dtp 


KT 

where   it   will   be   recollected 

and   on   the   integration   of  these    six   equations   depends   the    complete   determination   of 
the    motion. 

If    we    neglect    the    terms    depending    on    F,    the    first    three    equations    may    be 
integrated  in  the  form 

,     C-B^  .        ,     A-C^  ,     B-A, 


2t  =  f. ^ 


and   considering  p,   q,   r  as   functions  of  <f>,  given  by   these   equations,   the   three   latter 
ones  take   the   form 

«   _       d\  dfi        dv 

4iqr          d^  d<f>        dtft' 


K   _  dX  dfi  dv 

irp  d<^  d<f)  d(f> ' 

K  dX  dfi  du  _ 

4tpq  ^  d<f>  d<f>  d<f>' 


I 

m^^      of    which,   as    is   well    known,   the    equations    following,   equivalent    to    two    independent 
■^^     equations,  are   integrals, 

^^L^  Kg  =   Ap  (l  +  X' -  fi' -  v^)  +  2Bq  {\fj,  -  v)  +2Cr{v\  +  ii), 

l^^h  Kg'  =  2Ap(\p.  +  v)  +   Bq{l+fi''-X'-v-)  +  2Cr(fiv-\), 

I^^V  Kg'==2Ap{v\-ii)  +2Bq{fiv+\)  +    Cr(l  +  v'-X' -  fj.')\ 

where  g,  g',  g",  are  arbitrar)'  constants  satisfying 

g'+g' + g"'  =  A'p,'  +  Rq,' + (h\\ 

To  obtain  another  integral,  it  is  apparently  necessary,  as  in  the  ordinary  theory,  to 
revert   to  the   consideration   of  the   invariable   plane.     Suppose  g'  =  0,   g"  =  0, 

then  g"  =  V  (A^p,'  +  Rq,'  +  CW),   =  ^c  suppose. 

c.  5 
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We   easily  obtain,  where  \o,  /io.  »'o.  fo  are  written  for  \,  /i,  v,  k,  to  denote  this  particular 
supposition, 

K^p  =  2  (voXo  —  ^)  k, 

K„Bq  =  2  (/AoVo  +  \„)  A:, 

whence,  and  from  «„  =  1  +  Xo'  +  H-o'  +  v',   K^Gr  =  (2  +  2i/„'  —  k^  k,  we  obtain 

_(2  +  2»o°)A;  .  _(l  +  t^r)J;j  ^^  _(1 +..„») S7 

Hence,  writing  A  =  u4^i'  + 55'i''  +  C?-i',  the  equation 

^  =  4^  ^^""^^  -  Mo)i>  +  (Mof„  +  X„)  ?  +  (1  +  z;^)  r} 

,.,,„.  4      di/o  A+Arr 

reduces  itseli  to  — 


ik  +  Cr)  pg?* 

The    integral    takes    rather    a    simpler   form    if  p,   q,   <f)   be    considered    functions    of    r, 
and   becomes 

2  tan-  -  -  '■  ^±^ C^(AB)dr 


;  +  C/-  V  [1^"  -  Bh  +  {B-C)  Cr']  [Ah  -k'  +  iC-A)  C;-"}]  ' 
and   then,   Vo  being  determined,   X,,,   /i,,  are   given  by   the   equations 

*""  ~k  +  Cr    '  ''»"     A;+(7r     ' 

Hence    I,  m,   n,   denoting   arbitrary   constants,   the  general   values   of  X,   /x,   v,   are   given 
by   the   equations 

Po\  =  I    +    X(,  +  ?ftI/o  —  ?!/i„  , 

Po/j.  =  m  +  /i(i+  n\„  —  Ipo  , 
P^v  =n  +  v,  +    ^/io  —  mX«. 

In  a  following  paper  I  propose  to  develope  the  fonnulte  for  the  variations  of 
the  arbitrary  constants  p^,  q^,  i\,  I,  m,  n,  when  the  terms  involving  V  are  taken  into 
account. 
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Note.  It  may  be  as  well  to  verify  independently  the  analytical  conclusion  imme- 
diately deducible  from  the  preceding  formulae,  viz.  if  \,  fi,  v,  be  given  by  the  differential 
equations, 

d\  .      dfj,        dv 


Kp. 


dt^"   dt       ^'df 


d\         dfi     ,  dv 
''^=-''dt+      dt  +  ^di' 


dX     ^   du,        dv 
Kr=     /i  ji  —  X  -77  + 


dt 


dt 


dt' 


where  /c  =  1  +  V  + /i' +  v',  and  p,  q,  r,  are  any  functions  of  t.  Then  if  X,,,  fi„,  v^,  be 
particular  values  of  X,  /i,  v,  and  I,  m,  n,  arbitrary  constants,  the  general  integrals  are 
given  by  the  system 

Po  =1  —l\  —  nifia  —  nvn , 

PoX  =  1    +  Xo  +  mv^  —  n/u.^, 

Pofi  =  m  +  fio+  nX„  -  Iv^  , 

PoV=  n  +  Vt,  +  Ifio  —m\. 

Assuming  these  equations,  we  deduce  the  equivalent  system, 

(1  +  XXo  +  /i/io  +  Wo)  I  =  X  —  X(,  +  ro/x  —  vfio, 
(1  +  \X„  +  fji/ii,  +  Wo)  m  =  fi  — 110  +  \v  —  Xi'o, 
(1  +  XXo  +  fiiM,  +  Wo)  n  =v  —  Vo  +  /ioX  —  fJ.\o. 

Differentiate  the  first  of  these  and  eliminate  I,  the  result  takes  the  form  0  = 
-  (/i,'  +  Vo')  (X'  +  vfi  -  v'/m)  —  {vo  —  'Kofh)  {—vX'  +  fj,'  +  Xv')  +  ifio  +  Xoi^o)  (/iX'  —  X/a'  +  v)  +  k^X' , 
_+  (/*'  +  1^)  (Xo  +  VofJio  —  Vo'flv)  +  (v  —  X/t)  (  —  I/oX,  +  flo'  +  \vo')  —((J.  +  \v)  (fioK  —  \fh'  +  Vo')  —  kK, 

"where   X',   &c.   denote   -=-  ,  &c.  and  Ko  =  1  +  Xo'  +  fio"  +  "o'- 

Reducing  by  the  differential  equations  in  X,  /i,  v;   Xo, /^o,  "0.  this  becomes 
ic,\\'  +  ^(/j,'  +v')+iq(v  -\fJ,)-ir(iJ,  +\v)} 
-  K  {X^  +  ip  (Ato'+  Vo')  +  k  ("0  -  'WA'o)  -hr{lM,  +  Xi'o)}  =  0  ; 
or  substituting  for  X',  X,,  we  have  the  identical  equation 

^p  (koK  —  KKo)  =  0  : 
and  similarly  may  the  remaining  equations  be  verified. 


5—2 
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7. 


QN    A    CLASS    OF    DIFFERENTIAL   EQUATIONS,    AND   ON    THE 
LINES   OF   CURVATURE   OF  AN   ELLIPSOID. 

[From  the  Camhidge  Mathematical  Journal,  vol.  III.  (1843),  pp.  264 — 267.] 

Consider  the  primitive  equation 

fx-\-gy-¥hz+ =0  (1), 

between  n  variables  x,  y,  z,  the  constants  /,  g,  h  being  connected  by  the  equation 

Hif.ff,  h )  =  0 (2), 

H  denoting  a   homogeneous   function.     Suppose   that  f,  g,  h are  determined  by  the 

conditions 

Ai      +gyi     +hz,     =0 (3), 


fan-i  +  gyn-i  +  hZn^i =0. 


Then  writing 


y      ,  z     ,  ... 

2/1     ,  Zi     ,  ■■■ 

2/n— S!   ^n—i>  ■■■ 


(4). 


with   analogous  expressions  for  y,  z ;  the  equations  (3)  give  f,  g,  h, proportional 

to  X,  y,  z, or  eliminating/,  g,  h by  the  equation  (2), 

H{X,   Y,  Z )  =  0 (5). 

Conversely  the  equation  (5),  which  contains,  in  appearance,  n  (»i  — 2)  arbitrary 
constants,  is  equivalent  to  the  system  (1),  (2).  And  if  ^  be  a  rational  integral 
function  of  the  order  »■,  the  first  side  of  the  equation  (5)  is  the  product  of  r  factors, 
each  of  them  of  the  form  given  by  the  system  (1),  (2). 


II 
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Now  from  the  equation  (1),  we  have  the  system 

fx        +gy       +hz         =  0 (6), 

fdx      +ffdy     -^  hdx      =0, 

/d"-=a;  +  gd^-'-y  +  hd"--z =  0, 

or  writing  X=     y       ,  z       ,  ...      (7), 

dy     ,  dz     ,  ... 

d'^y,  d"-'z,  ... 

with   analogous   expressions    for    Y,  Z ;   then  from    the    equations    (6),/,  g,  h are 

proportional  to  X,  Y,  Z :  or,  eliminating  by  (2), 

H[X,  Y,  Z )=0 (8). 

Conversely  the  integral  of  the  equation  (8)  of  the  order  {n  —  2)  is  given  either  by 
the  system  of  equations  (1),  (2),  in  which  it  is  evident  that  the  number  of  arbitrary 
constants  is  reduced  to  (n  — 2);  or,  by  the  equation  (5),  which  contains  in  appearance 
n  {n  —  2)  arbitrary  constants,  but  which  we  have  seen  is  equivalent  in  reality  to  the 
system   (1),   (2). 

Thus,  with  three  variables,  the  integral  of 

H (yd 2  —  zdy,  zdx  —  xdz,  ady  —  ydx)  =  0    (9) 

may  be  expressed  in  the  form 

■^(y^i-yi^.     zx^-Zii>:,     art/,  -  a-,y)  =  0  (10), 

and  also  in  the  form  /x  +  gy  +  kz=0 (11), 

where  H  {/,  g,  h)  =  0  (12). 

The  above  principles  afford  an  elegant  mode  of  integrating  the  differential  equation 
for  the  lines  of  curvature  of  an  ellipsoid.     The  equation  in  question  is 

{b' -  d')  xdydz  +  (c' -  a')  ydzdx  +  {a'-b')  zdxdy  =  0 (13), 

where  x,  y,  z  are  connected  by 

S+?+S=^ ^'*^' 

writing  -  =  u,     |  =  «,     -^,  =  w (15), 

these  become 

(b'  -  c')  iidvdw  +  (0=  -  a')  vdwdu  +  (a'  -  b")  wdudv  =  0 (16), 

u+v  +  w=  1 (17). 
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Multiplpng  by 

—  \{vdu  —  udv)  (wdv  —  vdw)  (udw  —  wdu)}~\ 

the  first  of  these  becomes 

—  a^du  —  b'dv  —  c^dw  _         n  81  • 

(vdu  —  udv){udtv—wdu)     {wdv  —  vdw)  {vdu  —  udv)     (udw  —  wdu)  (wdv  —  vdw)        " 

but  writing  (17)  and  its  derived  equations  under  the  form 

u+    {v+   w)  =  l   (19), 

du  +  (dv  +  dw)  =  0, 

we   deduce  —du{v+w)  +  u  (dv  +  du?)  =  —  dii (20), 

i.e.  —  du  =  —  (vdu  —  udv) -\- (iidw  —  wdu)  (21), 

ana  similarly 

—  dv  =  —  [wdv  —  vdw)  +  (vdu  —  udv), 

—  dw  =  —  (ttdw  —  ivdu)  +  tvdo  —  vdw). 
Substituting, 

t^-c^      ,      c^-^^'      ,     «'-fc'     _o .22)- 

wdv  —  vdw     udw  —  wdu     vdu  —  udv  ' ' 

the   integral   of  which   may  be   written   in   the   form 

— — ~  +  - — °^  +  - — ^  =  0 (23). 

wVi  —  vu'i     iiWj  —  uni^     vui  —  Viii 

where,  on  account  of  (17), 

u,  +  Vi  +  tVi  =  l   (24); 

and  also  in  the  form  fu  +  gv  +  hw  =  0   (25), 

where  /,  g,  h  are  connected  by 

^  +  tjl^  +  ^^:i]!:^0 ^26); 

f  9  9 

this  last   equation   is  satisfied   identically   by 

/     ]f._(ji>         9     C'-A-''  A^-R'  ^    ^' 

Restoring  x,  y,  z,  a;,,  j/i,  z,  for  u,  v,  w,  «,,  v,,  w,,  the  equations   to   a   line   of  curvature 
passing  through  a  given  point  x^,  y^,  Zj,  on  the  ellipsoid,  are  the  equation  (14)  and 

(fc'-C)                   (c^-g^)                    (a^-6')        _ 
a'  (y.'z^  -  y'Zi")     6"  (z^'af  -  z'Xi')     (?  (a;,y  -  !)?y^)         ^"  '' 

or   again,   under  a   known    form,   they   are   the   equation   (14)   and 

(6'-c')  x^      &-a?  f      a'-b'   z' _  „„. 

JT'-C  a'^C-A^  b^^A'-B"  c-        ^     '' 
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From   the    equations    (14),    (29)    it    is    easy   to   prove    the    well-known    form 


39 


d'+e^b'+e^  d'+d' 


(30); 


in   fact,  multiphing  (29)  by  m,  and  adding  to   (14),  we   have   the   equation   (30),  if  the 
equations 


1 

+  m 

b' 

1 
a- 

1 
a'  +  e 

1 
6> 

+  m 

-a" 
-A' 

1 

b' 

1 

b'  +  e' 

I 

+  m 

a- 

-b' 

1 

1 

(31), 


(?  '  ""  A'  -  B'  c"     (c'  +  e)' 
are   satisfied. 

But    on    reduction,  these  take  the  form 

{B'--C')d  +  {b''-c'')md  +  ma'(b--c')  =  0,    

(C--  -A^)d  +  {c-  -  a')  md  +  mb^  {c-  -  a-)  =  0, 
{A'~B')e+(a-'-  b')  me  +  m&  (a*  -  If)  =  0, 

and  since,  by  adding,  an   identical   equation   is   obtained,  iit   and   6  may   be   determined 
to  satisfy  these  equations.     The  values  of  6,  in  are 


.(32), 


tf  = 


(a»-6^6=-c=)(c-^-aO 


a»  (B^  -  C*)  +  6MC*  -  ^')  +  c=  (^2  _  j5!)  ■ 


^  b'c'  (B'  -0)  +  (?a'  (C  -  ^')  +  a-'¥  [A'  -  B') 
(a^-6^)(6"'-c0(c»-a') 


•(33), 
.(34). 
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8. 

^5  ON  LAGRANGE'S  THEOREM. 

[From  the  Cambridge  Mathematical  Journal,  vol.  ill.  (1843),  pp.  28.3 — 286.] 

The   value   given   by  Lagrange's   theorem   for   the  expansion  of  any  function  of  the 
quantity  x,  determined  by  the  equation 

x=  u  +  hfx (1), 

admits  of  being  expressed  in  rather  a  remarkable  symbolical  form.  The  d  prion 
deduction  of  thLs,  independently  of  any  expansion,  presents  some  difficulties;  I  shall 
therefore  content  myself  with  showing  that  the  form  in  question  satisfies  the  equations 

l-JF'xfad.  =  lf^.SF'xdx (2). 

Fx  =  Fu  for  h  =  0  '. (3), 

deduced  from  the  equation  (1),  and  which  are  sufficient  to  determine  the  expansion  of 
Fx,  considered  as  a  function  of  u  and  h  in  powers  of  h. 

Consider  generally  the  symbolical  expression 

i>{4^-' <*)• 

^  ( A  -TT )  involving   in  general  symbols  of  operation  relative  to  any  of  the  other  variable 
entering  into  HA.     Then,  if  Sh  be  expansible  in  the  form 

SA  =  S(^A'») (5), 

it    is   obvious   that 

<l>(h^j]uh  =  t{<l>m.{Ah"')]  =  -Z[(<l>m.A)h^'>] (6). 
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For    instance,    m    representing    a    variable    contained    in    the    function    Sh,    and    taking 
a  particular  form  of  <f>  [h  -rr], 

[wf-^'-^m'"-) <')■ 

From  this  it  is  easy  to  demonstrate 

LmH'iiT-^"^^ <«)■ 

where  H7t  denotes  ^v  3A,  as  usual.     Hence  also 
ah, 

#4(r»r'^-'4=l{(i)"^*H <■»'■ 

of  which  a  particular  case  is 

Also,  (^y^^'\F'u^f")  =  Fu  for  h  =  0 (12). 

Hence  the  form  in  question  for  Fx  in 

Fx=(J^''dk-'(F'ueV") (13); 

from  which,  differentiating  with  respect  to  u,  and  writing  F  instead  of  F', 

T^x-(r.)*'^(*'«'^) <»»• 

a   well-known    form    of    Lagrange's    theorem,   almost    equally    important   with    the    more 
usual   one.     It   is   easy   to   deduce    (13)    from    (14).     To   do   this,   we   have  only  to   form 
[the  equation 

i^'-Kat)'"**/'"'*^' '"'• 

deduced  from  (14)  by  writing  Fxf'x  for  fx,  and  adding  this  to  (14), 
Fx  =  (J^)*^  {Fu  eV")  -  h  (I'J*''''  {Fuf'u  e''/") 

^{^"dh-^F'ueV") (16). 
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In  the  case  of  several  variables,  if 

x  =  u+hf(x,  X,...),     X,  =  Ut  +  Ih/t  (x,  ar,...),  &c (17), 

writing  for  shortness 

F, /,/,...  for  F(u,  u,...),    f{u,  M,...),    /,  («,  «,...).  ••• 
then  the  formula  is 

{l-hf(x)\{l-h,f,'{x,)...]      \duj       \duj         ■■■^^^  > ^^>' 

{where  /'(x)  is  written  to  denote  j-  f(x,  .r,  ...),  &c.) 

(^f  the   coefficient   of  A"/ii"' in   the   expansion   of 

-^(^'  ^- )  (19) 


18 


1.2...«.1.2...n,UM'  U«.'     ■■■'^J  J'    ^"■'• 


From  the  formula  (18),  a  formula  may  be  deduced  for  the  expansion  of  F(x,x, ), 

in  the  same  way  as  (13)  was  deduced  from  (14),  but  the  result  is  not  expressible  in 
a  simple  fonn  by  this  method.  An  apparently  simple  form  has  indeed  been  given  for 
this  expansion  by  Laplace,  Mecanique  Celeste,  [Ed.  1,  1798]  torn.  i.  p.  176 ;  but  the 
expression  there  given  for  the  general  term,  requires  first  that  certain  differentiations  should 
be  performed,  and  then   that   certain   changes  should   be   made   in   the   result,  quantities 

z,   z  are   to   be    changed    into   ^",   ^,"i ;   in   other   words,   the    general    term    is 

not  really  expressed  by  known  symbols  of  operation  only.  The  formula  (18)  is  probably 
known,  but  I  have  not  met  with  it  anywhere. 
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DEMONSTRATION   OF  PASCAL'S  THEOREM. 


[From  the  Cambridge  Matheviatical  Journal,  vol.  iv.  (1843),  pp.  18 — 20.] 

Lemma  1.     Let    U  =  Ax  +  By  +  Cz  =  0   be   the   equation   to  a  plane   passing   through 
a  given  point  taken  for  the  origin,  and  consider  the  planes 

the   condition  which   expresses   that   the   intersections   of  the   planes  (1)  and   (2),  (3)  and 
(4),  (.5)  and  (6)  lie  in  the  same  plane,  may  be  written  down  under  the  form 


Aj,     A„     A3,  Ai 

Bi,    B^,    B3,  Bi 

Ci ,    Ci ,     C3 ,  Ci 

A,,  At,    A^,    Ag 

B, ,  Bi,     £5,    Bg 

Ca  ,  Ci,      Ci  ,      G, 


=  0. 


Lemma  2.     Representing  the  determinants 


3-1, 

2/^' 

Zl 

a;,, 

2/2, 

z. 

^., 

y., 

Zi 

&c. 


by  the  abbreviated  notation  123,  &c.;   the  following  equation  is  identically  true: 
345 . 126  -  346 . 125  +  356 . T24  -  45d . 123  =  0. 
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This  is  an  immediate  consequence  of  the   equations 
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*^Sf        *^4t        ^6i        •^t 


• 

ys. 

y*. 

y» 

y» 

• 

«»> 

Zt, 

Zi, 

Zi 

a^i, 

Xi, 

Vu 

2/.. 

■ 

• 

2u 

Zi, 

. 

. 

=  0. 


Xj,  Xt,  Xf,  Xf 

y>,  y*,  y».  y. 

Zj ,  Zt,  Zi,  Zf 

Xi,     x^,     X3,  a;^,  X},  Xf 

Vi,   ya.   ys,  y<.  ys.  y. 

•^l>      ^s>      Zi,  Zi,  Zi,  Zg 


Consider  now  the   points  1,  2,  3,  4,  5,  6,  the  coordinates  of  these  being  respectively 

Xj,    yi,  Zi x„  ys,   Zf     I   represent,  for  shortness,   the   equation   to   the    plane    passing 

through  the  origin  and  the  points  1,  2,  which  may  be  called  the  plane  12,  in 
t%e    form 

a;T2^  +  2/i2y  +  2l2,  =  0; 

consequently  the  symbols  12^,  12y,  12^  denote  respectively  yi^j  — yjZi,  ZiX,—  z^Tj,  Xiy^—x^y,, 
and  similarly  for  the  planes  13,  &c.  If  now  the  intersections  of  12  and  45,  23  and  56, 
34  and  Gl  lie  in  the  same  plane,  we  must  have,  by  Lemma  (1),  the  equation 

12«,   45«,   23^,   56,,      .         .       =  0. 

i^y,        45y,        ^Oy,        OOy, 

12,,   45„   23„  56,.      . 

23,,  56„  34„  61, 

.       23„  56„,  34„  61„ 

23^,  56„  34„  61, 

Multiplying  the  two  sides  of  this  equation  by  the  two  sides  respectively  of  the  equation 

=  612.345. 


«8, 

x„ 

3^ '1 1 

• 

ye. 

yi. 

y^. 

• 

z„ 

«i, 

Zi, 

y3. 

y*' 

Zi,        Zt, 


and  observing  the  equations 


j;«  12, +  y,  12^  +  ^6 12,  =  612,     112  =  0,  &c. 
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this  becomes 

612 

- 

645, 

145, 

245, 

. 

. 

. 

1 

623, 

123, 

. 

423, 

523 

1 

156, 

256, 

356, 
361, 

456, 
461, 

534 

561 

reducible  to 

fe 

612 

534 

145, 
123, 

245, 

• 

423 

1 

156, 

256, 

356, 

456 

1 

, 

, 

361, 

461 

45 


=  0, 


=  0; 


r,  omitting  the   factor   612  .  534  and   expanding. 


145  .  256  .  423 .  361  +  245 .  123 .  456 .  361  -  245 .  123 .  356 .  461  -  245 .  156  .  423 .  361  =  0. 

Considering  for  instance  j?«,  y,,  2,  as  variable,  this  equation  expresses  evidently  that  the 
point  6  lies  in  a  cone  of  the  second  order  having  the  origin  for  its  vertex,  and  the 
equation  is  evidently  satisfied  by  writing  a?,,  y, ,  ^6  =  ^i,  yi,  Hi,  or  a;,,  y^,  z,,  or  Xt,  y^,  z^,  or 
^i,  ya,  ^i>  and  thus  the  cone  passes  through  the  points  1,  3,  4,  5.  For  Xg,  y^,  Ze  =  x^,  y-i,  z-i, 
the  equation  becomes,  reducing  and  dividing  by  245 .  123, 


452 .  321  -  352 .  421  +  152  .  423  =  0, 


which  is  deducible  from  Lemma  (2),  by  writing  x^,  y^,  z„  =  x^,  y^,  z.^,  and  is  therefore 
identically  true.  Hence  the  cone  passes  through  the  point  (2),  and  therefore  the  points 
1,  2,  3,  4,  5,  6  lie  in  the  same  cone  of  the  second  order,  which  is  Pascal's  Theorem. 
I  have  demonstrated  it  in  the  cone,  for  the  sake  of  symmetry;  but  by  writing 
throughout  unity  instead  of  z,  the  above  applies  directly  to  the  case  of  the  theorem 
L  in   the   plane. 

The  demonstration  of  Chasles'  form  of   Pascal's   Theorem   (viz.    that   the   anharmouic 

[relation   of    the    planes   61,  62,   63,   64   is    the    same   with    that    of   51,   52,   53,   54),   is 

[Very  much   simpler;   but  as  it  would  require  some  preparatory  information  with  reference 

[to  the   analytical   definition  of  the   similarity   of   anharmonic   relation,   I    must    defer    it 
'  to  another  opportunity. 
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10. 

ON   THE   THEORY   OF   ALGEBRAIC   CURVES. 

[From  the  Gartibridge  Mathematical  Journal,  vol.  iv.  (1843),  pp.  102 — 112.] 

Suppose  a  curve  defined  by  the  equation  U=0,  U  being  a  rational  and  integral 
function  of  the  iw""  order  of  the  coordinates  x,  y.  It  may  always  be  assumed,  without 
loss  of  generality,  that  the  terms  involving  a.'",  y™,  both  of  them  appear  in  TJ;  and 
also  that  the  coefficient  of  y"'  is  equal  to  unity :  for  in  any  particular  curve  where 
this  was  not  the  case,  by  transforming  the  axes,  and  dividing  the  new  equation  by 
the  coefficient  of  y'",  the  conditions  in  question  would  become  satisfied.  Let  Hm  denote 
the  terms  of  U,  which  are  of  the  order  m,  and  let  y  —  ax,  y  —  ^x  ...y  —  \x  be  the 
factors  of  Hm-  If  the  quantities  a,  /S...\  are  all  of  them  different,  the  curve  is  said 
to  have  a  number  of  asymptotic  directions  equal  to  the  degree  of  its  equation.  Such 
curves  only  will  be  considered  in  the  present  paper,  the  consideration  of  the  far  more 
complicated  theory  of  those  curves,  the  number  of  whose  asymptotic  directions  is  less 
than  the  degree  of  their  equation,  being  entirely  rejected.  Assuming,  then,  that  the 
factors  of  2f„,  are  all  of  them  different,  we  may  deduce  from  the  equation  f7  =  0,  by 
known  methods,  the  series 

'      a" 
w  =  aa;  +  a  H 1- ,     (Ij. 

X 

y  =  y3x  +  /3'  +  ^  + 

\" 
y=\x  +  \'+  —  +  , 

;ind  these  being  obtained,  we  have,  identically, 

U  ={y  -  ax  -a!  -  ...)  {y  -  ^x-  ^'  -  ...) ...  iy  -\x  -\'  -  ...)  (2), 


♦ 
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the  negative  powers  of  x  on  the  second  side,  in  point  of  fact,  destroying  each  other. 
Supposing  in  general  that  fx  containing  positive  and  negative  powers  of  x,  Efx  denotes 
the  function  which  is  obtained  by  the  rejection  of  the  negative  powers,  we  may  write 

U  =  E[y-ax...-—:)[y-^x...-^_^...[y-^...-'^}l (3), 


the   symbol    E    being    necessary    in    the    present    case,    because,    when    the    series    are 
continued  only  to  the  power  a;"^"+',  the  negative   powers  no  longer  destroy  each  other. 

We  may  henceforward  consider  U  as  originally  given  by  the  equation  (3),  the 
nt(wi+l)  quantities  a,  a'...  a""',  /3,  /S' ... /S '"",...  X,  \'...\""'  satisfying  the  equations 
obtained  from  the  supposition  that  it  is  possible  to  determine  the  following  terms 
o"""^",  )S""+"  ...X"""''", ...  so  that  the  terms  containing  negative  powers  of  x,  on  the 
second  side  of  equation  (2),  vanish.  It  is  easily  seen  that  a,  /S . . .  X,  a',  yS' . . .  X'  are 
entirely  arbitrary,  a",  /S" . . .  X"  satisfy  a  single  equation  involving  only  the  preceding 
quantities,  a'",  y9"'...X"'  two  equations  involving  the  quantities  which  precede  them, 
and  so  on,  until  a'"",  /S'""  ...X'"",  which  satisfy  (m— 1)  relations  involving  the  preceding 
quantities.  Thus  the  m(rn+l)  quantities  in  question  satisfy  im(m— 1)  equations,  or 
they  may  be  considered  as  functions  of  m{m  +  \)  —  \m{m-V)=\m{m+Z)  arbitrary 
constants.  Hence  the  value  of  U,  given  by  the  equation  (3),  is  the  most  general 
expression    for    a    function    of   the    tw"'    order.      It    is    to    be    remarked    also    that    the 

quantities    a"™*",    ^i^+'i  ...  X""+",   are     all     of    them    completely    determinable    as 

functions  of  at,  ^8  ...  X, ...  a""',  /3""'  ...  X""i. 

The   advantage    of    the   above   mode   of  expressing   the    function    U,   is   the   facility 
obtained    by  means    of    it    for   the    elimination    of    the    variable    y    from    the    equation 
U=0,  and   any  other  analogous   one    F  =  0.     In  fact,  suppose   V  expressed  in  the  same 
I  manner  as  U,  or  by  the  equation 


V=E{y-Ax...-^:)(y-Bx...-§;-)...{y-Kx...-§^:). 


■W. 


In  being  the  degree  of  the  function  V.  It  is  almost  unnecessary  to  remark,  that 
|ii,  jB...  JST, ...  j4*"',  .fi'"' ...  if'"'    are    to   be    considered   as    functions   of  ^n(n  +  3)    arbitrary 

constants,  and  that  the  subsequent  J.'"+",  5'"+"  ...K*"+^>  ...  can  be  completely  determined 
functions   of    these.     Determining    the    values    of    y   from    the    equation   (3),    viz.    the 

Values  given   by  the   equations   (2) ;   substituting   these   successively  in   the   equation 


...)  =  0 


(5), 


V={y-Ax-...)(y-Bx-...)...(y-K 

analogous  to  (2),  and  taking  the  product  of  the  quantities  so  obtained,  also  observing 
that  this  product  must  be  independent  of  negative  powers  of  x,  the  result  of  the 
elimination  may  be  written  down  under  the  form 


E 


\{a-A)x.. 
x\(\-A)x.. 


+ 


^IjOTn— 1 


(a-Kx)...  + 


(X - Kic) ...+ 


nifnn — 1 
gmn—\ 


(6), 


48 


ON  THE  THEORY  OF  ALGEBRAIC  CURVES. 


[10 


the  series  in  {  ]  being  continued  only  to  a;-™"+',  because  the  terms  after  this  point 
produce  in  the  whole  product  only  terms  involving  negative  powers  of  x.  It  is  for 
the  same  reason  that  the  series  in  (  ),  in  the  equations  (3)  and  (4),  are  only  continued 
to  the  terms  involving  a;~"'+',  a;~"+'  respectively. 

The  first  side  of  the  equation  (6)  is  of  the  order  mn,  in  x,  as  it  ought  to  be. 
But  it  is  easy  to  see,  from  the  form  of  the  expression,  in  what  case  the  order  of  the 
first  side  reduces  itself  to  a  number  less  than  mn.  Thus,  if  n  be  not  greater  than  m, 
and  the  following  equations  be  satisfied, 


A  =  a,     -4"!  =  a'"  ...  ^"^'»  =  a"^",     r-ii>n 


(7). 


the  degree  of  the  equation  (6)  is  evidently  mji  —  r  —  s ...  —  v,  or  the  curves  U=0,  V  =  0 
intersect  in  this  number  only  of  points.  U  mn  —  r  —  s ... —v  =  0,  the  curves  U=0  and 
V=0  do  not  intersect  at  all,  and  if  mn  —  r—s  —  v  be  negative,  =  — co  suppose,  the 
equation  (6)  is  satisfied  identically ;  or  the  functions  U,  V  have  a  common  factor,  the 
number  a  expressing  the  degree  of  this  factor  in  x,  y. 

Supposing  the  function  V  given  arbitrarily,  it  may  be  required  to  determine  U,  so 
that  the  curves  U=0,^V=0  intersect  in  a  number  mn  —  lc  points.  This  may  in  general 
be  done,  and  done  in  a  variety  of  ways,  for  any  value  of  k  from  unity  to  ^m  {m  +  3). 
I  shall  not  discuss  the  question  generally  at  present,  nor  examine  into  the  meaning 
of  the  quantity  mn  —  ^m  (m  +  3)  {  =  ^7n  {2n  —  m  —  S)}  becoming  negative,  but  confine 
myself  to  the  simple  case  of  U  and  V,  both  of  them  functions  of  the  second  order. 
It  is  required,  then,  to  find  the  equations  of  all  those  curves  of  the  second  order 
which  intersect  a  given  curve  of  the  second  order  in  a  number  of  points  less  than  four. 


Assume  in  general 


V  =  E(y-Ax-A'-^)[y-Bx-B'-^), 


K  K 

then  A",  B"  satisfy  J."  +  £"  =  0,  and  putting   B"  =  ^-^,   and   therefore   ^"  =  - jITb' 

and  reducing,  we  obtain 

V  ={y  -  Ax  -  A'){y  -  Bx-  F)  +  K. 

h 


Similarly  assume  U=  E  iy  —  ax  —  oi 

then   a",  /3"  satisfy  a"  +  /3"  =  0,   and   putting   ^"  = 


X 


a-/3 


,  and  therefore  a"  =  — 


a-/S' 


and 


reducing,  we  obtain 


V={y-ax  -  a')  (y  -  ^x  -  0')  +  k. 
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Suppose 

(1)  U  =  0,  V=0  intersect  in  three  points,  we  must  have  a=  A,  or  the  curve 
U=0  must  have  one  of  its  asymptotes  parallel  to  one  of  the  asymptotes  of  V=0. 

(2)  The  curves  intersect  in  two  points.  We  must  have  a=A,  a'  =  A',  or  else 
a  =  A,  ^  =  B;  i.e.  U=Q  must  have  one  of  its  asymptotes  coincident  with  one  of  the 
asymptotes  of  the  curve  F=  0,  or  else  it  must  have  its  two  asymptotes  parallel  to 
those  of  F=0.     The   latter  case  is  that  of  similar  and  similarly  situated  curves. 

(3)  Suppose  the  curves  intersect  in  a  single  point  only.  Then  either  a.  =  A, 
CL=A',  a"=A",  which  it  is  easy  to  see  gives 

U=(y-Ax-A'){rj-^x-ff)  +  K^^, 

or  else  a=  A,  a.'  =  A',  fi=B,  which  is  the  case  of  one  of  the  asymptotes  of  the  curve 
tr=0,  coinciding  with  one  of  those  of  the  curve  V=0,  and  the  remaining  asymptotes 
parallel.  As  for  the  first  case,  if  Q,  Ui  are  the  transverse  axes,  0,  6^  the  inclinations 
of  the  two  asymptotes  to  each  other,  these  four  quantities  are  connected  by  the  equation 

a^_  tan  g cos" ^g 
ai'  ~  tan  ^,  cos"  ^^, ' 

and  besides,  one  of  the  asymptotes  of  the  first  curve  is  coincident  with  one  of  the 
asjTnptotes  of  the  second.  This  is  a  remarkable  case ;  it  may  be  as  well  to  verify 
that  U=0,  F=0  do  intersect  in  a  single  point  only.  Multiplying  the  firet  equation 
by  y  —  Bx  —  B',  the  second  by  y  —  ^x  —  /3',  and  subtracting,  the  result  is 

{A-^)(y-Bx-B')-{A-B){y-^x-^')  =  0, 

reducible  to 

.        A(B'-^)  +  B0'-B'0      .  A        n     c 

y-Ax=—^ jI_q    ,     -i-e.  y  -  Ax  -  G  =  Q. 

Combining  this  with  F  =  0,  we  have  an  equation  of  the  form  y  —  Bx  —  D  =  0.  And 
from  this  and  y  —  Ax  —(7  =  0,  x,  y  are  determined  by  means  of  a  simple  equation. 

(4)  Lastly,  when  the  curves  do  not  intersect  at  all.  Here  a  =  A,  a'  =  A',  /9  =  B, 
ff  =  B,  or  the  asjTnptotes  of  U=0  coincide  with  those  of  F=0;  i.e.  the  curves  are 
similar,  similarly  situated,  and  concentric:   or  else  a  =  A,  a'  =  A',  ol'  =  A",  /3  =  jS;    here 

l[={xi-Ax-A'){^y-Bx-^')+K, 

or  the  required  curve  has  one  of  its  asymptotes  coincident  with  one  of  those  of  the 
proposed  curve;  the  remaining  two  asymptotes  are  parallel,  and  the  magnitudes  of  the 
curves  are  equal. 

In   general,   if    two   curves  of   the   orders  m  and   n,   respectively,   are    such    that   r 
asymptotes   of  the  first  are  parallel  to  as  many  of  the  second,  s  out  of  these  asymptotes 
c.  7 
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being  coincident  in  the  two  curves,  the  number  of  points  of  intersection  is  mn  —  r  —  s\ 
but  the  converse  of  this  theorem  is  not  true. 

In  a  former  paper,  On  the  Intersection  of  Curves,  [5],  I  investigated  the  number 
of  arbitrary  constants  in  the  equation  of  a  curve  of  a  given  order  p  subjected  to  pass 
through  the  mn  points  of  intersection  of  two  curves  of  the  orders  m  and  n  respectively. 
The  reasoning  there  employed  is  not  applicable  to  the  case  where  the  two  curves 
intersect  in  a  number  of  points  less  than  mn.  In  fact,  it  was  assumed  that,  W=0 
being  the  equation  of  the  required  curve,  W  was  of  the  form  uU+vV;  u,  v  being 
polynomials  of  the  degrees  p  —  m,  p  —  n  respectively.  This  is,  in  point  of  fact,  true  in 
the  case  there  considered,  viz.  that  in  which  the  two  curves  intersect  in  mn  points; 
but  where  the  number  of  points  of  intersection  is  less  than  this,  u,  v  may  be  assumed 
polynomials  of  an  order  higher  than  p  —  m,  p—n,  and  yet  vU+vV  reduce  itself  to 
the  order  p.  The  preceding  investigations  enable  us  to  resolve  the  question  for  every 
^ssible  case. 

Considering  then  the  functions  U,  V  determined  as  before  by  the  equations  (3),  (4), 
suppose,  in  the  first  place,  we  have  a  system  of  equations 

a  =  A,     ^  =  B e  =  H  {t  equations) ; (8). 

Assume  P=  {i/-  ax  —  ...){y  —  ^x  -  ...)  ...  {y  -  dx  -  ...), 

Q={y-Ax-...)(_y-Bx-...)...(y-Hx-...)- 

T  ={y-ix-...)  ...  [y-KX-  ...), 
^  =  {y  -\x-  ...)...  {y  -  Kx-  ...); 

whence  U=PT,         V^Q^. 

Suppose  T  =  ^T  +  AT,        ^  =  £^  +  A^P, 

E^.U-ET.  V^E^.PT-ET.Q^, 

=  E'ir.P{Er-h  AT)  -ET.Q  (£"*■  +  A^), 
=  Er.E^.{P-Q)  +  E'¥.P.Ar-ET.Q.A'^, 
=  E  [ET .  E'ir .  (P  -  Q)  ■\-  E'V.PAT -ET.Q.  A^], 
=  n  suppose. 

In  this  expression  ET,  E^  are  of  the  degrees  m  - 1,  n  —  t,  AT,  A^  of  the  degree 
-  1,  and  P,  Q,  P  —  Q  of  the  degrees  t,  t,  t-1  respectively.  The  terms  of  11  are 
therefore  of  the  degrees  m  +  n-t-1,  m  —  1,  n-l  respectively,  and  the  largest  of 
these  is  in  general  m  +  n  —  t  -  I.  Suppose,  however,  that  m  +  n  —  t  —  1  is  equal  to 
m  —  1  (it  cannot  be  inferior  to  it),  then  t  =  n;  ^  becomes  equal  to  unity,  or  A'^' 
vanishes.  The  remaining  two  terms  of  11  are  ET  (P  -  Q),  PAT,  which  are  of  the 
degrees  m  -  1,  n  -  1  respectively.  11  is  still  of  the  degree  m  - 1,  supposing  m  >  n. 
If  m  =  w,  the  term  PAT  vanishes.  11  is  still  of  the  degree  ?»— 1.  Hence  in  every 
case  the  degree  of  11  is  m  +  n  —  t—l:  assuming  always  that  P  —  Q  does  not  reduce 
itself  to  a  degree  lower  than  t  —  l,  (which   is   always  the   case  as  long  as  the  equations 
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(i=A',   ^' =  B' ff  =  H'  are   not  all    of    them    satisfied    simultaneously).     It   will    be 

seen  presently  that  we  shall  gain  in  symmetry  by  wording  the  theorem  thus :  the 
degree  of  IT  is  equal  to  the  greatest  of  the  two  quantities  m  +  n  —  t  —  \,  m  —  \. 

Suppose  next,  in  addition  to  the  equations  (8),  we  have 

a'  =  A',      /3'  =  5' t=F',     t'  equations,  «'>«...  (8'). 

Then,  taking  T',  ^',  P',  Q'  the  analogous  quantities  to  T,   ■*■,  P,  Q,  and  putting 

E^'.U-Er'.V=U', 
we  have,  as  before, 

U'  =  E  {ET .  E^' .  (P'  -  Q')  +  E^' .  P'AT'  -  ET .  Q'A^'}. 

The   degree   of  P'-Q'   is  t'-2  (unless   simultaneously  a"  =  A",  /3"  =  5" ^"  =  F',  in 

which  case  the  degree  may  be  lower).  The  degrees,  therefore,  of  the  terms  of  11'  are 
m  +  n  —  i'  -  2,  n  -  1,  m  —  1.  Or  we  may  say  that  the  degree  of  11'  is  equal  to  the 
greatest  of  the  quantities  vi  +  n  —  t'  —  2,  m  -  1  ;  though  to  establish  this  proposition  in 
the  case  where  t'  =  n  —  1  would  require  some  additional  considerations. 

Continuing  in   this   manner   until   we   come   to   the   quantity   11 '*"■"',   the    degree    of 
this    quantity    is    the    greatest   of   the    two   numbers   m  +  n  —  <<*-''  -  k,   m  —  1.     And   we 

may  suppose  that   none   of  the  equations  a*=J.'*'  are   satisfied,  so  that   the  series 

n,  n' n>*~"  is  not  to  be  continued  beyond  this  point. 

Considering   now   the  equation  of  the  curve  passing  through  the  mn  — ^  — i' ...  —  <'*~" 
points  of  intersection  of  C=0,   V=0,  we  may  write 

W^uU+vV+pU+p'W +p*-"  ni*-"  =0 (9), 

for  the  required  equation;   the  dimensions  of  u,  v,  p,  p'  ...p*^^^  being  respectively 

p  —  m,     p  —  n;     p  —  m  —  n-\-t+l  or  p  —  m+  1; 

p  —  m—n  +  t'  +  2  orp— m  +  1;   p  -7n-n  +  <'*~"  +  k  or  p  —  m  +  l, 

the  lowest  of  the  two  numbers  being  taken  for  the  dimensions  of  p,  p'  ...p*~^K  Also, 
if   any  of   these    numbers   become   negative,   the   corresponding    term   is   to   be  rejected. 

In  saying  that   the  degrees  of  p,  p' p<*-»  have   these   actual   values,  it   is   supposed 

that  the  degrees  of  11,  11' 11*~'  actually  a.scend  to  the  greatest  of  the  values 

p-m— n  +  <+l,  orni-1;     m  +  n  —  t'  —  2,  or  m  —  1  ;    —m  +  n- <*"'>  +  k,  or  m  —  1. 

The  cases  of  exception  to  this  are  when  several  of  the  consecutive  numbers  t,  t'...f'*~'* 

are   equal.     In    this   case    the   corresponding    terms   of   the   series    11,    11' 11'*"'',  are 

also  equal.  Suppose  for  instance  t,  t'  were  equal,  11,  11'  would  also  be  equal.  A  tenu 
of  p  of  an  order  higher  by  unity  than  p  —  ni  —  n+t  +  1,  or  p-m+1,  which  is  the 
highest  term  admissible,  produces  in  j)Il  a  term  identical  with  one  of  the  terms  of 
p'H ;    80   that   nothing    is   gained   in   generality   by   admitting   such    terms   into  p.     The 

equation  (9),  with   the   preceding  values   for   the   dimensions   of  p,  p  p*~'\  may   be 

7—2 
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employed,  therefore,  even  when  several  consecutive  terms  of  the   series  t,  t' t*~"  are 

etjual.  It  will  be  convenient  also  to  assume  that  p—vi  is  not  negative,  or  at  least 
for  greater  simplicity  to  examine  this  case  in  the  first  place. 

M,  U,  and  V,  V,  contain  terms  of  the  form  afy^U,  afy^V,  a  +  y3:^p  —  m,  <y  +  B1^p—n; 
pU  contains  terms  of  this  form,  and  in  addition  terms  for  which  a  +  /3  =  p  +  l  —  ni, 
7  +  8  =  p  + 1  —  n.  It  is  useless  to  repeat  the  former  terms,  so  that  we  may  assume  for  p, 
a  homogeneous  function  of  the  order  p  — »»  — n  +  <  +  l,  or  p  — m+l;  in  which  case  pJ\ 
consists  only  of  terms  for  which  a  +  /3  =  p+  1  —  m,  7  +  S  =  p  +  l  —n.  And  the  general 
expression  of  p  contains  p  —  ni  —  n  +  i  +  2,  or  p  —  m  +  2,  arbitrary  constants.  Similarly 
p'W  contains  terms  of  the  form  of  those  in  uU,  vV,  pTl,  and  also  terms  for  which 
a+/S=p  +  2—  m,  7+S  =  p+2—  Ji;  the  latter  terms  only  need  be  considered,  or  p  may 
be  assumed  to  be  a  homogeneous  function  of  the  order  p— m  — n+f'  +  2,  or  p— m  +  1, 
containing  therefore  p  —  m-?i  —  i'+3,  or  p  —  m  +  2  arbitrary  constants. 

Similarly  pi*-»  contains  p  —  m  — n +  <*~"  +  A  +  1  or  p  — ?>i+2  arbitrary  constants. 
Assume 

_/p-m-m  +  (  +  2\      fp-m-n  +  t'+^\  /p-m-n  +  i'*-'*  +  i-+ 1\       .,„< 

^"Vp-m  +  2  }  +  \p--,n  +  2  )---^\p-m  +  'L  j  •••  U"), 

where,  in  forming  the  value  of  V  the  least  of  the  two  quantities  in  (  )  is  to  be 
taken;  this  value  also,  if  negative,  being  replaced  by  zero.  The  number  of  arbitrarj' 
constants  in  p,  p'  ...p*"^'*  is  consequently  equal  to  V. 

The  numbers  of  arbitrary  constants  in  u,  v,  are  respectively 

{1+2 +{p-m  +  l)]  and  {1+2 +(p_„+l)} 

i.e.  \ip-  m  +  1)  (p  -  m  +  2),  and  |(p  -  »i  +  1)  (p  -  ?i  +  2) ; 

thus  the  whole  number  of  arbitrary  constants  in  W,  diminished  by  unity  (since  nothing 
is  gained  in  generality,  by  leaving  the  coefficient  (for  instance  of  y)  indeterminate, 
instead  of  supposing  it  equal  to  unity)  becomes 

|(p  -  m  +  1)  (p  -  m  +  2)  +  J  (p  -  71  +  1)  (p  -  »i  +  2)  +  V  -  1 , 
reducible  to 

Jp  (p  +  3)  +  i  (p  -  m  -  n  +  1)  (p  —  m  —  n  +  2)  -  mn  +  V. 

By  the  reasonings  contained  in  the  paper  already  referred  to,  if  p+  k  —  in  —  n  + 1 
be  positive,  to  find  the  number  of  really  disposable  constants  in  W,  we  must  subti-act 
from  this  number  a  number  ^(p  +  k— m  —  n+l){p  +  k  —  m  — n +  2).  Hence,  calling  (j> 
the  number  of  disposable  constants  in   W,  we  have 

(fi  =  y  (p  + S)  +  ^  {p -m  -  n +  1)  (p- 7)1-71  + 2) -mn  +  V -  \ (11), 

where  A  =  0,  if  p  +  ^•— ?h  — n  +  1  be  negative  or  zero (12), 

A  =  |(p  +  ^•  —  m  —  71  +  1)  (p  +  ^•  -  Hi  —  n  +  2), 

ii  p  +  k  —  7n  —  7i+l  be  positive ;   and  y  is  given  by  the  equation  (9). 
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Also,  if  6  be  the  number  of  points  through  which  the  curve  W=0  can  be  drawn, 
including  the  points  of  intersection  of  the  curves   ^7=0,  V=0,  then 

0=<f>  +  (mn-t-t' -«*-'!)  or 

0=hp(p  +  S)+^{p-m-n+l)(p-m-n  +  2)+'^  -A-t-t' ...  -<<*-')  (13). 

Any  particular  cases  may  be  deduced  with  the  greatest  facility  from  these  general 
formula3.  Thus,  supposing  the  curves  to  intersect  in  the  complete  number  of  points  mn, 
we   have 

<f>  =  y{p  +  S)+^  {l-'S){p-m-n  +  l)(p-m-n  +  2)-mn, 
«   being  zero   or   unity  according  as  p<m+n-l  or  p>m+  n-1.     Reducing,  we  have, 
for  p  :}>  m  +  n  —  3, 

<l>  =  ip(fi+3)+^(p-m-n  +  l){p-m-n+2)-  mn, 

d  =  ^p(j)  +  S)  +  ^{p-m-n+l){p-m-n  +  2); 
and  for  p>m  +  n  —  3, 

<f>  =  y{p  +  S)-  mn, 

e=y(p  +  S). 

Suppose,  in  the  next  place,  the  curves  have  (  parallel  pairs  of  asymptotes,  none  of 
these  pairs  being  coincident.     Then 

p  :J>  771  +  n  —  t  —  2, 

•^  =  iP  (p  +  3)  +  i  (P  ~  ''*  ~  «  +  1)  O'  - '"-  -  «  +  2)  -  mn, 

0  =  y(p  +  S)  +  l{p-m-n+l)  {p-m-n  +  2)-t; 
p>m  +  n  —  t  —  2,    p1f>  m+n  —  2, 

^  =  ip  (p  +  3)  +  i  (p  -  »*  -  "  +  2)  (p  —  m  -  n  +  3)  -  nm  +  ^, 

0  =  ^p(p  +  2)-\-^(p-m-n+2){p-m-n  +  S), 

p  >m  +  n  —  2, 

<f>  =  ^p(p+S)-mn  +  t, 

e  =  ip(p  +  s). 

In  these  formulae,  if  t  be  equal  to  2  or  greater  than  2,  the  limiting  conditions  are 
more   conveniently  written 

p:lf>m  +  n  —  t—2;      p1('m+n  —  t—2>m  +  n  —  4!;      /3>m  +  m  —  4. 

Similarly  may  the  solution  of  the  question  be  explicitly  obtained  when  the  curves 
have  t  asymptotes  parallel,  and  ^  out  of  these  coincident,  but  the  number  of  separate 
formulae  will  be  greater. 

In  conclusion,  I  may  add  the  following  references  to  two  memoirs  on  the  present 
subject :  the  conclusions  in  one  point  of  view  are  considerably  less  general  even  than 
those  of  my  former  paper,  though  much  more  so  in  another.  Jacobi,  Theoremata  de 
punctis  intersectionis  duarum  curvarum  algebraicarum ;  Crelle's  Journal,  vol.  xv.  [1836, 
pp.  285 — 308];  Plucker,  Th&)rfemes  gdndraux  concemant  les  equations  a  plusieurs  variables, 
d'un  degr^  quelconque  entre  un  nombre  quelconque  d'inconnues.  D"  vol.  xvi.  [1837, 
pp.  47—57]. 
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Addition. 

As  an  exemplification  of  the  preceding  formulae,  and  besides  as  a  question  interesting 
in  itself,  it  may  be  proposed  to  determine  the  asymptotic  curves  of  the  i^  order  of 
a  given  curve  having  all  its  asymptotic  directions  distinct, — r  being  any  number  less 
than  the  degree  of  the  equation  of  the  given  curve. 

Definition.  A  curve  of  the  r""  order,  which  intersects  a  given  curve  of  the 
«i"'  order  in  a  number  of  points,  =  mr  —  ^r  (r  +  3),  is  said  to  be  an  asymptotic  curve 
of  the  r"*  order  to  the  curve  in  question.  Suppose,  as  before,  U=Q  being  the  equation 
to  the  given  curve, 


U=E 


and  let  0,  (f> ...  (o  denote  any  combination  of  r  terms  out  of  the  series  a . . . \,  and  (/,  (j)' ... &>', 
&c.  .V.  the  corresponding  terms  out  of  a'...\',  &c.     Then,  writing 

F  =  ^{(,-^....-J^)(,-^....-^_„). 

(where   the   quantities   ^'"",  ■^('"-d,   ■^w,   n'...ni'"i    are   entirely   determinate,   since,   by 

what  has  preceded,  &,^'  ...€)!  satisfy  a  certain  equation,  &',  <^", ...  fl"  two  equations 

Qm^  4)(m)  _  ^'""(m  — 1)  equations),  we  have  F=0  for  the  required  equation  of  the 
asymptotic  curve.  It  is  obvious  that  the  whole  number  of  asymptotic  curves  of  the 
order    r,    is    n  (n  —  1)  ...  (n  -  r  +  1),    viz.    1  .  2  ...  r    curves    for    each    combination    of 

— ^ 1    o" asymptotes.     Some   particular  instances   of  asymptotic  curves  will 

be  found  in  a  memoir  by  M.  Plucker,  Liouville's  Journal,  vol.  I.  [1836,  pp.  229 — 252], 
Enumeration  des  courbes  du  quatrieme  ordre,  &e.  The  general  theory  does  not  seem  to 
be  one  to  which  much  attention  has  been  paid. 
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11. 


CHAPTERS    IN    THE    ANALYTICAL    GEOMETRY    OF    (?*) 

DIMENSIONS. 


[From  the  Cambridge  Mathematical  Journal,  vol.  iv.  (1843),  pp.  119 — 127.] 

Chap.  1.     On  some  preliminary  formulce. 

I  TAKE  for  granted  all  the  ordinary  formuliE  relating  to  determinants.  It  will  be 
convenient,  however,  to  write  down  a.  few,  relating  to  a  certain  system  of  determinants, 
which  are  of  considerable  importance  in  that  which  follows :  they  are  all  of  them 
either  known,  or  immediately  deducible  from  known  formulae. 

Consider  the  series  of  terms 

'^'i    I      '^a *^n  \^)' 

-"i  .       -^i -«n 

1^1 1       A.  2 A  „ 

the    number    of    the    quantities    A K    being    equal    to    q  (q  <  n).      Suppose    </ +  1 

vertical  rows  selected,  and   the  quantities  contained  in  them  formed  into  a  determinant, 
n(n-l)  (g  +  2) 


this  may  be   done   in     ^i    ^^  i 

•^  1.2 n  —  q  —  l 

.so  obtained    will   be   represented   by   the   notation 


Ai,     Ai 


different  ways.     The  system  of  determinants 
(2), 


Xji 

A„ 


/L  1 ,       J\-2 /V  n 

and   the   .system   of  equations,  obtained   by  equating  eaeh  of  these  determinants  to  zero, 
by  the  notation 


Ai,     At 


An 


=  0 


(3). 


K 
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The  — ",""         ,J  equations   represented   by   this   formula   reduce    themselves  to 

1.2 (n  —q  +  1) 

{n  —  q)  independent  equations.    Imagine  these  expressed  by 

(1)=0,     (2)  =  0 (n-g)=0 (4), 

any  one  of  the  determinants  of  (2)  is  reducible  to  the  form 

0,(l)+e,(2)...  +  ©„_5(n-g) (5), 

where  ©i,  @i...^n-q  are  coefficients  independent  of  Xi,  Xt...x„.     The  equations  (3)  may 
be  replaced  by 

\,a^  +  XjaJa  +  . . .  \„x„  ,     fj^Xi  +  ...,  ...T,.Ti  +  ...     =0 (6), 

X,J.i  +  Xj42+ ...  \„a;„,     iJ.iAi+ ....  ...Ti.4i+.. 

and  conversely  from  (6)  we  may  deduce  (3),  unless 


c 


Ml.         M2, 


■Mn 


0 


(7). 


(The   number  of  the  quantities   \,  /*...t   is   of  course   equal   to   n.)     The   equations    (.3) 
may  also  be  expressed  in  the  form 


fctj  J  "-^2 1  *  *  •  "^tt 

Xl^l  +  ...  WiAj,      \i^2  +  ...  (O1K2,  ■  ■•  A-i^n 
\qAi  +  ...  (OqKi,      \j^2+  ...  (OqK^,  ...  XqA^ 

the  number  of  the  quantities  X,  fi  ...co  being  q. 

And  conversely  (3)  is  deducible  from   (8),  unless 


+  (OqKn 


(8). 


Xi  ,  . . .  <Bi 
\o,   .  .  .  <Uo 


0, 


(0). 


Chap.  2.  On  the  determination  of  linear  equations  in  a;,,  aij,  ...a-„  luhich  are 
satisfied  by  the  values  of  these  quantities  derived  from  given  systems  of  linear  equations. 

It  is  required  to  find  linear  equations  in  a^i,  ...a;„  which  are  satisfied  by  the  values 
of  these  quantities  derived — 1.  from  the  equations  ^'  =  0,  23'=  0  ...  C5'  =  0;  2.  from  the 
equations  ^"  =  0,  33"  =  0  ...  ia"=  0;    3.   from  ^'"  =  0,  23"'  =  0  ...  m"'  =  0,  &c.  &c.,  where 

^'  =AiXi  +  A^^...+A„Xn (1), 

i3'  =  B^Xi  +  B^^  . . .  +  BnXn, 


t 


and  similarly  ^",  33",...,  ^"',  33'", ...,  &c.  are  linear  functions  of  the  coordinates «!,  a!j, ...  «•„. 
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Also  r',  r" ...  representing  the  number  of  equations  in  the  systems  (1),  (2) 
number  of  these  given  systems, 


57 

and  h  the 


Assume 


(?*-»•')  +  («-»■")+  ...  ^  n  -1  or  (^-  1)«  +  1  >  r'  +  r"  +  ... 
\'a'  +  /^'23'  +  . . .  =  \"a"  +  m"33"  +  ■  ■  ■  =  ^"^"  +  /"13"'  +  . . .  =  &c. 


(2), 


the  latter  equations  denoting  the  equations  obtained  by  equating  to  zero  the  terms 
involving  x^ ,  those  involving  a;, ,  &c. . . .  separately.  Suppose,  in  addition  to  these,  a 
set  of  linear  equations  in  X',  //,'...  X",  fi" ...  so  that,  with  the  preceding  ones,  there 
is  a  sufficient  number  of  equations  for  the  elimination  of  these  quantities.  Then, 
performing  the  elimination,  we  thus  obtain  equations  '^  =  0,  where  '^  is  a  function  of 
a:, ,  x^...  which  vanishes  for  the  values  of  these  quantities  derived  from  the  equations 
(1)  or  (2)  ...&c.     The  series  of  equations '^  =  0  may  be  expressed  in  the  form 

a',     33',...®', 

A,',    B,'....G,',    A,",...0'\, 


A     f  D    '  h    f  A     "  i\    " 

A",...o/',  Ar,...Rr, 


=  0 


(3). 


Chap.  3.     On  reciprocal  equations. 
Consider  a  system  of  equations 


AiXi  +  A^., ...  +  An!r„  =  0, 

KiXi  +  AVa  ■  • .  +  .^n^^a  =  0, 


■(1). 


(r  in  number). 


The  reciprocal   system   with   re.spect    to   a  given   function   (U)   of  the    second    order 
in  X,,  x^ ...  Xn,  is  said  to  be 


Ai ,         A^,  ...       An 


=  0 


.(2), 


(n  —  r  in  number). 


It   must    first   be   shown   that  the   reciprocal   system   to   (2)    is    the    system   (1),   or 
that  the  systems  (1),  (2)  are  reciprocals  of  each  other. 

c.  8 


B 
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Consider,  in  general,  the  system  of  equations 

ttj d„,U  +  a,dx,U...  +a„d^U  =  0  


[n 


(3). 


\d:,,U  +  \jd^,U  ...+\nd^„U=0. 
Suppose  2U='E(ci')x:-  +  2%{a^)Xairfi,  so  that  d^.U='%{8a)x^ (4),  (5). 

The  equations  (3)  may  be  written 

X,  {a,  (1»)  +  a,  (12) ...  +a„  (In))  +  ...  +  x„{a,(nl)  +  a,  (n2) ...  +  a„  (n')j  =0  (6), 

&c. 

and   forming   the    reciprocals   of  these,  also   replacing  dx,U,   dx,U ...   by   their  values,   we 
have 


^ 


X,  (1^)  +  As (12)  +  . . .  a;„  (In),  ...x,  («1)  +  x,  (»j2)  ...  +  x„  (h») 
a,  (P)  +  a,  (12)  +  . . .  3„  (In), ...  or,  (nl)  +  a,  (n2) . . .  +  a„  (n=) 


\,  (1^)  +  \j (12)  +  . . .  X„ (1«).  •••>-.  («1)  +  '^s  («2)  ...+K{n-) 

From  these,  assuming 

(P),      (12),...  (In)     +0 
(21),     (2=),...(2n) 

(ni).     («2),...(n=) 
we  obtain,  for  the  reciprocal  system  of  (3), 


=  0. 


.(7). 


.(8) 


Xu 

a-s,  • 

..  X„ 

Oi, 

a„. 

..  a,. 

\, 

Aa,  . 

..  X„ 

=  0 


(9). 


Now,   suppose   the   equations    (3)    represent   the   system    (2) ;    their  number  in   this  case 
must  be  n  —  r.     Also  if  6  represent  any  one  of  the  quantities  a,  ^  ...\,  we  have 

AA  +  A.A---+AA>  =  0 (10), 

By  means  of  these  equations,  the  system  (9)  may  be  reduced  to  the  form 

AiXj  + AjXi...+AnX„,   ...  KiXi+K.X„...+KnX„,      Xr+„      X,+j....Xn       =0...(11), 
0  ,  ...  0  ,       Or+i,       ar+2,   ...  On 


0 


0 


,  > 


r+1  >      "-T+i 


I  ••■  \i 


which   are   satisfied    by   the   equations    (1).     Hence   the   reciprocal   system    to   (2)   is    (1), 
or  (1),  (2)  are  reciprocals  to  each  other. 
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Theorem.     Consider  the  equations 

(a'  =0,     m'   =0...©'   =0) 

(^"=0,     23"  =0...ia"  =0), 

(^'"=0,  a3"'=o...m"'  =  o). 
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(12), 


&c. 


of  Chap.  2.     The  equations 


d,U,  d^U,...d,,U    I 
Ai,         A2, ...      An 

G^',  G,',...        6n'\ 

&c. 


=  0, 


d,,U  .    d^U  ,...d^U 

An 


A  "  A  " 

6:"  .  0.",  . 


On 


=  0,  ...(13), 


which  are   the   reciprocals  of  these   systems,  represent  taken   conjointly  the  reciprocal  of 
the  system  of  equations  (3)  of  the  same  chapter. 

Let  this  syBtem,  which  contains  n—[{n  —  r)  +  {n  —  r')  +  ...]  equations,  be  represented  by 

Oi  a^i  +  ffj  a-j . . .  +  a„  «■„  =  0 (14), 

A«i  + Aara ... +yS„a-„=  0. 


The  reciprocal  system  is 


f,a-,  +f„a;2...  +  ?„a-„  =  0. 


d^JJ,    d.JJ....d^U    =0 (15), 


ill         S2      ,  •  •  •       bJi 

containing  (n  —  r)  +  («  —  r')  +  &c equations. 

Also,  by  the  formulae  in  Chap.  2, 

a, a?,  +  ...  +anXn  =  X/^'  +  /ii'33'  +  . . .  o-,'C5'  (X,  /j....  a-,  r'  in  number). 
^,  a-,  +  . . .  + /9„  a-„  =  x;gt' + /i,'13' +  . . .  ff/ffi' 

^,T,        ...  +  ?'„a-„=Xe'a'+^'J3'+...<T/C5 (16), 

writing   6  =  n— [{n  —  r)  + {>i—r')  + ...}. 

Also,    assuming   any   arbitrary    quantities  tj^,   7/2  ...?;„...  </>,,   <f>.2  ...  (f),^    (the    number   of 
sets  being  (/  —  0),)  such  that 

17, jr,  ...+i;„a;„  =  X«+,'^' + /ii9+i'33'+ ...  erg+i®' 


<p,x,...+<f>na:n  =  'y/  ^'  +  fi/   W+...a/  ffi'. 


(17), 


8—2 


60 


ANALYTICAL   GEOMETRY   OF    (n)    DIMENSIONS. 


[11 


From  the  equations  (15)  we  deduce  the  {n  —  r)  equations 


=  0 


(18). 


Hence,  writing 


4>i  '  <f>2    ,  ■■■      <}>n 


(19). 


<f,  =  \.'A+,l/B+...(Tr'G, 

and  reducing,  by  the  fonnula  (8)  of  Chap.  1,  we  have 


C 


d,,U.    d,JJ,...d^U 

Ax    ,        A^    ,  ...    An 


=  0 


(20); 


Gi  ,      G.i  , ...    Gn 

and  similarly  may  the  remaining  formulae  of  (1.3)  be  deduced  from  the  equation  (15). 
Hence  the  requii-ed  theorem  is  demonstrated,  a  theorem  which  may  be  more  clearly 
stated   as   follows  : — 

The  reciprocals  of  several  systems  of  equations  form  together  the  reciprocal  of 
the  equation  which  is  satisfied  by  the  values  of  the  variables  which  satisfy  each  of 
the  original  systems  of  equations.  (The  theorem  requires  that  the  number  of  all  the 
reciprocal  equations  shal]  be  less  than  the  number  of  variables.) 

Conversely,  consider  several  systems  of  equations,  the  whole  number  of  the  equations 
being  less  than  the  number  of  variables.  These  systems,  taken  conjointly,  have  for 
their  reciprocal,  the  equation  which  is  satisfied  by  the  values  satisfying  the  reciprocal 
system  of  each  of  the  given  systems. 

Chap.  4.     On  .some  properties  of  /mictions  of  the  second  order. 

Suppose,  as  before,   U  denotes  the  general  function  of  the  second  order,  or 

2U='S.(cc')a;^'  +  21{a^)a:,x^  (21). 


Also  let  V  denote  a  function  of  the  second  order  of  the  fonn 


V=H  ( 


•^1 )       2^2 ,  . . .  ^n 

a,  ,     a.„  ...  a„ 


(22), 


I       Pi,      P!,.-.pn 

{H  being  the  symbol  of  a  homogeneous  function  of  the  second  order,  and  the  number 
r  of  the  quantities  a,  ^...p,  being  less  than  n  —  1).  [Observe  that  Oj,  j3i,  ...  p,, ... 
"71.  0n:-..pn,  or  say  the  suffixed  quantities  a,  ^,...p  {r  in  number)  are  used  to  denote 
coefficients :  a,  /8,  without  suffixes,  are  any  two  numbers  in  the  series  of  suffixes 
1,  2,  3, ...«.]     Then  2U-2kV,  k   arbitrary,  is  of  the  form 

l[a']T,'+2%[a0]x,a'^ (23). 


I 
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[P]X,  +  [12]X,...+[1«]X„  =  0. 
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(24), 


[nl]Z,  +  [«2]Z,  ...+[n=]X„  =  0; 

equations  that  involve   the   condition   that   k   satisfies  an  equation  of  the   order  n  —  r,  as 
will  be  presently  proved. 

Then  shall  a-,  =  X, . . .  a;„  =  Xn  satisfy  the  system  of  equations,  which  is  the  reciprocal  of 


Xl, 

X-i,  . 

..Xn 

«!, 

a„,  . 

..  a„ 

Pi. 

p«.,- 

■■pn 

=  0 


(25). 


To    prove    these    properties,    in    the    first    place    we    must    find    the    form    of    V. 
Consider  the  quantities  f^,  ^b>  •■•^l>  {^  —  '>')  in  number,  of  the  form 

(20), 


■  (27), 


^^  =  AiXi  +  A.2X^...+AnXn,    

^s=  BiXj  +  B^x....  +  Bn  x„, 

5L  =    X/j  Xi    -\-  X/2  Xt^    ...    -f-   x>jj   i^n  j 

where,  if  0  represent  any  of  the  quantities  A,  B  ...  L, 

a,0j  +  Oa®.  •••  +  a„0„  =0,      

pi0,  +pA  •■•  +Pn0n=O, 

2  F=  (A^)^/  +  (R-)^^^+...  +  2  (AB)  f^r^  +  . . .  =  S  (A^)  U  +  22  {AB)  ^J^. 

Hence,  if  •2V=1.  {a?}x^' +  2%  {a^}x,T^ (28), 

we  have  for  the  coefficients  of  this  form 

[V]  =  S  (A^)  A,'  +  2S  (AB)  A  A,     {12}  =  2  {A')  A,A,  +  t{AB)  {A,B,  +  A,B,l 


and   consequently   the   coefficients  of  2 1/  — 2^ Fare 

[P]  =  (P)-A;(P1,  [12]  =  (12) -^  {12). 

Hence,  0  representing  any  of  the  quantities  a,  ^  ...  p, 

e,[V]+0,[\2]...  +  e,,[ln}=O  .. 


e,\n\]+d,[n1}...+en{'n?\  =  0; 


(29), 
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whence  also  ei[V]  +  ...  0„[ln]  =  0,{V)+ ...B„Cln\ 

e,  [ni]+ ...  e„[n'  ]  =  e,  («i)  +  ...0„  m. 

Heuce,  the  equations  for  determining  A', , . . .  X„  may  be  reduced  to 
A', [a,  (P)+...a„(lH)]  +  X,[a,  (21)...  +a„  (2n)]  ...  +Xn[a,  (nl)  ...  +  a,.(n»)]  =0...  (30), 
X,  [A  (1')  +  . . .  /3„(ln)]+  X,  [A  (21) . . .  +  ^„  (2n)] . . .  +  Z„  [A  («1)  • .  •  +  /3„  («')]  =  0, 

X,  [p.  (1»)  +  .../),  (In)]  +  X,  [p,  (21) . . .  +  p„  (2«)]  . . .  +  X„  [p„  («1)  . . .  +  p„  (n=)]  =  0. 
X,[r  +  1,  1]+  Z,[r  +  1,  2]...+  X„[r  +  l,n]  =0, 


[n 


AT,  [n,  1]  + 


X,[n,  2]...+ 


Z„M 


=  0. 


Eliminating   AT,  ...X„,   since    the    first    r    equations   do   not   contain   k,   the   equation   in 
this  quantity  is  of  the  order  n  —  r. 


Next  form  the  reciprocals  of  the  equations  (25).    These  are 


."1    >  .^2   I   •  •  •     ."« 

il    ,  Z.,  ,  . . .      //„ 


=  0 


(31). 


From  which  we  may  dedirce 


0  ,  0  ,...  0  ,       ^,„....^„ 


0 


0 


0 


...i„ 


:0...(32), 


w 


hich  are  evidently  satisfied  by  a:,  =  Xi,  Xi  =  X«  ...Xn  =  Xn. 


In  the  case  of  four  variables,  the  above  investigation  demonstrates  the  following 
properties  of  surfaces  of  the  second  order. 

I.  If  a  cone  intersect  a  surface  of  the  second  order,  three  different  cones  may 
be  drawn  through  the  curve  of  intersection,  and  the  vertices  of  these  lie  in  the  plane 
which  is  the  polar  reciprocal  of  the  vertex  of  the  intersecting  cone. 

II.  If  two  planes  intersect  a  surface  of  the  second  order  through  the  curve  of 
intersection,  two  cones  may  be  drawn,  and  the  vertices  of  these  lie  in  the  line  which 
is  the  polar  reciprocal  of  the  line  of  intersection  of  the  two  planes. 

Both  these  theorems  are  undoubtedly  known,  though  I  am  not  able  to  refer  for 
them  to  any  given  place. 
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12. 

ON   THE  THEORY   OF   DETERMINANTS. 
[From  the  Transactions  of  the  Cambridge  Philosophical  Society,  vol.  vitl.  (1843),  pp.  1 — 16.] 

The  following  Memoir  is  composed  of  two  separate  investigations,  each  of  them 
having  a  general  reference  to  the  Theory  of  Determinants,  but  otherwise  perfectly 
unconnected.  The  name  of  "Determinants"  or  "Resultants"  has  been  given,  as  is  well 
known,  to  the  functions  which  equated  to  zero  express  the  result  of  the  elimination 
of  any  number  of  variables  from  as  many  linear  equations,  without  constant  terms. 
But  the  same  functions  occur  in  the  resolution  of  a  system  of  linear  equations,  in  the 
general  problem  of  elimination  between  algebraic  equations,  and  particular  cases  of  them 
in  algebraic  geometry,  in  the  theory  of  numbers,  and,  in  short,  in  almost  every  part 
of  mathematics.  They  have  accordingly  been  a  subject  of  very  considerable  attention 
with  analysts.  Occurring,  apparently  for  the  first  time,  in  Cramer's  Introduction  <l 
I' Analyse  des  Lignes  Courbes,  1750 :  they  are  afterwards  met  with  in  a  Memoir  On 
Elimination,  by  Bezout,  Memoires  de  I'Academie,  \1M;  in  two  Memoirs  by  Laplace 
and  Vandermonde  in  the  same  collection,  1774 ;  in  Bezout's  Thiorie  g^n^rale  des 
Equations  algebriques  [1779] ;  in  Memoirs  by  Binet,  Journal  de  I'Ecole  Poly  technique, 
vol.  IX.  [1813];  by  Cauchy,  ditto,  vol.  x.  [1815];  by  Jacobi,  Crelle's  Journal,  vol.  xxii. 
[1841] ;  Lebesgue,  Liouville,  [vol.  Ii.  1837],  &c.  The  Memoirs  of  Cauchy  and  Jacobi 
contain  the  greatest  part  of  their  known  properties,  and  may  be  considered  as  constituting 
the  general  theory  of  the  subject.  In  the  first  part  of  the  present  paper,  I  consider 
the  properties  of  certain  derivational  functions  of  a  quantity  U,  linear  in  two  separate 
sets  of  variables  (by  the  tenn  "  Derivational  Function,"  I  would  propose  to  denote 
those  functions,  the  nature  of  which  depends  upon  the  form  of  the  quantity  to  which 
they  refer,  with  respect  to  the  variables  entering  into  it,  e.g.  the  differential  coefiicient 
of  any  quantity  is  a  derivational  function.  The  theory  of  derivational  functions  is 
apparently  one  that  would  admit  of  interesting  developments).  The  particular  functions 
of  this  class  which  are  here  considered,  are  closely  connected  with  the  theory  of  the 
reciprocal  polars  of  surfaces  of  the  second  order,  which  latter  is  indeed  a  particular  case 
of  the  theory  of  these  functions. 

In  the  second  part,  I  consider  the  notation  and  properties  of  certain  functions 
resolvable  into  a  series  of  determinants,  but  the  nature  of  which  can  hardly  be  explained 
independently  of  the  notation. 
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In  the  first  section  I  have  denoted  a  determinant,  by  simply  writing  down  in  the 
form  of  a  square  the  different  quantities  of  which  it  is  made  up.  This  is  not  concise, 
but  it  is  clearer  than  any  abridged  notation.  The  ordinary  properties  of  determinants, 
I  have  throughout  taken  for  granted;  these  may  easily  be  learnt  by  referring  to  the 
Memoirs  of  Cauchy  and  Jacobi,  quoted  above.  It  may  however  be  convenient  to  write 
down  the  following  fundamental  property,  demonstrated  by  these  authors,  and  by  Binet. 


0-, 

I 


pa  +  (7/8...,     pa'+a^'..., 
pa  +  (t'^  ...,     p'a.'  +  pa'  ...  , 


(®), 


an  equation,  particular  cases  of  which  are  of  very  frequent  occurrence,  e.g.  in  the 
investigations  on  the  forms  of  numbers  in  Gauss'  Disquisitiones  Arithmetica  [1801],  in 
Lagrange's  Determination  of  the  Elements  of  a  Comet's  Orbit  [1780],  &c.  I  have  applied 
it  in  the  Cambridge  Mathematical  Journal  [1]  to  Camot's  problem,  of  finding  the  relation 
between  the  distances  of  five  points  in  space,  and  to  another  geometrical  problem.  With 
respect  to  the  notation  of  the  second  section,  this  is  so  fully  explained  there,  as  to 
render  it  unnecessary  to  say  anything  further  about  it  at  present. 

§  1.     On  the  properties  of  certain  determinants,  considered  as  Derivational  Functions. 

Consider  the  function 

U=x(a^  +  ^r,+  ...)+    (1), 

x'{a'^+^'r, +  ...)  + 


(n  lines,  and  n  terms  in  each  line) ; 
and  suppose 


(2). 


KU=    a,     /3, 


(The   single   letter   k  being  employed  instead  of  KIT,  in   cases  where  the  quantity  KU, 
rather  than  the  functional  symbol  K,  is  being  considered.)     And  write 


FU=- 


kx  +  A'a'  +  . . . ,     Bx  +  B'a;'  +  . . . , 
Rf+S7?+...,  a  ,  /3 

r'|+s'77+...,  a'  ,        ^' 


(3). 


1U  =  - 


Af +  B7;+..., 
A'f +  b'7;+  ..., 


&B  +  SV  +  ■  ■ . 

/3' 


(4). 


The    symbols    K,    F,    Y    possess    properties   which   it    is    the    object    of    this    section   to 
investigate. 


12] 


ON   THE    THEORY    OF   DETERMINANTS. 


65 


Let  A,  B A\  B',.. 

A  = 


be  given  by  the  equations ; 


£=  + 


A'  =  + 


&. 

1 
7  . 

f' 

7", 

0', 

7". 

r. 

7'". 

B'  = 


7- 

S',... 

7". 

S", 

^ 

• 

7", 

S",... 

7". 

S'", 

(The  upper  or  lower  signs  according  as  «  is  odd  or  even.) 

These  quantities  satisfy  the  double  series  of  equations, 

^a  +5/3  +  ...  =« 

^o'+J5^'  +  ...=0, 

i'a+F/3  +  ...  =  0, 
ilV  +  F/3'+...=«, 


.(5). 


.(6). 


•(7), 


J.a  +  J.'a'4-...  =K, 

^/3  +  il'/S'+...  =  0, 

£^+J5'^' +  ...  =  «, 

&c. 

the   second   side    of    each   equation  being  0,  except   for  the   r"'  equation   of  the   r""   set 
of  equations  in  the  systems. 


Let  X,  /*,...  represent  the  r"",  r  + 1"",  . . .  terms  of  the  series  a,  /8,  •  •  •  ;  -t.  -3/,  •  •  •  the 
corresponding  terms  of  the  series  .4,  B...,  where  r  is  any  number  less  than  n,  and 
consider  the   determinant 


A 


•(8). 


which  may  be  expressed  as  a  determinant  of  the  w"'  order,  in  the  form 

A       ,...L      ,     0,     0,, 


^('-'i,  ...Z"-",  0,  0, 
0  ,  0  ,  1,  0, 
0       ,0       ,    0,     1, 


.(9). 
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Multiplying  this  by  the  two  sides  of  the  equation 

a,    /9,.. 


(10). 


and  reducing  the  result  by  the   equation   (G),  and  the   equations   (6),  the  second  side 
becomes 

(11), 


i! 


«, 

0,. 

■ 

0, 

K, 

• 

'  ic, 

0       , 

0 

0, 

^w    , 

pir) 

0, 

/*"■+". 

j/fH 

which  is  equivalent  to 


I.W 


,{i 


(12), 


or  we  have  the  equation 


^4 


=  IC^ 


lC-) 


i;« 


,(r+l)         „(r+l) 


4<'-",  ...Z<'^» 
which  in  the  particular  case  of  r  =  n,  becomes 

A,    B,... 
A',    B', 


(13), 


•(14). 


which  latter  equation  is  given  by  M.  Cauchy  in  the  memoirs  already  quoted;  the 
proof  in  the  "  Exercises,"  being  nearly  the  same  with  the  above  one  of  the  more 
general  equation  (13).  The  equation  (13)  itself  has  been  demonstrated  by  Jacobi 
somewhat  less  directly.  Consider  now  the  function  FU,  given  by  the  equation  (3). 
This  may  be  expanded  in  the  form 

FU  =  {VL^+^'q+...){A  (Aa;+AV+...)+5  (Ba;+BV+...)  + ...]+  (15), 

(R'f  •fS'7/  +  .. .)[^'(A;i;  +  aV+. ..)  +  B'(Rr +bV +  ...)+••■] + 


which  may  be  written 


a/ (A'f+B'77 +  ...)  + 


(16), 
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A=A  (s.A+n'A'+...)  +  B  (nB +  n'B' +...)+  ..., 
B=A  {sA  +s'A'+...)+ji  (sB  +  s'B' +...)+  ..., 

A'  =  a.'{rA  +R'A'  +...)  +  Ti'  {rB  +  il'B'  +...)  +  ..., 
B'  =  A'  (s^  +  s'^'  +...)+b'{sB+  s'B'  +  ...)  +  ..., 


Hence, 


KFU= 


A,      B,.. 
A'.      B', 


A,     B, 
A',    B', 

R,      S,... 
B',      S', 


A,    B, 
A',    B', 


or  observing  the  equation  (14),  and  writing 


A, 

B,  .. 

A', 

B', 

R. 

s,  .. 

R', 

s', 

=  / 


=r 


this  becomes 

Hence  likewise 

Consider  next  the  equation 
1FU 


KFU=Jr.{KU)^- 
K'iU=JC.{KU)^ 


Rx  +  bV  +  . . . ,    s«  4-  s  V  +  . . . , 
A^  +  B7;+...,     A  ,      B 

A'^  +  B',7+...,     A'  ,      B' 


1, 


A,      B,. 

a',    b', 


1, 


=  -jr 


R,      S,  ... 
R',      S', 

f,      V,. 

X,    A,    B, 
oo'.    A',     B', 


X,    A,    B, 
x',    A',    B', 


67 


(17). 


.(18), 


(19), 


.(20), 


■(21), 


(22). 

-(23). 

(24). 


(25). 


(26). 


9—2 
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If  the   two  sides   of  this  equation  are  multiplied  by  the  two  sides  of  the  equation 
(2),  written  under  the  form 


K  = 


1, 


(27), 


a',     /3', 


the  second  side  is  reduced  to 

-Jf         a^  +  fiv-,  a'^  +  ^'v-.- 

Xy  K  ,  ,  f 

CC    y  *  J  9C  y 


and  hence 
Similarly 


(28). 


— jr.K"-'.  u 

'iFU  =  Jr.(KU)"-\U 


also  combining  these  with  the  equations  (22),  (23), 


KFU~K1U     KU 


■  (29), 
(80). 

.(31); 
.  (32). 


It  may  be  remarked  here  that  if  U,  V  are  functions  connected  by  the  equation 

FU  =  cFV,    or  1U=c'iV,       (33), 

then  in  general  U  =  c'*~^V (34). 

To  prove  this,  observing  that  the  first  of  the  equations  (33)  may  be  written 

FU=F{c^^V)  (35), 

1 
we  have  "  ^ .  FU  = 'J  .  F  [C^-^  V)  (36), 

J/.(irf7^)"-=ff=J/'[Z(c»-iF)]"-'c»-i  V. (37). 

If  neither  J,  f  nor  (KV)  vanish,  this  equation  is  of  the  form 


or 


whence  substituting  in  (33), 


U  =  kV. 

A;»-'=c. 


(38), 
(39), 
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which  demonstrates  the  equation  (34);  and  this  equation  might  be  proved  in  like 
manner  from  the  second  of  the  equations  (33).  If  however,  J  =  0,  or  /  =  0,  the  above 
proof  fails,  and  if  KU  =  0,  the  proof  also  fails,  unless  at  the  same  line  «  =  2.  In  all 
these  cases  probably,  certainly  in  the  case  of  KU  =  0,  w  4=  2,  the  equation  (34)  is  not 
a  necessary  consequence  of  (33).  In  fact  FU,  or  ^U  may  be  given,  and  yet  U 
remain   indeterminate. 

Let    U,,   a,,  fi^,...A„   B,,   &c —    be    analogous    to    U,   a,   /3...,   A^,   B,   &c. ...    and 
consider   the   equation 

K{KU,.FU+gKU.FU) (40), 

K^A  +  qkA^ ,     K^B  +  qkB^  ,  ... 
K^'  +  gxAf,     KB  +  gKBf, 

Multiply   the   two    sides    by   the    two    sides    of   the    equation    (2),   the    second    side 
becomes,  after  reduction. 


K,K  +  gK  (A^oi  +B,^  +...),  gK (Afa  +  B;0  +  ...),. 

gK  {Ay  +  Bfi'  +  ...),     K,K+gK  (Afa'  +  B;0'  +...), 


Multiplying   by   the   two  sides  of  the   analogous  equation 


(41). 


«,= 


/3„     ^„ 


(42), 


and  reducing,  the  second  side  becomes 

icic,(a,+ga),     KK,{0,+g^),. 
KK,{a;+ga:),     KK,(^;+g^'), 


.(43), 


whence 

and  similarly 


=  K^.Kj'.K{U,  +  gU) (44), 

K{KU,.FU+gKU.FU;)  =  {KUY-'{KUy^'K{U,+gU) (45), 


K  (KU,  .1U + gKU .  "JU,)  =  (KU)"-^  {KU,)''-'K (U,  +  gll) (46). 

In   a   similar  manner   is  the   following  equation   to   be   demonstrated, 

'J(KU,.FU+gKU.FU,)  =  F{KU,.'JU+gKU.'iU,)=     (47), 


-Jf.{KUf-^{KU)^-^x 


a,x  +  a;x'...,     ^,x+^;x' ...... 

a^  +  ^r,...,     a     +ga    ...,     /9,    +g^    ...  , 
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Suppose  U  =  'Z{p^  +  cr7i  +  ...)  {ax  +  a'x'  +  ...) 

this  expression  being  the  abbreviation  of 

T^  =  ip^+<rv  +  ---){(''Oi!  +  a'x'  +  ...)  + 


[12 


(48). 


(49), 


[{n  —  1)  lines,  or  a  smaller  number]. 


then 


v« 


KU= 


2a  p,     2a  <r, . 
2a'/3,    2a'o-, 


is=0 


which  follows  from  the  equation  (©). 

Conversely,  whenever  KU=0,  U  \s  of  the  above  form. 


Also        FU  =  - 


AX+  A  V  + 
RI+S17+...,        Xap 
r'|SJ-8'i;+...,       2a'p 


which   may  be   transformed   into 


FU  = 


Ax  +  Ax  ...,     Ba;  +  Ba;  


(for  shortness,  I  omit  the  demonstration  of  this  equation). 
And  similarly. 


?[/  = 


Bx+Rx  + ...,     sa;  +  Sa;+. 
P  '         «^ 


Af+B77+...,     JL^  +  h'r)  + 
a  ,  a' 


(50), 


,      BX  +  bV  +...,... 

2a  (7          , 

2aV 

R^  +  St]...,      R'^  +  s'j] 

a         ,          a' 

* 

(51). 


.(53), 


where  it  is  obvious  that  if  the  sum  2  contain  fewer  than  (n  — 1)  terms,  FU=0,  111=0. 

The  equations  (52),  (53)  express  the  theorem,  that   whenever  KU=0,  the  functions 
FU,  'iU  are  each  of  them  the  product  of  two  determinants. 


If  next 


u,=  u+u, 
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then  in  (45)  taking  17  =  —  1  [the  Numbers  (56)  &c.   which   follow  are   as   in   the   original 
memoir] 

K{K{U+U).FU-  KU.F{U+W)}  =  K{K(U+U).^U-KU.'J  {U+U}] (56), 

1=  (KUf-'  .(K{U+  U)y-^ .  KU, 
or  observing   the   equation  (50), 
K{K(U+U).FU-KU.F(U+U)}  =  K{K(U+  IJ).1U  -  KU  .'i  {U+U)]  =  0  (57). 
; 


Hence  F  [{K{U +U).1U  -  KU  .'i  [U +U)]  =  'i  {K  {U  +  U) .  FU  -  KU .  F  {U+U)\ 
are  each  of  them  the  product  of  two  determinants.  But  this  result  admits  of  a  further 
reduction :    we   have 

F[K{U+  U)  .1U  -  KU  .1  {U  +U)}  =  'i  {K  (U  +U)  .FU  -  KU .  F  {U  +U)\ (58) 

=  -Jr{KUY^.{K{U+U)y^  a/>i-\-a;x'  +  ...,    /3,a;  +  /8>'  + 

a'^+^'n  +  ...,     a;  -a'  ,     ^/   +^' 


substituting  a,  =  a  +  Spa,  &c. . . . ,  also  observing  that  if  the  second  line  be  multiplied 
by  X,  the  third  by  af,...  and  the  sum  subtracted  from  the  first  line,  the  value  of 
the  determinant  is  not  altered,  and  that  the  effect  of  this  is  simply  to  change 
a,,  a/...  into  a,  a'...  in  the  first  line,  and  introduce  into  the  corner  place  a  quantity 
—  U,  which  in  the  expansion  of  the  determinant  is  multiplied  by  zero:  this  may  be 
written   in   the   form 


■Jr{KU)'^(K(U+U)T 


which   may   be   reduced   to 


ax  +  a'x'+...,    /3a;+/3V+, 
af  +  /3i7+...,         %pa  ,  'S.cra 


jr .  {Kuy-^  .{K{u+  U))"~'  X 


(59), 


.(60), 


aa;+a.'x'+...,    /3a;+/3V+ ... ,  ... 


a|  +  /87?+...,     a'^  +  ^r,..., 
a  ,  a'  , 


If   each   of  these   determinants  are   multiplied  by   the   quantity    {KU)"~^,   expressed 
under  the   two  forms 


A.    B,... 
A',    B'. 


A,  A', 

B,  B', 


(61), 
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they  would  become  respectively 


KU. 


Ap-irB(T+...,  A'p+F<T+..., 


.    KU. 


Aa+A'a'+...,  Ba+B'a'+..., 


(62). 


80  that  finally 

F{K(U+  If).  1U-KU.'i{U+  lJ)]  =  'i[K{U+  U)FU-KU.  F(V+U)} (63). 


=  ...(: 


K(U+U)y 

KU     J 


Ap-i-B<T+...,  A'p+B'a+..., 


Aa+A'a'+...,  Ba+Ra'+..., 


The  second  side  of  this  may  be   written   under  the   forms 


fKiu+uy^""-^ 

[       KU 


AiAp+Ba. .)  + A' (A'p  +  F<T. .)  +  ....  B(Ap  +  B<T..)+B'(A'p-\-B'a..)+..., 


multiplied  into 
R(Aa+  A'a' ..)  +SiBa  +  B'a' ..)  +  ...  ,  R' {Aa  +  A'a' ..y  +  S'iBa  +  Ra' ..)  +  ... , 


...(64). 


And 
I      KU      J 


KiU+U)y-^ 


Rx  +  R'x'  +  ...  ,  Sx+S'x'  +  ... 

R{Ap+B<7..)+R'{A'p+R'a. .)+...,   S{Ap+Bcr..)+S'{A'p+B'<r. .)+..., 


multiplied  into 

A^+Bv+...  ,  A'^+B'v+-- 

A(Aa  +  A'a'..)  +  B{Ba  +  B'a'.. )  +  ...,    A'{Aa  +  A'a'..)  +  B'{Ba+B'a'..)  +  ..., 

And  again,   by   the   equations  (52),   (53),   in   the   new   forms 
li^L+pr~'F.-Z[[{Ap  +  B<T    ...){X^  +  Br,    ...)  +  {A'p+B'<r...)iA'^  +  B'v. ..)...] 


...  (65). 


KU     J 


x[{Aa+A'a'...){nx  +  B.'x'...)  +  (Ba+Ea'  ...){Sx +s'x' ...)  ...]] (66), 


(Kl^^J~\.-Z{[{Ap+Ba  ...)(K^  +  s,    ...)  +  (A'p'  +  F<r...){^'^  +  s'v. ..)...] 

x[{Aa  +  A'a'...){Aa;  +  A'x' ...)  +  (Ba  +  Ra'  ...)  (rt  +  bV  ...)...]}  ...(67). 
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K{V+  U).'iU-KU.'J{U+  U) 


-^ 


n-2 


KU 


^H       Compaxing   these   latter  forms  with   the   two  equivalent  quantities  forming  the  first  side 
^H       of  (53),   and   observing   (33),    (34),   it   would   appear   at   first   sight  that 


•)••■]!. 


{^{{Ap+Ba...)(X^+Br,...)  +  {A'p  +  B'a...){K'^  +  'B.'r,. ..)...] 

X  {{Aa  +  A'a'  ...)[-Rx  +  rV  . . . )  +  {Ba  +  B'a' . . .)  (sx  +  s'x' 

K{U+U).FII-KU.F{U+U) 

—    tzl 
=  [^^^^y"'Z{[{Ap+B<r...){R^  +  Sv...)  +  (A'p  +  B'a..:)in'^+s'v. ..)...] 

x[{Aa  +  A'a'...){xx  +  x'x'...)  +  {Ba  +  B'a'...)  {bx  +  b'x'  ...)  ...]}, 


which   however   are    not    true,   except    for    n  =  2,    on    account    of    the    equation    (57).     In 
the   case   of  n—2,   these   equations   become 


K{U  +  TJ).1U-KU.1{U+U) 

=  [(^p  +  5a...)(Af  +  B7/...)  +  (^>  +  5V...)(A'f  +  B'^. ..)+...] 

x[(^a  +  /l'a'...)(ar  +  RV...)  +  (Ba  +  B'a'...)(sa;  +  sV. ..)...] (68), 

K{U+U)FU-KU.F{U+U) 

=  [(^p  +  5cr...)(Rf  +  S7?...)+(^>  +  5'o-...)(R'f  +  s'7?. ..)...] 

X  [{Aa  +  A'a'  ...){kx+  h:x  ...)  +  {Ba  +  B'a'  ...)(bx  +  b'x'  +  ...) ...] (69), 

and  it  is  remarkable  that  these  equations  ((68),  (69))  are  true  whatever  be  the  value 
of  n,  provided  2  contains  a  single  term  only.  The  demonstration  of  this  theorem  is 
somewhat  tedious,  but  it  may  perhaps  be  as  well  to  give  it  at  full  length.  It  is 
obvious  that  the  equation  (69)  alone  need  be  proved,  (68)  following  immediately  when 
this  is  done. 

I  premise  by  noticing  the  following  general  property  of  determinants.     The  function 

a+%pa,     fi+la-a,...  < (70), 

a'  +  tpa',    0'+la'a, 

(where  'S.pa  =  pi  Oj  +  /^j  Oj . . .  +  p,  a,),  contains  no  term  whose  dimension  in  the  quantities 
a,  a'  ...,  or  in  the  other  quantities  p,  a-...,  is  higher  than  s.  (Of  course  if  the  order 
of  the  determinant  be  less  than  s  or  equal  to  it,  this  number  becomes  the  limit  fif 
the  dimension  of  any  term  in  a,  a' ...  or  p,  a ...,  and  the  theorem  is  useless.)  This 
is  easily  proved  by  means  of  a  well-known  theorem, 

tpa,     tea,...   '=0  (71), 
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whenever  s  is   less   than   the   number   expressing  the  order  of  the   determinant.     Hence 
in   the   formula  (70),  if   S   contain   a  single   term   only,   the   first  side    of   the   equation 

is   linear   in   p,   a, ...   and    also    in    a,   a' i.e.   it    consists   of  a  term    independent   of 

all   these    quantities,   and   a    second    term    linear  in   the    products  pa,   pa',...aa,   aa',... 
This  is  therefore  the  form  of  K  {U+U). 


Consider  the  several  equations 

K  =  KU=AoL+B^  + 

=  A'a'  +  B'^'  +  ... 
=  &c. 
it  is  easy  to  deduce 

K=K{U+U)^KU+Apa  +  B  aa  + 

+  A'pa' +  Baa  + 


<i 


where 


M'  = 


M"  =  + 


7",     «">••■ 
7     >      o    , ... 


N'=  + 


N"  = 


8'",     e'", 


,  &c. 


(72), 


(73). 


To  find  the  values  of  A,  B,  &c.  corresponding  to   U+U,  we  must  write 

^  =  m'/9  +  n'7'  +     (74), 

=  M"y8  +  N"7"  + 
=  &c. 


(75), 


the    order   of    each    of   these    determinants    being  ?!  -  2,  and   the   upper  or   lower  signs 
being  used  according  as  n  —  1  is  odd  or  even,  i.e.  as  n  is  even  or  odd.     Hence 

A,  =  A+ilL'  aa!  +n'  Ta'+ (76), 

+  M"ati"  +  N"Ta"+... 


and  therefore 

k,A-kA,=        A"- pa  +(AB  )aa  +  (AC  )Ta  +.. 

+  AA'pa'  +  (AB'  -  kh'  )  <7a'  +  {AC  -  kN'  )  ra'  +  . . 
+  A  A" pa"  +  {AB"-  «M")  aa"  +  {AG"  -  /cn")  ra"  + 


•(77). 


the   additional   quantities   C,  r   having   been   introduced   for  greater  clearness.     Now    the 
equations 

AB'-kM'=A'B,    AC  -kN'  =A'C, (78), 

AB"  -  >cM"  =  A"B,    AC  -  kN"  =  A"C 
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written  under  the  form 

AB'  -A'B  =  kM',    AC  -A'C^kN',  (79), 

AB"-A"B  =  kM",     AC"-A"C=kN", 

are  particular  cases  of  the  equation  (13),  and  are  therefore  identically  true.  Hence, 
substituting  in    (77), 

k,A-kA,=  A-pa    +ABaa+ACTa    ...  +     (80), 

+  A  A' pa'  +  A'  Baa'  +  A'  Gra   ...  + 
+  A"Apa"  +  A" Baa"  +  A"CTa"  . . .  + 

=  {pA  +  aB^-...){Aa  +  A'a'-\-...). 

Forming  in  a  similar  manner,  the  combinations  k^B  —  kB^,  ...  k^A'  —  icA/,  k,B—  kB/,  ..., 
multiplying  by  the  products  of  the  different  quantities  Ax  +  A'x'...,  Bx  +  B'x' ...,  ... 
E^  +  St]...,  R'^  + S'r)...,  ...  and  adding  so  as  to  form  the  function  K{U+U).FU 
-  KU .  F{U+  U),  we  obtain  the  required  formula,  viz.  that  the  value  of  this  quantity  is 

=  [ipA  +  aB   ...)(R^  +  S7?    ...)  +  (A'p+B'a...){n'^+s'7,. ..)+...] (81); 

X  [{Aa  +  A'a' . ..)  (ax  +  aV  . . .)  +  (Ba  +  B'a'  ...){bx  +  bV  ...)  +  ...] 

with  this  theorem,  I  conclude  the  present  section, — noticing  only,  as  a  problem  worthy 
of  investigation,  the  discovery  of  the  forms  of  the  second  sides  of  the  equations 
(68),  (69),  in  the  case  of  S  containing  more  than  a  single  term. 

§  2.  On  the  notation  and  properties  of  certain  functions  resolvable  into  a  series 
of  determinants. 

Let   the   letters  r,,     r,,  ...r^  (1), 

represent  a  permutation  of  the  numbers 

1,     2,  ...  k  (2). 

Then  in  the  series  (1),  if  one  of  the  letters  succeeds  mediately  or  immediately 
a  letter  representing  a  higher  number  than  its  own,  for  each  time  that  this  happens 
there  is  said  to  be  a  "  derangement "  or  "  inversion."  It  is  to  be  remarked  that  if 
any  letter  succeed  s  letters  representing  higher  numbers,  this  is  reckoned  for  the 
same  number  s  of  inversions. 

Suppose   next   the   symbol 

denotes  the  sign  +  or  — ,  according  as  the  number  of  inversions  in  the  series  (1)  is 
even  or  odd. 

10—2 
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This  being   premised,   consider  the  symbol 

'-4/3,0-,  ...(n)") 

:  [ (4). 

denoting  the  sum  of  all  the  diflferent  tenns  of  the  form 

the   letters  r,,     ra...?**;    s,,    Sj-.-s*;  &c (6), 

denoting  any  permutations  whatever,  the  same  or  different,  of  the  series  of  numbers 
(2)  [and  the  several  combinations  of  pa...  being  understood  as  denoting  suffixes  of 
the   ^'s].     The  number  of  terms  represented  by  the  symbol  (5)  is  evidently 


V 


(1.2...^)" (7). 


In  some  cases  it  will  be  necessary  to  leave  a  certain  number  of  the  vertical 
rows  p,  a-  ...  unpermuted.  This  will  be  represented  by  writing  the  mark  (-f-)  immediately 
above  the  rows  in  question.     So  that  for  instance 

t  t 
'^Pio-,  ...  ^,^1  ...(n)^ 

:  1- (8), 

Pk<^k  •  ■  •  0k'l>k  ) 

the  number  of  rows  with  the  (-f-)  being  x,  denotes  the  sum  of  the 

(1.2  ...A:)"-* (9) 

terms,  of  the  form 

±r±g---'^Pr,<^s,---6l<i>l---Apr^(Ts^...ek4>k (10). 

Then  it  is  obvious,  that  if  all  the  rows  have  the  mark  (f)  the  notation  (8)  denotes 
a  single  product  only,  and  if  the  mark  ("I-)  be  placed  over  all  but  one  of  the  rows 
the  notation  (8)  belongs  to  a  determinant.     It  is  obvious  also  that  we  may  write 

t    t 
'^p,o-i  ...  ^,(/)i  ...  (ri)1   =S +„+„...  r.4p,o-,  ...6'„,(^j,_...(»i)^ 

:  \     '■■  (11), 

Pk(^k  ■■■  dk<f>k         )  I  Pk<^k---0i.^4>v„         J 

where  S  refers  to  the  different  permutations, 

■Ml,    u^,...Uk;    Vi,     v., ...Vie]   &c (12), 

which  can   be   formed   out   of  the   numbers    (2).     The  equation   (11)  would  still  be  true, 
if  the  mark  (f)  were  placed  over  any  number  of  the  columns  p,  a- ... 

Suppose  in  this  equation  a  single  column  only  is  left  without  the  mark  (f)  on 
the  second  side  of  the  equation ;  the  first  side  is  then  expressed  as  the  sum  of  a  number 

{1.2...k)"-\  or  generally  (1 .  2  ...  ^-)»-^-l  (13), 
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of  determinants,  according   as  we    consider   the  symbol   (-t)  or  the  more    general    one   (8). 
And  this  may  be  done  in  n  or  (n  —  a;)  different  ways  respectively. 

It  may  be  remarked,  that  the  symbol  (8)  is  the  same  in  form  as  if  a  single 
column  only  had  the  mark  (-f)  over  it ;  the  number  n  being  at  the  same  time 
reduced  from  n  to  (;i  —  a;  + 1) :  for  the  marked  columns  of  symbols  may  be  replaced 
by  a  single  marked  column  of  new  symbols.  Hence,  without  loss  of  generality,  the 
theorems  which  follow  may  be  stated  with  reference  to  a  single  marked  column  only. 

Suppose   the   letters 

9\,     p-i,---Pk;     0-1,     o-o,  ...o-i;  &c (14) 

denote  certain  permutations  of 

a„     a,,.. .at;     A,     /3„...^i;&c ., (15), 

in    such    a   manner    that 

Pi=«,7,>     P2  =  ^g,,---Pk  =  «i;^;      o-i=A;,      <ri=^h,,  ■■■  (^k  =  /3h^ (16). 

Then   the   two   following  theorems   may   be   proved : 


+  + 

(17), 


fAp,a-i  ...{n}]  =±g±k  ...  f4a,/3i...(n) 


if  rt   be   even :    but   in   the   contrary   case 

t  t 

{Ap,<7,...{n)\  =+±^...  r^aiA...(»)l 

\---  ■■  (^«)- 

By   means  of  these,  and   the   equation   (11),  a   fundamental  property  of  the   symbol 
(3)  may  be  demonstrated.     We  have 

r4aA...(«)l=S+,  f^^,/3.  ...(«)) 

\      -■■  \      ■■■  I (1«>' 

I    «i/3t  J  I    pA 

which    when   n   is   even,   reduces  itself  by   (17)    to 

(  AaS,...{ny\   =  (Aa,^,...{ny\t{±,±„A) (20) 

«k^k  J  I      Olk^k 

t 


atA 


•k 
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But  when  n  is  odd,  from  the  equation  (18), 

'Aa„    A  ••■(«)]   =   MaA--(«)l  2(±,1)  =  0 (21), 

"k^k  J         I    «k,l3k 

since   the   number  of  negative   and   positive   values   of  i^  arc   equal. 

From   the   equation   (20),   it   follows   that   when   n   is   even,   the   value   of   a   symbol 

of  the   form 

t 


(AaA.     {ny 


^  [    akfik 


•  (22) 


is    the    same,   over    whichever    of    the    columns    a,   /3 . . .    the    mark    (f)    is    placed.     To 
denote   this   indifference,  the   preceding  quantity   is   better  represented   by 

+ 
Aa„     A  •••(«)] 

;  (23), 

«*^*  J 

this   last   form   being  never  employed   when   n   is  odd,  in  which  case  the  same   property 
does   not   hold.     Hence   also   an   ordinary  determinant   is   represented   by 


t  + 

in 

(24), 


■Aa,^,]  ,      r^ll] 


«k0k)         [     kk 
the   latter   form   being   obviously   equally  general   with   the   former  one. 

It  is  obvious  from  the  equations  (17),  (18),  that  the  expression  (22)  vanishes,  in 
the  case  of  n  even  whenever  any  two  of  the  symbols  a  are  equivalent,  or  any  two 
of  the  symbols  ^8,  &c.;  but  if  n  be  odd,  this  property  holds  for  the  symbols  /8,  &c., 
but  not  for  the  marked  ones  a.  In  fact,  the  interchange  of  the  two  equal  symbols, 
in  each  case,  changes  the  sign  of  the  expression  (22),  but  they  evidently  leave  it 
unaltered,   i.e.    the   quantity  in   question   must  be   zero. 

Consider   now   the  symbol 

r^ii...(2;>)^ 

:;  (25), 

[   kk         J 

which,   for  shortness,   may   be   denoted   by 

t 
{A.k.2p}  (26). 
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I   proceed   to   prove   a   theorem,   which   may  be   expressed   as   follows : 

+  +  

[A  .k  .2p]  .{B  .k  .2q]  =  [AB\k  .2p  +  2q-2]  (27), 

where  AB\n...!cy...  —  S .  Ars...iBxy,„i   (28), 

the  number  of  the  symbols  r,  s, ...  being  obviously  2p  —  l,  and  that  of  x,  y,...  being 
2^  —  1.  The  summatory  sign  S  refers  to  I,  and  denotes  the  sum  of  the  several  terms 
corresponding  to  values  of  I  from  1  =  1  to  l  =  k.  Also  the  theorem  would  be  equally 
true  if  I  had  been  placed  in  any  position  whatever  in  the  series  r,  s  ...I;  and  again, 
in  any  position  whatever  in  the  series  x,  y ...  I,  instead  of  at  the  end  of  each  of  these. 
With  a  very  slight  modification  this  may  be  made  to  suit  the  case  of  an  odd  number 
instead  of  one  of  the  two  even  numbers  2p,  2q ;  (in  fact,  it  is  only  necessary  to  place 
the  mark  (+)  in  {AB\  ...}  over  the  column  corresponding  to  the  marked  column  in 
\A  ...J,  [A  ...J  being  the  symbol  for  which  the  number  of  columns  is  odd),  but  it  is 
inapplicable  where  the  two  numbers  are  odd.  Consider  the  second  side  of  (27) ;  this 
may  be  expanded  in  the  form 

24-±«...  ±x+y.  -4-Bji,,     a;,y,...  • -4-B  2  82...%i/,...  ••■  -^-S]  J;8j...a;jj/t...    (29), 

where  S  refers  to  the  different  quantities  s,  ...,  x,  y,...  as  in  (11). 
Substituting   from    (28),    this   becomes 

"Z.Si^  ...Si^(+  +,...  ±a,±y^ig,...!,  ...^i,^...;j...5^,y,...Z,  ...  B^.y^.l^)  •••  (30). 

Effecting  the  summation  with  respect  to  x,  y ...  this  becomes 

rBil...l,] 

t.Si,...Si^  +  ±s...A,,,„j^...A,,J     :  (.31), 

[     kk...h\ 

S  now  referring  to  s, ...  only.  The  quantity  under  the  sign  S  vanishes  if  any  two 
of  the   quantities   I   are   equal,   and   in   the   contrary  case,   we   have 

+  t 

B\\...IA  =±i[B.k.2q]     (32), 


kk  ...  l]e ) 

which  reduces  the   above   to 

+ 
[B  .k.2q}  .t+  ±,...  ±iAi,,^„.i^...  A^,,^,„i^      (3.3), 

S  referring  to  the  quantities  s ... ,  and  also  to  the  quantities  I.     And  this   is  evidently 

equivalent  to 

+                 t 
{A.k.2p][B.k.2q]      (34), 

the   theorem   to   be   proved.     It   is    obvious  that   when  p=\,   q=\,   the    equation    (27), 
coincides  with  the  theorem  (©),  quoted  in  the  introduction  to  this  paper. 


/ 
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ON   THE  THEORY   OF   LINEAR  TRANSFORMATIONS. 

[From  the  Cambridge  Mathematical  Journal,  vol.  iv.  (1845),  pp.  193 — 209.] 

Thk  following  investigations  were  suggested  to  me  by  a  very  elegant  paper  on 
the  same  subject,  published  in  the  Journal  by  Mr  Boole.  The  following  remarkable 
theorem  is  there  arrived  at.  If  a  rational  homogeneous  function  U,  of  the  n"'  order, 
with  the  m  variables  x,  y ... ,  be  transformed  by  linear  substitutions  into  a  function 
V  of  the  new  variable^,  f,  v---!  if>  moreover,  6U  expresses  the  function  of  the 
coefficients  of  U,  which,  equated  to  zero,  is  the  result  of  the  elimination  of  the 
variables  from  the  series  of  equations  dxU=0,  dyU=0,  &c.,  and  of  course  dV  the 
analogous  function  of  the  coefficients  of  V:  then  dV^E"^ .611,  where  E  is  the 
determinant  formed  by  the  coefficients  of  the  equations  which  connect  x,  y ...  with 
f,  7)...,  'and  a  =  (w— 1 )'""'.  In  attempting  to  demonstrate  this  very  beautiful  property, 
it  occurred  to  me  that  it  might  be  generalised  by  considering  for  the  function  U,  not 
a  homogeneous  function  of  the  w"'  order  between  m  variables,  but  one  of  the  same 
order,  containing  n  sets  of  m  variables,  and  the  variables  of  each  set  entering 
linearly.  The  form  which  Mr  Boole's  theorem  thus  assumes  is  0V=  E^"^ .E.f- ...  E^"^ .  OU. 
This  it  was  easy  to  demonstrate  would  be  true,  ii  6U  satisfied  a  certain  system  of 
partial  differential  ecjuations.  I  imagined  at  first  that  these  would  determine  the  function 
6U,  (supposed,  in  analogy  with  Mr  Boole's  function,  to  represent  the  result  of  the 
elimination  of  the  variables  from  dx^U=0,  dyJJ—Q,...dxJJ=0,  &c.)  :  this  I  afterwards 
found  was  not  the  case ;  and  thus  I  was  led  to  a  class  of  functions,  including  as 
a  particular  case  the  function  6U,  all  of  them  possessed  of  the  same  characteristic 
property.  The  system  of  partial  differential  equations  was  without  difficulty  replaced 
by  a  more  fundamental  system  of  equations,  upon  which,  assumed  as  definitions,  the 
theory  appears  to  me  naturally  to  depend ;  and  it  is  this  view  of  it  which  I  intend 
partially  to  develope  in  the  present  paper. 

'  The  value  of  a  was  left   undetermined,   but   Mr  Boole   has   since   informed   me,   he   was  acquainted  with 
it  at  the  time  his  paper  was  written;   and  has  given  it  in  a  subsequent  paper. 
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I  have  already  employed  the  notation 
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«  ,     ^  ,     7  .     ^  >■ 
a',     y8',    7.     8'. 
a",     r.     7".     S". 


(1) 


a  , 

/3, 

7  .  ••■ 

a', 

/8'. 

7, 

a", 

/3", 

7". 

.(2), 


^ (where   the   number  of    horizontal  rows  is   less   than    that    of    vertical    ones)   to    denote 
the   series   of  determinants, 


which  can  be  formed  out  of  the  above  quantities  by  selecting  any  system  of  vertical 
rows;  these  different  determinants  not  being  connected  together  by  the  sign  +,  or  in 
any  other  manner,  but  being  looked  upon  as  perfectly  separate. 


The   fundamental   theorem   for  the   multiplication   of  determinants  gives,   applied   to 
these,  the  formula 


\A,    B  ,    C  ,    D  ,.. 
A',    B',    C,    D', 
A",    B",    C",    D", 


=  E 


a  ,     ^  ,     7.     «-•• 
«',     /3',     7',     S'. 
a",     /8",     7",     B". 


•(3), 


where 


A  =Xa  +X'a'  +\"a"  +  ...^ 
B  =\/3  +  X'y8'  +  \"yS"  +  ... 

A    ^  Ml  '*.'  I  "*."  I 


&c. 
E^ 


(4), 


X,     /i, 


•(5). 


and  the   meaning  of  the  equation   is,  that   the   terms   on   the   first  side   are  equal,  each 
to  each,  to  the  terms  on  the  second  side. 

This  preliminary   theorem   being   explained,   consider  a  set    of   arbitrary   coefficients, 
represented  by  the  general  formula 

«»< (6), 

in   which   the   number  of  symbolical   letters   r,   s, ...    is  n,   and  where   each   of  these    is 
supposed  to  assume  all  integer  values,  from  1  to  m  inclusively. 

c.  H 
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■(7) 


represent    the    whole    series,   taken    in    any   order,   in   which    the    first    symbolical    letter 
is  a.     Similarly, 


r,! at „'...,    r,"atj'. 


(8). 


the  whole  series  of  those  in  which  the  second  symbolical  letter  is  o,  and  so  on. 
Imagine  a  function  u  of  the  coefficients,  which  is  simultaneously  of  the  forms 


^ 


H„ 


v  =  H„ 


u/t;...,  is/'t,"..., 
28/ 1;...,  2s;'t;'..., 


r,;\t,:...,     r„"lt„"..., 
r,;2t,;...,     r/2C-. 


(A). 


&c. ;  in  which  Hp  denotes  a  rational  homogeneous  function  of  the  order  p.  The 
function  H  is  not  necessarily  supposed  to  be  the  same  in  the  above  equations,  and 
in  point  of  fact  it  will  not  in  general  be  so.     The  number  of  equations  is  of  course  =n. 

The  function  u,  whose  properties  we  proceed  to  investigate,  may  conveniently  be 
named  a  "  Hyperdeterminant."  Any  function  satisfying  any  of  the  equations  (A), 
without  satisfying  all  of  them,  will  be  an  "  Incomplete  Hyperdeterminant."  But,  con- 
sidering in  the  first  place  such  as  are  complete — 

Let  rst ...  be  a  new  set  of  coefficients  connected  with  the  former  ones  by  a  system 
of  equations  of  the  form 

rst...=\/lst  ...+\/2st...+'Km''mst (9), 

(where  the  r  in  X/ ...  is  not  an  exponent,  but  an  affix). 

Suppose  u  is  the  same  function  of  these  new  coefficients  that  u  was  of  the  former 
ones.     Then  consider  the  first  of  the  equations  (A)  and  the  equation  (3),  and  writing 


L  = 


1  ,        A,i    ,    .  .  . 


(10), 


we  have  immediately  the  equation 

u  =  Jj' .  u  

Consider  the  new  set  of  coefficients 

rst ...  =  iii'rlt ...  +fii'r2t ...  +  ...  +  fjuj rint . 


(11). 

(12), 
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and  u  the    analogous   function   of    these ;    then,   from   the   second   of  the   equations   (A) 
and  the  equation  (3),  and  writing 


M  = 


/LllS       /J,i', . . . 


u=Mp.u  =  D>Mp.u 

In  like  manner,  considering  the  new  coefficients  rsi ...  ,  where 

rsi  ...  =  Vi  ril  ...  +i'a'fs2 +  Vn  rsm  ... 

the  new  function  m,  and  the  quantity  N  given  by 


iV  = 


(13), 

(14). 

(15), 
(16), 


we  have,  as  before, 


or 


u  =  Np  u  =  LpMpJUp  u (17), 

u=LpMpNpu (18)  ; 


whence,  generally,  denoting  the  last  result  by  u', 

u'^LpMpNp  ...u  (B,  1). 

Consider  now  the  function 

t'Zt...(rst...Xry>Zi...)   (19), 

where   the   S's    refer    successively   to  r,  s,   t, ... ,  and   denote   summations    from    1    to   ?« 
inclusively.     If  u  be  looked  upon  as  a  derivative  from  the  above  function,  we  may  write 


u  =  &.  SSS  . . .  {rst . . .  XrygZi . . .) 


Assume 


y,  =  M.'  yi  +  m/  2/2  • .  •  +  m/"  y„ 


.(20). 

(21). 


It  is  easy  to  obtain 

1.11 ...  {rst...Xry,Zt  ...)  =  111  ...{rst  ...Xry>Zt ...),...  =  22S  ...  {rsi ...  XrygZt...) (22), 

and  the  formula  for  (u)  becomes 

&111  ...  (rsi...iry^t)-..='LPMPNP  ...®111  ...{rst...Xry,Zi) (B,  2). 

Proceeding    to    obtain    the    expression    of    the    coefficients    rsi ...    in    terms    of    the 
coefficients  rst ...,  we  have 


rki  ...=111  ...{\/(jL,'vk'  ...fgh  ...) 


(C), 

11— ii 
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where    the    S's    refer    successively   to  yj    g,    h, ... ,    denoting  summations    from    1    to    m 
inclusively.     Having  this  equation,  it  is  perhaps  as  well  to  retain 

u'  =  LpMpNp...u  (B,  1), 

instead   of  (B,   2),   that   form   being   principally   useful   in   showing    the    relation    of    the 
function   u  to  the  theory  of  the  transformation  of  functions. 

It  may  immediately  be  seen,  that  in  the  equations  (B),  (C)  we  may,  if  we  please, 
omit  any  number  of  the  marks  of  variation  (),  omitting  at  the  same  time  the 
corresponding  signs  S,  and  the  corresponding  factors  of  the  series  L,  M,  N ... 

Also,  if  u  be  such  as  only  to  satisfy  some  of  the  equations  (A);  then,  if  in  the 
same  formulae  we  omit  the  corresponding  marks  (),  summatory  signs,  and  terms  of  the 
series  L,  M,  N ...  ,  the  resulting  equations  are  still  true. 


From  the  formulse  (A)  we  may  obtain  the  partial  differential  equations 


Xl, ...  last ... 


d 


22  ...  (i 


rat . . 


dtist... 
d 


M  =  0,  or  pu, 
u  =  0,  or  pu, 


(D), 


dr^t...^ 

according  as  a  is  not  equal,  or  is  equal,  to  yS ; 

and  so  on :  the  summatory  signs  refening  in  every  case  to  those  of  the  series  r,  s,  t,..., 
which  are  left  variable,  and  extending  from  1  to  m  inclusively. 

To   demonstrate   this,  consider  the  general  form   of   u,  as  given   by  the  first  of  the 
equations  (A).     This  is  evidently  composed  of  a  series  of  terms,  ea«h  of  the  form 

cPQR  ...{p  factors), 


in  which 


P  = 


Is/ <;...,     Is/'*/'...,  ...  (m  terms) 
as;t;...,     oisl't,"..., 

^6-/*;...,  ^s,"t:'..., 


Q,  R,  &c.  being  of  the  same  form  ;  and  we  have 

^^■■■^^^'■■■dw..y-'''^^--—{'''-dw. 


P  +  &C. +&C., 


and 


22 


ctst ... 


dfist . . . 


F  = 


Is't 


't' 


\s;'t," (vi  terms)  1=0; 


asft;...,     as^t," 


as;t; 


oLsrtr. 


13]  ON    THE    THEORY    OF    LINEAR    TRANSFORMATIONS.  85 

SO  that  all  the  terms  on  the  second  side  of  the  equation  vanish.     If,  however,  /S  =  a, 

whence,  on  the  second  side,  we  have 

cQB...P  +  cPR...Q  +  &:c.=p.cPQR...+&c.+&c. 

=  pU, 
or  the  theorem  in  question  is  proved. 

In  the  case  of  an  incomplete  hyperdeterminant,  the  corresponding  systems  of 
equations  are  of  course  to  be  omitted.  In  every  case  it  is  from  these  equations  that 
the  form  of  the  function  w  is  to  be  investigated ;  they  entirely  replace  the  system  (A). 

A  very  important  case  of  the  general  theory  is,  when  we  suppose  the  coefficients 
rst ...  to  have  the  property  r's't' ...  =  r"s"t"  ... ,  whenever  r'.s't'  . . .  and  r"s"t"  . . .  denote 
the  same  combination  of  letters ;  and  also  that  the  coefficients  X  are  equal  to  the 
coefficients  fi,  v  ...  ,  each  to  each.  In  this  ease  the  coefficients  rsi ...  have  likewise 
the  same  property,  viz.  that  r"s"i" ...  =r's'i' ...,  whenever  r's't'  ...  and  r"s"t"  ...  denote 
the  same  combination  of  letters. 

The   equations  (B,  1),  (B,  2),  become  in  this  case 

M'  =  i"P.M  (B,    3), 

where  only  different  combinations  of  values  are  to  be  taken  for  r,  s,  t, ...  and 
o,  y3, . . .  express  how  often  the  same  number  occurs  in  the  series.  In  the  equation 
(C),  fi,  V  must  be  replaced  by  \,  the  equations  (D)  are  no  longer  satisfied;  the 
equations  (A)  reduce  themselves  to  a  single  one,  (so  that  there  can  be  no  question 
here  of  incomplete  hyperdeterminants)  :  but  this  is  no  longer  sufficient  to  determine 
the  function  sought  after.  For  this  reason,  the  particular  case,  treated  separately, 
would  be  far  more  difficult  than  the  general  one;  but  the  formulae  of  the  general  case 
being  first  established,  these  apply  immediately  to  the  particular  one\  The  case  in 
question  may  be  defined  as  that  of  symmetrical  hyperdeterminants,  (a  denomination 
already  adopted  for  ordinary  determinants).  It  would  be  easily  seen  what  on  the  same 
principle  would  be  meant  by  partially  symmetrical  hyperdeterminants. 

I  have  not  yet  succeeded  in  obtaining  the  general  expression  of  a  hyperdeterminant ; 
the  only  cases  in  which  I  can  do  so  are  the  following :  I.  ^  =  1,  w  even,  (if  n  be  odd, 
there  only  exist  incomplete  hj'perdeterminants).  II.  p  =  2,  m  =  2,  n  even.  III.  /)  =  3, 
m  =  2,  n  =  4. 

I.  The  first  case  is,  in  fact,  that  of  the  functions  considered  at  the  termination  of 
a  paper  in  the  Cambridge  Philosophical  Transactions,  vol.  viii.  part  I.  [12] ;  though  at 
that  time  I   was  quite  unacquainted   with   the  general  theory. 

'  See  concluding  paragraph  of  this  paper. 
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Using  the  notation  there  employed,  we  have 

t 
M=  (   11. ..(n)    ^ 

22 


mm 


a  complete  hyperdeterminant  when  n  is  even  ;   and  when  n  is  odd  the  functions 


r  ii...(«)  1 

22 


mm 


(  11...  W  1 

22 
mm 


are  each  of  them  incomplete  h3^erdeterminants. 

(A)    In   the  case   of  n  =  2,   the   complete  hyperdeterminant   is   simply   the   ordinary 
determinant 

11,     12,  ...Iw 
2  1,     2  2,  ...2m 

ml,     ?w2,  ...mm 

Stating  the  general  conclusion  as  applied  to  this  case,  which  is  a  very  well  known  one, 
"If  the  function 

[7"  =  22  {rs .  scrys) 
be  transformed  into  a  similar  function 

22(fs.irS'.). 
by  means  of  the  substitutions 

itf  ^  A.,-    Xi  -p  A.J.   ^2  ...  ~r  A,.     3.'ffi , 

y. = M.'  yi + M*"  i'a  ■  ■  •  +  Ms'"  2/.n ; 


then 


11,     12,... 
2l,     22, 


^i'>     ^2'. . . . 

A,  ,        Aj  , 


/^i.      Ma, 


11,     12,... 
21,     22, 


Also,  by  what  has  preceded. 


H  =  t%0./.li,'.fg); 


so  that  the  theorem  is  easily  seen  to  amount  to  the  following  one — "  If  the  terms  of 
a  determinant  of  the  m"*  order  be  of  the  form  2r2, (j's.  a;,.p2/,^),  r,  s  extending  as 
before,  from  1  to  m  inclusively,  the  determinant  itself  is  the  product  of  three  deter- 
minants ;  the  first  formed  with  the  coefficients  rs,  the  second  with  the  quantities  x, 
and  the  third  with  the  quantities  y." 


11 


13]  ON    THE    THEORY    OF    LINEAR   TRANSFORMATIONS.  87 

In  a  following  number  of  the  Journal  I  shall  prove,  and  apply  to  the  theories  of 
Maxima  and  Minima  and  of  Spherical  Coordinates,  (I  may  just  mention  having  obtained, 
in  an  elegant  form,  the  formulae  for  transforming  from  one  oblique  set  of  coordinates 
to  another  oblique  one)  the  more  general  theorem, 

"  If  k  be  the  order  of  the  determinant  formed  as  above,  the  determinant  itself 
is  a  quadratic  function,  its  coefficients  being  determinants  formed  with  the  coefficients 
rs,  its  variables  being  determinants  formed  respectively  with  the  variables  x  and  the 
variables  y\  and  the  number  of  variables  in  each  set  being  the  number  of  combi- 
nations of  k  things  out  of  ?w,  (  =  1   if  ^-  =  m ;   if  k>m  the  determinant  vanishes)." 

II  shall  give  in  the  same  paper  the  demonstration  of  a  very  beautiful  theorem, 
rather  relating,  however,  to  determinants  than  to  quadratic  functions,  proved  by  Hesse 
in  a  Memoir  in  Crelle's  Journal,  vol.  xx.,  "  De  curvis  et  superficiebus  secundi  ordinis;" 
and  from  which  he  has  deduced  the  most  interesting  geometrical  results.  Another 
Memoir,  by  the  same  author,  Crelle,  vol.  XXVIII.,  "  Ueber  die  Elimination  der  Variabeln 
aus  drei  algebraischen  Gleichungen  vom  zweiter  Grade  mit  zwei  Variabeln,"  though 
relating  in  point  of  fact  rather  to  functions  of  the  third  order,  contains  some  most 
important  results.  A  few  theorems  on  quadratic  functions,  belonging,  however,  to  a 
different  part  of  the  subject,  will  be  found  in  my  paper  already  quoted  in  the  Cambridge 
Philosophical  Transactions  [12] ;  and  likewise  in  a  paper  in  the  Journal,  Chapters  in 
the  Algebraical  Geometry  of  n  dimensions  [11]. 
I  shall,  just  before  concluding  this  case,  write  down  the  particular  formula  corre- 
sponding to  three  variables,  and  for  the  symmetrical  case.  It  is,  as  is  well  known,  the 
theorem, 

"If  U  =  Ax^  +  By^  +  Cz^  +  2Fyz  +  2Gxz  +  2Hxy 

be  transformed  into 

.€C?  +  ^rf  +  (S.Sr-  +  2jfn0  +  2ffi?^  +  2^^n 
by  means  of  a;  =  a^  +  0r)+<yd, 

y=a'^  +  fi'v  +  y'0. 
z  =  cL"^  +  ^"n  +  y"d, 

then  (^33®  -  a JF'  -  23©^  -  Q^W  +  2iF®?^)  = 

(aySV"  -  a/3"7'  +  a'/S'V  -  a'/Sy"  +  ""/^t'  -  a"/3'7)'  (^^^  -  AF'  -  BG'  -  CH'  +  2FGH)." 
(B)     Let  ?!  =  3,  and  for  greater  simplicity  m  =  2;   write 

a=lll,  e  =  112, 
6=211,  /=212, 
c  =  121,  5r  =  122, 
d  =  221,         h  =  222, 

80  that         U  =  a x^y^z^  +  h  a-.^A  -I-  c  x^y^Zi  +  d  xjj„z^  +  e  x^ijiZ^  +fie^iZi  +  g x^y^^  -t-  h  x^y^^. 
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There  is  no  complete  hyperdeterminant  (i.e.  for  p  =  1),  and  the  incomplete  ones  are 

ah  —  bg  —  cf+de  =  u^  ,  suppose, 
ah  —  de  —  bg  +  cf=  m„  , 
ah  —  cf  —  de  +  bg  =  m„,. 

Thus,  suppose  the  transforming  equations  are 

*^S  ^^  ^    '^     I     '*^     *^2  j 

y.  =  Ml'  yi  +  Ml'  y-i  • 

Zi  =  I'l'  ii  +  Vi"  ij , 
z,  =  v^  Zi  +  v^  ij ; 


^; 


then  M,  =  (^iM^  fJ^  —  fj^  fii)  {v^  vi  —  v^  Vi^)  III  ,  where  y,  z  are  changed 

M  „  =  ("i'  v^'  -  V,'  v,')  (V  X2'-  V  V)  M„  ,     „         ^,  a; 

M,„=(w- w)(/*iV2'-/i2'Mi'')W///>    ..      *.  y 

We  might  also  have  assumed 

u,  =ad—  be,   or   eh  —  gf, 
M,,  —af—  be,   or   cA  —  dg, 
u^,^  =  ag  —  ce,   or  bh—df, 
but  these  are  ordinary  determinants. 

(0)     n  =  4,  m  =  2.  a=llll,  i=1112, 

6  =  2111,  j  =  2112, 

c  =  1211,  ;fc=1212, 

d  =  2211,  i  =  2212, 

e=1121,  m=1122, 

/=2121,  w=2122, 

^  =  2211,  0=2212, 

A  =  2221,  j9=2222. 

U=  a  Xij/iZi Wi  +  b  x^y^iWi  +  c  Xiy^ZiWj  +  d  x^^^Wi 
+  exiyiZiWi  +fXiyiZ^Wi  +gXiy^jWi  +hx,yiZ,w, 
+  ix^yi  Zi  Wj  +j  XsyiZiWs  +  k  x^y^iW^  +  I  Xiy^z^Wt 

+  m  XiyiZ^w^  +  n  x^y^z^Wt  +  0  x^^z^ui^  +  Tp  x^y^iiVt, 

we  have 

u=     ap—  bo  —cn  +  dm  —  el  +fk  +  gj  —  hi ; 
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so  that,  with  the  same  sets  of  transforming  equations  as  above,  and  the  additional  one, 

we  have  u  =  (\'\„-  -  X.^X,")  (fi,',^^  -  ^.?fi^)  (v.h'.-'  -  vW)  (piV^'  -  P^W)  •  "; 

this  is  important  when   viewed  in  reference  to  a  result  which  will  presently  be  obtained. 

If  we  take  the  symmetrical  case,  we  have 

U  =ax*  +4/3  a^y  +  67  x-y^  +  4S«?/'  +  ey*\ 

which  is  transformed  into 

U'  =  a'x'*  +  4/3  Vy'  +  Qixy  +  4SV3/'»  +  e'y'\ 
by  means  of 


x  =  \ 

a:'  +  fiy', 

y  =  V+/*y; 

if                                               M  =  a  6  -  4^  S  +  37^ 

M'  =  aV-4^'S'  +  37'^ 

ave                                               u'=(\/M^-\/j,y.u. 

II.     Where  p  =  2,  m  =  2,  n  is  odd. 

' 

The  expression 

ti  = 

+                              t 

aiii...(ft)i        riiii. 

|l222           J'         (2222 

.{ny 

fllll  ...(n)l 
{2222 

t 
(2111  . 

(2222 

.(n) 

is  a  complete  hyperdeterminant ;  and  that  over  whichever  row  the  mark  (•{•)  of  nonper- 
mutation  is  placed.  The  different  expressions  so  obtained  are  not,  however,  all  of  them 
independent  functions :  thus,  in  the  following  example,  where  «.  =  3,  the  three  functions 
are  absolutely  identical. 

(A).     n  =  3,  notation  as  in  I.  (jB). 
u  =  a%^  +  Ifg^  +  cy»  +  d'e"  -  2ahbg  -  2akc/-  2ahde  -  2bgcf-  2hgde  -  2cfde  +  ^adfg  +  ^bech, 

and  then  m  =  (\,'\./  -  X^' V)"  (/^Vs'  -  A^Vi')'  (v^'vi  -  v^Vi^y  u. 

This    is    in    many   respects   an    interesting    example.      We    see    that    the    function    w 
may  be   expressed  in  the   three  following  forms : 

u  =  {ah-  bg  -  cf+  dey  +  4:  {ad-bc)  (fg-eh) (1), 

u  =  (ah-bg-de  +  c/y  +  i  {af  -  be)  (dg  -  ch) (2), 

u  =  (ah - cf  -  de  +  bgy  +  i  (ag-ce)  (df-bh) (3), 

C.  12 
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which  are  indeed  the  direct  results  of  the  general  form  above  given,  the  sign  (f) 
being  placed  in  succession  over  the  different  columns :  and  the  three  forms,  as  just 
remarked,  are  in  this  case  identical. 

We  see  from  the  first  of  these  that  u  is  of  the  second  or  third,  from  the  second 
that  «  is  of  the  first  or  third,  from  the  third  that  u  is  of  the  first  or  second  of  the 
three  following  forms: 


M  =  ^2  ll  o,  b,  c,  d 
[  e,  f,  g,  h 
which  is  as  it  should  be. 


u  =  H, 


a,  b,  e,  f 
c,  d,  g,  h 


u  =  H, 


a,  c,  e,  g 

b,  d,  f,  h 


The  following  is  a  singular  property  of 


\  Let 


«'  =  i 


du 
da' 


b'  =  k 


du 
db' 


"'=ia 


then,  u'  being  the  same  function  of  these  new  coeflBcients  that  m  is  of  the  former  ones. 


To  prove  this,  write 

p  =  ah  —  bg  —  cf+de,  q  —  {ad  —  bc),     r  =  eh—fg; 
a,=ap  —  2qe,         ^,  =~  ^J'a  +  pe , 
b,=bp-2qf,        j:=-2rb+pf. 
c,=cp-  2qg,        g,=  -  2rc+pg, 
d,  =  dp—2qh,         h,  =  —2rd+ph; 

we  have,  as  a  particular  case  of  the  general  formula  just  obtained, 

M,  =  {p^  —  iqry  u  =  u^ .  u,   =  u\ 

Also 


a,  =     h', 

e,  =     d', 

b,  =  -g', 

/:=-o', 

c,--f\ 

9,  =  -b', 

d,=     e'. 

h=     a'; 

whence  u,  =  u',  that  is  u  =  w'. 

There    is    no    difiiculty    in    showing    also,    that    if    «",    b" 
a',  b'  ...h',  as  these  are  from  a,  b,  ...h,  then 

a"=«»a,    b"  =  u%...h"  =  u?h. 


h"    are    derived    from 


The  particular  case  of  this  theorem,  which  corresponds  to  symmetrical  values  of  the 
coefficients,  is  given  by  M.  Eisenstein,  Grelle,  vol.  xxvii.  [1844],  as  a  corollary  to  his 
researches  on  the  cubic  forms  of  numbers. 

Considering  this  symmetrical  case 

U=oue>+  S^x'y  +  Sryxf  +  hf, 

u  =  a^S'  -  6aS/37  -  3/8V  +  4/3»5  4  W'i, 
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so  that  if  U  be  transformed  into 

U'  =  ax'-'  +  3/3V-^i/'  +  Sy'x'y''  +  h'f, 
by  means  of  x=Xx'  +fj,y', 

y  =  V  +  /^^y'. 

then  if  u'  =  a'^h''  -  6a.'8'^'y'  -  3/3^  +  4/3''S'  +  ia'^y', 

we   have  m'  =  (\/i,  —  \fJ-Y  ■  u. 

III.  i>=S,     m  =  2,     n  =  4. 
Notation  as  in  I.  (C), 

M  =  ^  (a  + .323  +  3(JD  +  6B  +  6@)  -  5  (® +B  -  3S- jF  +  2€Ef +  3|^), 

where  A,  B  are  arbitrary  constants,  and  ^,  33,  &c. ...  |^  are  functions  of  the  coefficients, 
given  as  follows : — 

i3  =  -  a'iJ'io  +  h'd'ap  +  (fn'dm  -  d^iV/i   +  e'l-fk   -  ptel  -  g^fhi  +   hH^gj 

-  aycn  +  b'd'dm  +  c?n^ap   -  d'tri'bo   +  eH'gj    -  f'k'hi  -  g^fel  +  hH^fk 

-  ayel  +  b'^o'fk    +  ifn-gj    -  d'm-hi    +  e'Pap  -  f-k'^ho  -  g-j-cn  +  hHHm 

-  aYhi  +  ly'o'gj     +  ^n^fk    -  d^rn'el     +  eH^dm  -  fk^cn  -  g^fbo  +  hH^ap. 
®  =  +  aydm  -  b'o'cn  -  cVbo  +  d''m''ap  -  eH%i  +  fl<?gj    +  g'^ffk  -  hH^el 

+  aYfk    -bVel    ~  c?n%i    +  d^ni^gj    -eH^'bo+ptap    +  g'j'dm  -  hH^cn 

+  aYgj     -b^o^hi   -  c'n^el    +  dhn'fk   -  e-Pcn  +  f%''dm  +  g^fap    -h?Pbo. 

iD  =  apbocn  —  apbodm  —  apcndm  +  bocndm  —  elfkgj  +  elfkhi  +  elgjhi    —    higjfk 

+  apboel   —  apboj  k  —  cndmgj  +  dmcnhi  —  elfkap  +  elfkbo   +  gjhicn  —  higjdm 

—  apbogj  +  apbohi  +  cndmel  —  dmcnkf+  elf  ken  —  elfkdm  —  gjhiap  +  higjbo 
+  apcnel  —  bodmfk  —  cnapgj    +  dmboki  —  elgj'ap  +fkhibo  +  gjelcn  —  hifkdm 

—  apcnfk  +bodmel  +cnaphi  —  dmboel  +  elgjbo  —fkhiap  —gjeldm+   hi/kcn 

—  apdniel  +  bocnkf  +  cmbogj   —  dmaphi  +  elhiap  —fkgjbo  —  gjfkcn  +  hidmel. 

(S  =  apdmjk  —  bocnel  —  bocnik  +  dmapgj  —  elhibo  +fkapgi  +  gjfkdm  —  hielcn. 
^=a'phjo    —  b^goip    —chifhn+  d-emkn  —  e^dlkn    +f'ckml  +  g^bjpi  —   h'aijo 

—  i'phbg  +  fogah  +  kFnfde  —  fmecf  +  mHdcf  —  n^ckde  —  d'bjah  +  p^aibg 
+  a^phkn  —  b^golm  —  d'nfip  +  d'emjo    —  e'dljo      +  f-ckip  +  g'bjpl  —  hhiink 

—  i'phcf  +  j'ogde  +  k^nfah  —  Vmebg  +  mHdbg  —  n'ckah  —  o%jde  +  p'^aicf 
+  a^phlm  —  b-gokn  —  chifjo  +  d"-emip  —  eHdpi  +  f'ckjo  +  g^bjnk  —  h'aiml 
-i'phde  -^  fgocf  +  ^c^fbg  —  I'^meah  +  m^dlah  —  ri'ckbg  -  &bjcf  +  p^aide 
+  a^pdno  —  b'^cmpo  —  (fbpmn  +  d^aomn  —  e'hjkl     +  f^gilk  +  g^flij  —    h^ekji 

—  i-lfgh  +fkehg  +  k^jhef  -  IHgfe  +  m^pbcd  -  h^'aodc  —  o'^ndab  +  p^'mbca 
+  a''plng  —  b%kmo  —  c'ejpn    +  d'^fiom   —  e'cpjl     +  f'doik  +  g^anlj  —  h^bmki 

—  i^odfh  +  fpceg  +  k^mhbf  —  fnage  +  m'khbd  —  nHgac  —  oHfbd  +  pHeca 
+  d?plfo    —  b'^ekpo   —  c-hjmn  +  d^gimn   -  e^bpkl    +f^aolk  +  g-dnij  —  k'cmji 

—  i-iidgh  +  fnichg  +  k'pbef  —  Poafe     +  m-jhcd  —  nHgcd  —  oHfab  +  p^keba. 

12—2 
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(S  =  apbgkn  —  boalhm  —  cndiep   +  dmcjfo  —  elfocj       +fkpied  +gjhinla—    ignhk 

—  ihjocf    +  gjidep    +  kflamh  —  lekbng  +  mdnhkg  —  ncmhal  —  obpied  +  paofjc 
+  apbglm  —  boahkn  —  cndejo    +  dmcfip  —  elcfip      +fkedoj  +  gjhakn—  hibgml 

—  ihjode    +  gijpcf   +  kflmbg  —  leknah  +  mdknah  —  ncmlbg  —  obpicf  +  paojde 
+  apcflg  —  bojehk    —  onjehk    +  dmilgf  —  elmpbc     +  fkadno  +  gjadno  —  hipmcb 

—  ihadno  +  gjbmcp  +  kfcbpm  —  eladno  +  mdjehk    —  ncilfg    —  obilfg   +  pahejk 
+  apcfhn  —  bodhie  —  cnahjo   +  dmbgip  —  elbgip      +  fkahjo  +  gjednk  —  hicfml 

—  ihknde  +  mdahjo  +  kfipbg  —  bocfml  +  gjcftnl     —  ncpigb  —  leahjo  +  paknde 
+  apidng  —  bojcmh  —  cnbkpe  +  dmaflo  —  elmhjc     —  fkidng  +  gjaflo  —   ihbkpe 

—  ihaflo    +  gjbkpe   +  fkcjhm  —  elidng  +  vidbkpe  —  cnaflo  —  boidng  +  pahmcj 
+  apidfo  —  bojcep    —  nbkhm  +  cdnialng  —  elmnbk   —fkalng  +  gjidfo  —    ihpecj 

^     —ihalng  +  gjkbmh  +  fkcjpe    —  elidfo      +  iiidjcep    —  ncidfo   —  obalvg -\- pahmbk. 

Tj^  =  a^hord   —  h-pgmk  —  c'pfinj    +  d-onie      —  e'dpkj     +fUco    +  g^lni  —  h'amkj 

—  i^pdfg   +  f'oech     +  k'nbeh   —  Pmafg      +  m%lch    —  n^kadg  —  o'^jadf  +  p^ibec : 

we  have,  as  usual, 

•«  =  ( w  -  w)'  ifh't^-  -  f^wf  (viW  -  "wy  (piW  -  p>wy  ■  «• 

Particular  forms  of  U  are 
^=1,     B  =  0:       - 

u  =  ^+^^  +  3(B +6'B  +  6&  =  (ap-bo-cn  +  dm-el-{-fk  +  gj-hi)',  =v  suppose. 
^  =  1,     5  =  9: 

w  =  a  +  333  -  6(B:'  -  3B  +  33®  +  9JF  -  18®  -  27|^,  -=eU  suppose, 

where  dU=0  is  the  result  of  the  elimination  of  the  variables  from  the  equations 
d^^U=i),  dy,U=^0,  d^JJ=Q,  d^,JJ  =  0,  d^,^U  =  0,  dyJJ=0,  d^U=0,  d^,U=0.  In  fact,  by 
an  investigation  similar  to  Mr  Boole's,  applied  to  a  function  such  as  U,  it  is  shown 
that  dU  has  the  characteristic  property  of  the  function  u:  also  in  the  present  case 
u  is  the  most  general  function  of  its  kind,  so  that  6U  is  obtained  from  U  by 
properly  determining  the  constant.  This  has  been  effected  by  comparing  the  value  of 
u,  in  the  symmetrical  case,  with  the  value  of  6U,  in  the  same  case,  the  expanded 
expression  of  which  is  given  by  Mr  Boole  in  the  Journal,  vol.  iv.  p.  169.  Assuming 
A=l,  the  result  was  B=9.  [Incorrect;  the  result  of  the  elimination  is  not  6U  =  0, 
but  an  equation  of  a  higher  degree.] 

The  general  form  of  u  now  becomes 

in  which  a,  0,  are  indeterminate. 

We  have  u  =  aiJ"  +  0U=  M {ccv'+ ^dU), 

where  M  =  (\,' V  -  \'KJ  (f^W  -  /^V.')'  (viW  -  p.WY  (pW  -  P-^WY- 
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and   thence  i;'  =  Mv", 

which   coincides   with   a  previous   formula,   and 

dif=Meu: 

whence,  eliminating  M, 

eu^eu 

an   equation  which  is   remarkable   as  containing  only  the   constants   of   U  and   U :   it  is 

an  equation  of  condition  which  must  exist  among  the  constants  of  U  in  order  that 
this  function  may  be  derivable  by  linear  substitutions  from   U. 

In  the  symmetrical  case,  or  where 

U  =  oui^-^  ^^a?y  4-  67a;y  +  4S«y'  +  ey*, 

it  has  been  already  seen  that  v  is  given  by 

i'  =  ae-4;8S+37l 

Proceeding  to  form  OU,  we  have 

a  =  aV  -  4/3'S'  +  37', 

33  =  4  (ae^S^  -  a-e'^h  +  3r'/3=S^  -  WH\ 

®  =  3  (a'eV  +  27*  +  oieY  -  4/3^8'), 

B  =  6  [ae^h^  -  2a6/S87^  +  3j8VS^  -  2/987*), 

(Q,  =  SaeY  -  4/8'S»  +  7*, 

JF  =  6  (0*76  +  e'/SV  -  2y3»e78  -  28'a/97  -  4/3=7=8» .  +  4  .  ^SSt"  +  7'/3%  +  yag'), 

€5  =  12  (ae/S87=  -  a/978'  -  €78/9'  +  7^08^  +  ye/9^  +  ^hy*  -  2/9V2'), 

^  =  (a^8*  +  6=^*  -  4^-'67'  -  4ay8»  +  6/9^7^8^), 
and  these  values  give 
eU=o?e^-  Qaff'h'e  -  12a=/9Se=  -  ISaVe"  -  27a=8-'  -  27^*e=  +  SQ^rfB'  +  54  a^S'e  +  54  3(9^6^ 

-  54a7'8^  -  54/9^7'e  -  64;S»S'  +  Sla^e  +  108ay978'  +  108^'yBe  -  ISOa/Sy'Se, 

so  that  this  function,  divided  by  (ae  —  4/98  +  87'-')',  is  invariable  for  all  functions  of  the 
fourth  order  which  can  be  deduced  one  from  the  other  by  linear  substitutions.  The 
function  ae  —  4/98  +  3^  occurs  in  other  investigations :  I  have  met  with  it  in  a  problem 
relating  to  a  homogeneous  function  of  two  variables,  of  any  order  whatever,  a,  /9,  7,  8,  e 
signifying  the  fourth  differential  coeflBcients  of  the  function.  But  this  is  only  remotely 
connected  with  the  present  subject. 


Since  writing  the  above,  Mr  Boole  has  pointed  out  to  me  that  in  the  transform- 
ation of  a  function  of  the  fourth  order  of  the  form  aa^  +  iba^y  +  dcxfy"  +  4da;y'  +  ey*, — 
besides  his  function  du,  and  my  quadratic  function  ae  —  4tbd  +  So', — there  exists  a  function 
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of  the  third  order  ace  —  ¥e  —  ad'  —  c'  +  2bdc,  possessing  precisely  the  same  characteristic 
property,  and  that,  moreover,  the  function  6u  may  be  reduced  to  the  form 

(ae  -  ibd  +  3c')»  -  27  (ace  -  ad'  -eb--(^  +  26dc)- ; 

the  latter  part  of  which  was  verified  by  trial ;  the  former  he  has  demonstrated  in  a 
manner  which,  though  very  elegant,  does  not  appear  to  be  the  most  direct  which  the 
theorem  admits  of.  In  fact,  it  may  be  obtained  by  a  method  just  hinted  at  by 
Mr  Boole,  in  his  earliest  paper  on  the  subject.  Mathematical  Journal,  vol.  II.  p.  70. 
The  equations  d/u  =  0,  d^dyii  =  0,  c?/m  =  0,  imply  the  corresponding  equations  for  the 
transformed  function :  from  these  equations  we  might  obtain  two  relations  between  the 
coefficients,  which,  in  the  case  of  a  function  of  the  fourth  order,  are  of  the  orders  3 
and  4  respectively :  these  imply  the  corresponding  relations  between  the  coefficients  of 
the  transformed  function.  Let  .4=0,  B=0,  A'=0,  B'  =  0,  represent  these  equations; 
then,  since  A  =0,  jB  =  0,  imply  A'  =  0,  we  must  have  A' =  AA' +  ^.8,  A,  M,  being 
functions  of  X,  \',  fi,  &c.  /m:  but  B  being  of  the  fourth  order,  while  A,  A'  are  only  of 
the  third  order  in  the  coefficients  of  u,  it  is  evident  that  the  term  MB  must  disappear, 
or  that  the  equation  is  of  the  form  A'  =  AA.  The  function  A  is  obviously  the  function 
which,  equated  to  zero,  would  be  the  result  of  the  elimination  of  aP,  xy,  if,  considered 
as  independent  quantities  from  the  equations  aoi'  +  2hxy  +  cy"  =  0,  fear"  +  2cxy  +  dy''  =  0, 
CO?  +  2dxy  4-  ey"  =  0,  viz.  the  function  given  above.  Hence  the  two  functions  on  which 
the  linear  transformation  of  functions  of  the  fourth  order  ultimately  depend  are  the 
very  simple  ones 

ae  —  4tbd  +  Sd',     ace  —  ad-  —  eb-  —  c'  +  2bdc, 

the  function  of  the  sixth  order  being  merely  a  derivative  from  these.  The  above 
method  may  easily  be  extended :  thus  for  instance,  in  the  transformation  of  functions  of 
any  even  order,  I  am  in  possession  of  several  of  the  transforming  functions ;  that  of  the 
fourth  order,  for  functions  of  the  sixth  order,  I  have  actually  expanded :  but  it  does  not 
appear  to  contain  the  complete  theory.  Again,  in  the  particular  case  of  homogeneous 
functions  of  two  variables,  the  transforming  functions  may  be  expressed  as  symmetrical 
functions  of  the  roots  of  the  equation  u  =  0,  which  gives  rise  to  an  entirely  distinct 
theory.  This,  however,  I  have  not  as  yet  developed  sufficiently  for  publication.  There 
does  not  appear  to  be  anything  very  directly  analogous  to  the  subject  of  this  note,  in 
my  general  theory :  if  this  be  so,  it  proves  the  absolute  necessity  of  a  distinct  investi- 
gation for  the  present  case,  that  which  I  have  denominated  the  symmetrical  one. 
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ON   LINEAK  TRANSFORMATIONS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  104 — 122.] 

In  continuing  my  researches  on  the  present  subject,  I  have  been  led  to  a  new 
manner  of  considering  the  question,  which,  at  the  same  time  that  it  is  much  more 
general,  has  the  advantage  of  applying  directly  to  the  only  case  which  one  can 
possibly  hope  to  develope  with  any  degree  of  completeness,  that  of  functions  of  two 
variables.  In  fact  the  question  may  be  proposed,  "  To  find  all  the  derivatives  of  any 
number  of  functions,  which  have  the  property  of  preserving  their  form  unaltered  after 
any  linear  transfoi-mations  of  the  variables."  By  Derivative  I  understand  a  function 
deduced  in  any  manner  whatever  from  the  given  functions,  and  I  give  the  name  of 
Hyperdeterminant  Derivative,  or  simply  of  Hyperdeterminant,  to  those  derivatives  which 
have  the  property  just  enunciated.  These  derivatives  may  easily  be  expressed  explicitly, 
by  means  of  the  known  method  of  the  separation  of  symbols.  We  thus  obtain  the 
most  general  expression  of  a  hyperdeterminant.  But  there  remains  a  question  to  be 
resolved,  which  appears  to  present  very  great  difficulties,  that  of  determining  the 
independent  derivatives,  and  the  relation  between  these  and  the  remaining  ones.  I 
have  only  succeeded  in  treating  a  very  particular  case  of  this  question,  which  shows 
however  in  what  way  the  general  problem  is  to  be  attacked. 

Imagine  p  series  each  of  m  variables 

«!,     yi,...&c.       Xi,     2/2,  ...&c.       Xp,    yp,...&c., 
where  p  is  at  least  as  great  as  m. 

Similarly  p'  series  each  of  m'  variables 

x,\    y,\  . . .  &c.       x^\     y^,...,  &c.       ...  x,,- ,     y\;  . . .  &c., 
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j»*   at   least  as  great    as   m\  and  so  on.     Let  the  analogous   variables  x,  y . 
nected  with   these  by  the  equations 

y  =\'i  +  n'  y  +..., 

a;^  =  \'  «  +  fjL  y"  +  ..., 

y'  =  \"i'+fiy  +  ..., 


be   con- 


where  X,  y,...  stand  for  a;,,  yi,...  or  x^,  y„...  or  Xp,  yp,...;x\  y, ...  stand  for  x^,  y,\... 
or  Xi,  y,\...  or  «p,  yV>  &c. ...  The  coefficients  \, /t, ....  \', /t', ...  &c.;  \\fi,...,X'\  /*",... 
remain  the  same  in  all  these  systems.     Suppose  next, 

i.e.  fi  =  ^as,.     T/i  =  S!/,,--- .?i  =  S*,>  ••■ 

(where  8,,  8,,...   are  the  symbols  of  differentiation  relative  to  x,  y,  &c.).     Then  evidently 

^  =  \f  +  X'7;+.... 


with  similar  equations  for  |\  i]',...     Suppose 


:inii  = 


?1 1        6 2  )    • • •  ?p 

r)i,     Vi'  ••■  Vp 


.  \m= 


?1  ,         ?2    ,    •  •  ■    ?  p'     11  > 

77,\     i;;,  ...  rj'p- 


that    is  to   say   ||fi||   is   the   series   of  determinants   formed   by   choosing  any   m    vertical 
columns   to   compose   a  determinant,   and   similarly   ||n^||,   &c.     Suppose,   besides. 


E-- 


\,     fi, ... 


K  = 


Then,  by  the  known  properties  of  determinants, 

|nii=^||fill,   i!n^|i=j5r|!n^|i  &c., 

i.e.  the  terms  on  the  one  side  are  respectively  equal  to  the  terms  on  the  other.     Hence  if 

n  =  ^(l|n||/,  PF\...), 

i.e.  □  a  rational  and  integral  function,  homogeneous  of  the  order  /  in  the  quantities 
of  the  series  ||fl||,  homogeneous  of  the  order  f^  in  the  quantities  of  the  series  llfl'l!, 
&a,  we   have   immediately 
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or  if  U  be  any  function  whatever  of  the  variables  x,  y ...  which  is  transformed  by 
the  linear  substitutions  above  into   U,  then 

UU  =  EfE'f\..  UU; 
or  the   function  □  U 

is  by  the  above  definition  a  hyperdeterminant  derivative.  The  symbol  □  may  be  called 
"  symbol  of  hyperdetermiuant  derivation,"  or  simply  "  hyperdeterminant  symbol." 

Let  A,  B,...  represent  the  different  quantities  of  the  series  ||fl||, — A\  B\...   those  of 
the  series  ||  fl'  || ,  &c then  □  may  be  reduced  to  a  single  term,  and  we  may  write 

n  =  A-'B^  ...A''^'  B^  ... 

Also   U  may  be  supposed  of  the  form 

where  0,  4>  are  functions  of  the  variables  of  one  of  the  sets  x,  y,...,  of  one  of  the 
sets  x",  y\  . . . ,  &c.,  thus  0  is  of  the  form 

F(x„  yu...x,\  y,\...), 

and  so  on.  The  functions  0,  <I>...  may  be  the  same  or  different.  It  may  be  supposed 
after  the  differentiations  that  several  of  the  sets  x,  y,...  or  of  the  sets  «',  y\  ... 
become  identical :  in  such  cases  it  will  always  be  assumed  that  the  functions  0, . . . 
into  which  these  sets  of  variables  enter,  are  similar;  so  that  they  become  absolutely 
identical,  when  the  variables  they  contain  are  made  so.  Thus  the  general  expression 
of  a  hyperdeterminant   is 

nf/'=^''^^  ...  ^'"5'^  ...  0*  ... 

in    which,  after   the  differentiations,  any  number  of  the  sets  of  variables  are  made  equal. 

For  instance,  if   all   the   sets  x,  y  ...   and   all   the  sets    x,   y  ...    are    made    equal,   the 

hyperdetenninant  refers  to  a  single  function  F {x,  y...x',  y  ...).  In  any  other  case  it 
refers  not  to  a  single  function  but  to  several. 

What  precedes,  is  the  general  theory :  it  might  perhaps  have  been  made  clearer 
by  confining  it  to  a  particular  case :  and  by  doing  this  from  the  beginning  it  will 
be  seen  that  it  presents  no  real  difficulties.  Passing  at  present  to  some  developments, 
to  do  this,  I  neglect  entirely  the  sets  x'',  y  ...  and  I  assume  that  the  number  m  of 
variables  in  each  of  the  sets  x,  y ...  reduces  itself  to  two;  so  that  I  consider  functions 
of  two  variables  x,  y  only.  The  functions  0,  <I>,  &e.  reduce  themselves  to  functions 
F,,   Fj...  Vp  of  the  variables  a;,,  y,,  or  x„,  y^...   or  Xp,  yp.     Writing  also 

the    symbols    A,    B ...    reduce    themselves    to    12,    13 Hence    for    functions    of    two 

variables,  there  results  the  following  still  tolerably  general  form 

ni/  =  r2"  13^  U\..^i^   24' ...34''  ...F.F.F^F,... 
c.  13 
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The  functions  F, ,  V, ...  may  be  the  same  or  different :  but  they  will  be  supposed  the 
same  whenever  the  corresponding  variables  are  made  equal.  This  equality  will  be 
denoted  by  writing,  for  instance, 

nvv'vv... 


to  represent  the  value  assumed  by 


nv.v,v,v,... 


when  after  the  differentiations 


1,  yi  =a^3.  ys  =  a'4,  yi  =  a;,  y 


< 


&c. 

It  is  easy  to  determine  the  general  term  of  dU-     To  do  this,  writing  for  shortness 

a  +/3+7  ...=/;, 

^+^'+7"...=/., 

&XS. 


the  general  term  is 


^^"■rt'-V  or  S^y-^S/V=  F."-  or  F.-", 


/.  /t  /. 

^  y  ,r+s+t-..   Y  .a-r+a^+f...   j;-  ,3-»+/3-«'+('. 


where  r,  s,  t,...s',  t',...t",...  extend  from  0  to  a,  /3,  7.../S',  7',  ...7"...  respectively.  It 
would  be  easy  to  change  this  general  term  in  a  way  similar  to  that  which  will  be 
employed  presently  for  the  particular  case  of  D^^i^al^a- 

If  several  of  the  functions  become  identical,  and  for  these  some  of  the  letters 
f  are  equivalent,  it  is  clear  that  the  derivative  [^U  refers  to  a  certain  number  of 
functions  F,,  F,...  the  same  or  different,  of  the  variables  x,  y;  x',  y'\...  and  besides 
that  this  derivative  is  homogeneous,  of  the  degrees  Q^,  ^Z,  ■••  with  respect  to  the 
differential  coefficients  of  the  orders  /,,  //,  ...  &c.  of  Fj,  (consequently  homogeneous  of 
the  order  ^,  +  ^1'+...  with  respect  to  these  differential  coefficients  collectively),  homo- 
geneous and  of  the  degrees  ^j,  Q^,...  with  respect  to  the  differential  coefficients  of 
the  orders  f^,  f^  ...  of  V^,  (consequently  of  the  order  d^  +  ff^'...  with  respect  to  these 
collectively),  and  so  on.  The  degree  with  respect  to  all  the  functions  is  of  course 
0i  +  6i  ...  +  6<,+  0i  +  ■■■,=p  suppose.     In  general,  only  a  single  function  will  be  considered, 
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and  it  will  be  assumed  that  □&"  only  contains  the  differential  coefficients  of  the 
/""  order.  In  this  case,  the  derivative  is  said  to  be  of  the  degree  p  and  of  the 
order  /.     The  most  convenient  classification  is  by  degrees,  rather  than  by  orders. 

Commencing   with    the    simplest    case,    that    of    functions    of    the    second    order   (and 
writing  V,  W  instead  of  Vi,  V^),  we  have 

OVW=U°VW, 

(where  fi,  t/i  apply  to  V  and  ^2,  tj^  to  W).  This  will  be  constantly  represented  iu 
the  sequel  by  the  notation 

T2'VW=B,(V,   W). 

Hence,  writing  S^'V^V-",     S^''-%V=V''  ... , 

we   have  5.(F,    r)=  F-»F'«- [^|  F''Tf--'+ ... ; 

and  in  particular,  according  as  a  is  odd  or  even, 

B.(F,  F)  =  0, 

J5,(F,  F)  =  F'°F°-^F'F»-'+..., 

continued  to  the  term  which  contains  V-i^V'i'^,  the  coefficient  of  this  last  term 
being  divided  by  two. 

Thus,   for   the   functions  ^  (oaf  +  2boiy  +  cy^),  ^  (asc*  +  ibafy  +  Gcar'y^  +  idxy^  +  ey*),   &c., 
if  a  be  made  equal  to  2,  4,  &c.  respectively,  we  have  the  constant  derivatives 

ae  -  ibd  +  3c-, 

ag-6bf+15ce-10d', 

ai  -  Sbh  +  2Scg  -  ^Mf+  35e=, 


which  have  ail  of  them  the  property  of  remaining  unaltered,  a  un  facteur  prh,  when 
the  variables  are  transformed  by  means  of  x  =  'Kx  +  fj-y,  y  =  \'x  +  fi!y.  Thus,  for  instance, 
if  these   equations  give 

(13?  +  2bxy  +  cf-  =  diK'  +  Ihxy  +  dy', 

then  dc-b''=  (X/jf  -  X'ftY  ■  (ac  -  6"). 

and  so  on.  This  is  the  general  property,  which  we  call  to  mind  for  the  case  of  these 
constant   derivatives. 

13—2 
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The   above   functions  may   be   transformed   by   means   of  the   identical   equation 

£.(F,  W)  =  U'~\{V,  W), 
to  make  use  of  which,  it  is  only  necessary  to  remark  the  general  formula 

Thus,  if  k=l,  we  obtain  for  the  above  series,  the  new  forms 

ac  —6', 

{ae  -bd)-S  (bd  -  c% 

(ag -bf)-5  (bf  - ce)  +  10 (ce  -  d'), 

(ai  -bh)-1  (bh  -  eg)  +  21  {eg  -  df)  -  35  {df-  6=), 


>: 


&c.. 


the   law   of  which    is    evident.     This   shows    also    that   these   functions   may   be    linearly 
expressed  by  means  of  the  series  of  determinants 


a,  b 

b,  c 


a,  b,    c 

b,  c,    d 


&c. 


We  may  also  immediately  deduce  from  them  the  derivatives  B  which  relate  to  two 
functions.     For  example,  for  functions  of  the  sixth  order  this  is 

ag'  +  a'g  -  6  {bf'  +  b'f)+ 15  (ce'  +  c'e)  -  20dd', 

which  has  an  obvious  connection  with 

ag-Qbf+l5ce-  lOd^; 

and  the  same  is  the  case  for  functions  of  any  order. 

The  following  theorem   is   easily  verified;   but   I   am    luiacquainted  with    the  general 
theory  to  which  it  belongs. 

"If  U,   V  are  any  functions  of  the  second  order,  and   W  =  \U+  fj,V;    then 

B,'[B,{W.  W),    B,(W.  W)]  =  0 

(where  B^'  relates  to  \,  fi)  is  the  same  that  would  be  obtained  by  the  elimination  of 
X,  y  between   U=Q,   F  =  0."     (See  Note'.) 

In  fact  this  becomes 

4  [ac  -  6»)  (aV  -  6'»)  -  {ac'  +  a'c  -  266')'  =  0, 

which  is  one  of  the  forms  under  which  the  result  of  the  elimination  of  the  variables 
from  two  quadratic  equations  may  be  written.  This  is  a  result  for  which  I  am 
indebted  to  Mr  Boole. 


'  Not  given  with  the  present  paper. 
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Passing  to  the  third  degree,  we  may  consider  in  particular  the  derivatives 

auvw=2s''m' 12" uvw=c,{u,  v,  w)-. 

writing  for  shortness 

we   have   the   general   term 

where  r,  s,  t  extend  from  0  to  a.  By  changing  the  suffixes  r,  s  the  following  more 
convenient    formula 

where  t  extends  from  0  to  2a:  p,  a-,  and  3a  —  p  —  a  must  be  positive  and  not  greater 
than    2a. 

In  particular,  according  as  a  is  odd  or  even, 

c^iu,  u,  [0  =  0, 

c.(cr,  u,  U)  =  ess  {(-y+^u-^u-'U-^-i^-i  [(-y ^,_,4,^,_.^ji, 

omitting  therein  those  values  of  p,  a  for  which  p> a  or  cr  >  3a  —  p  —  a,  and  dividing  by 
two  the  terms  in  which  p  =  a  or  a-=3a  —  p  —  a-,  and  by  six  the  term  for  which 

p=(T  =  3a  —  p  —  a,  =  a. 

In   particular,  for  functions  of  the   fourth   or  eighth   orders    we   have   the   constant 
derivatives 

ace  —  ad'  —  b''e—c'+  2bcd  ; 

aei  -  Hbd  -  iafh  +  Sag''  +  3ic'  +  12beh  -  8chd  -  8bgf-  22ceg  +  24c/^  +  24'd"-g  -  3Gdef+  15e^ 

the  first  of  which  is  a  simple  determinant.  Thus  we  have  been  led  to  the  functions 
ae  —  46d  +  3c^  and  ace  —  ad-  —  eb'—  (f+  2bcd,  which  occur  in  my  " Note  sur  quelques 
formules  &c."  {Crelle,  vol.  xxix.  [1845]  [15]),  and  in  the  forms  which  M.  Eisenstein  has 
given   for  the  solutions  of  equations  of  the  first  four  degrees. 

Let    17  be   a  function    of   the    order    4a :    the   derivative   G    may   be   expressed    by 
means  of  the  derivatives  B. 

For,  consider  the  function 

B^[U,  B^(V,  W)]; 

paying  attention  to  the  signification  of  B,  this  may  be  written 

Id*"  23'"UVW, 
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where  the  s)rmbol8  f»,  ijt  refer  to  the  two  systems  Xj,  y^  :  x,,  y,.     Thus  it  is  easily  seen 
that  we  may  write 


^0  =  ^2  +  ^3,     Vi=V2  +  V>,   or    10=12  +  13=12-31, 
whence  the  function  becomes 

(12 -§if¥?ruvw, 

of  which  all  the  terms  vanish  except 

12"  23"  sruvw. 


r4al^  :r^2a  — „2a  —,  la  , 

[2a]" 


Hence  putting 

>J  [4a3''     2*'1.3...(4a-l) 

]^(£f-~         2.4...  4a 

we  have  B^SJJ,  B^{V,  W)]=KC^(U,  V,  W), 

or  in  particular 

B^[U,  B.AU,  U)]  =  KCAU,  U,  IT). 

Thus  for  example,  neglecting  a  numerical  factor, 

{oar'  +  2hxy  +  cy")  {ca?  +  2dxy  +  ey^)  -  (baf>  +  Icxy  +  dy^}- 
=  {ac  -b-)x*  +  2  (ad  -  be)  afiy  +  (ae  +  2bd  -  3c=)  xy  +  2  {be-  cd)  xf  +  [ce  -  d»)  y*, 

and  then 

e  (ac  -  b")  -  4d  I  {ad  -  be)  +  6c  ^  {ae  +  2bd  -  Sc-)  -  46  f  (be  -  cd)  +  a  {ce  -  d-) 

=  3  (ace  -  ad^  -  6^e  -  c^  +  2bcd). 
We  have  likewise  the  singular  equation 

B..{V,  W)  =  K{^l^-^'-y^^...^ri)c.ilf.  V,  W) 

1      L^._[M, 


whei«  U  =  j^^  (ao(e'-  -  ^-j^ ^i^'^y  ■■■+  ^^t^)  •  &<=. 

If  however   U=V=W,  we  must  write 

B^iU,  U)^lK[^^^-^-y^^...^r^)c,{U,  U.  U). 
the  reason  of  which  is  easily  seen.     This  subject  will  be  resumed  in  the  sequel. 
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The  functions  G  may  be  transformed  in  the  same  way  as  the  functions  B  have  been. 
In  fact 

G^{U,  V,  Tf)  =  12""*23"~*3l""*Ci(J7,  V,  W); 


if  in  particular  A,-=  1,  then 


U-' 

U-' 

JJ.^ 

V'O 

V-' 

7.2 

^,0 

W-i 

W'' 

,    U-o  for  U-",  &c. 


but  in  general 

f  i"'  Vi"  H/  V'  ^/  Vz^  C,  ( U,  V,   W),  where  p  +  p'  =  o-  +  o-'  =  t  +  t'  =  2a  -  2, 


2a— 2     ia—i     2a— 2 


,     U'f  for  U-f,  &c. 


whence     (7.([r,  7,   IF)  =  2S  {(-)"+' 


y,<r   y,(r+l     y.p+s 


f/",p+l  y.o-         ^,3a-()-<r-l 


JJ.fi+i   y,<r+l    ■(^,3o— p— » 


where   J/  =  *•  .-^^     ;    <   extends   from  0  to   a  — 1;  p,  (r  — 1,  and   .3a  — p  — o-— 2   may  have 
each  of  them  any  positive  values  not  greater  than  2a  -  2. 
In  particular 


G^{U.  U,  [r)  =  6SS((-r 


U-fi         If."-!    [/■,  3a-p-<r-2 
l/.f+i    IJ.<'         J/-,3a-p-(7-l 

{/■.p+2    J/.or+l    fJ.to-p-T 


2[(-y^'<4',-,^'._a-,]i, 


where  p,  a  need  only  have  such  values  that  p  <  it  —  1,  o-  — 1  <3a  — p  — o-— 2. 
In  particular  the  derivative  aei— ...  +  15e*  may  be  transformed  into 


a,     d,    g 

-3 

a,     e,    f 

-.3 

b,    c,    g 

+  6 

b,     d,    f 

-15 

c,     d,     e 

b,    e,    h 

b,  /.   g 

c,     d,     h 

c,     e,    g 

d.     e,    f 

c,    /,     i 

c,    g,    h 

d,     e,     i 

d,    f,     h 

«.    /.     ff 

in  which  form  it.  is  obviously  a  linear  function  of  the  determinants 
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o,    b,    c,    d,    e,    f,    g 

b,  c,    d,    e,    /,    g,    h 

c,  d,     e,    f,    g,    h,    i 
which  is  true  generally. 

Omitting  for  the  present  the  theory  of  derivatives  of  the  fonn 

nc^FW"=23'  31"  12"  UVW, 

we   pass  on  to   the   derivatives   of  the   fourth   degree,   considering   those   forms  in    which 
all  the  differential  coefficients  are  of  the  same  order.     We  may  write 

aUVWX  =  {i2.M)'iiS.i2f{U.WUVWX  =  D,,f,,,{U,  F,   W,  X)  =  I>a,p.y: 
or  if  for  shortness 


we 


have 


12. 34  =  . a,     13.42=13,     14.23  =  ®, 

z).,^,,=a«i3^®>.f^Firz. 


Suppose  U=V=W=X,  and  consider  the  derivatives  which  correspond  to  the  same 
value  f  of  a  +  /3  +  7.  The  question  is  to  determine  how  many  of  these  are  independent, 
and  to  express  the  remaining  ones  in  terms  of  these.  Since  the  functions  become 
equal  after  the  differenjbiations,  we  are  at  liberty  before  the  differentiations  to  inter- 
change the  symbolic  numbers  1,  2,  3,  4  in  any  manner  whatever.     We  have  thus 

but  the  identical  equation 

a  +  23  +  ®  =  0, 

multiplied  by  ^"iS'^JC"  and  applied  to  the  product    UVWX,  gives 

■L'a+i.b.c  +  -^o,6+i,c  +  i'a.b,c+i  =  0  : 

whence  if  (i  +  6+c=/— 1,  we  have  a  set  of  equations  between  the  derivatives  i^a, p, ^ 
for  which  a  +  5  +  7  =f.  Reducing  these  by  the  conditions  first  found,  suppose  0/"  is 
the  number  of  divisions  of  an  integer  _/  into  three  parts,  zero  admissible,  but  permu- 
tations of  the  same  three  parts  rejected.  The  number  of  derivatives  is  ©/,  and  the 
number  of  relations  between  them  is  @(/— 1).  Hence  0/"— 0(_/— 1)  of  these  derivatives 
are  independent:  only  when  /  is  even,  one  of  these  is  Bf„„,  i.e.  12  34  .UVWX, 
i.e.    \2^VV.WWX,    or    By{U,     V)Bj{X,    W),    i.e.    {Bf{U,     U)]" ;    rejecting    this,    the 


number   of  independent   derivatives,   when  /  is    even,   is   W/— 0  (/— 1)  —  1.     Let    E  ij- 

be   the    greatest    integer   contained    in    the    fraction    y ;    the    number    required    may   bo 
shown  to  be 


t 
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according  as  /  is  even  or  odd.     Giving  to  /  the  six   forms 

Qg,     Qg  +  \,     Qg+2,     Qg  +  Z,     %g  +  i,     &g  +  5, 
the  corresponding  numbers  of  the  independent  derivatives  are 

g,   g,   g,   g  +  h   g,   sr  +  i; 

thus   there   is  a   single  derivative  for  the  orders  3,  5,  6,  7,  8,  10,...    two  for  the  orders 
9,  11,  12,  13,  14,  16,  ...&c. 

When  /  is  even,  the  terms  B/^^^.o,  .D/-«,«,o  ■••.  and  when  /  is  odd,  the  terms 
Z)/_,_i_o,  Z)/_4,4,o.  D^~7,T,o,  &c.  may  be  taken  for  independent  derivatives :  by  stopping 
immediately  before  that  in  which  the  second  suffix  exceeds  the  first,  the  right  number 
of  terms  is  always  obtained.  Thus,  when  f=9  the  independent  derivatives  are  Aio, 
Bf„,  and  we  have  the  system  of  equations 


■L'tui  +  -i/eio 

fi>801  =  0, 

D^  +  D^,  +  D^  = 

=  0, 

Doo  +  Aso 

+  i)m  =  0, 

D^  +  D^  +  D^  = 

■0, 

Dt^  +  D^ 

+  D^  =  Q, 

I)^  +  I)^  +  D^  = 

=  0, 

Dm  +  Dm 

+  A.»=o, 

A22  +  -0432+-D423  = 

=  0, 

D^  +  D^, 

+  i>«o  =  0. 

D^+D^+D^= 

=  0, 

which  are  to  be  reduced  by 

I>^  = 

--0900  =  0, 

i)aoi  =  -i)8,o,  &C. 

It  is  easy  to  form  the  table 

D^=       B,\ 

D^  =  0, 

A(K,=o, 

Aio  =  -i£.', 

-'^•110  > 

n^o, 

D^  =  - 

.O410, 

Aao  =  ~  AiO) 

i>30O  =  0, 

An  =  0, 

D^  =  0, 

Aio, 

-0=^  =  0, 

i>430=       AlO, 

An  =  0, 

A=i  =  o, 

D^  = 

B,\ 

D^i  =  0, 

I>«o=        B,\ 

Aio  = 

-^B,\ 

D^  =  0, 

A,=-iA^ 

A2o  =  - 

lD^  +  hB,\ 

Dr^=     iA', 

-0411  = 

iD^  +  ^B^, 

i>m=0, 

i/sao, 

n    —  _  I  n    _  1  Rj 

.'-'321  —      J  -'-'330       ■g  -"e  > 
.^aas  =      f  -O330  +  i  Bg', 


14 
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< 


Diss  —       TS  Dix  +  -ft  -Os'j 


■i'TW  —  ~"       -^810 1 

Dm  =  0. 

■^630  ^  a   -^810         i  -'^640> 

-^821  =  2  -^810  +  Z  -^SM ' 

•^031  ~  2^  -^810         2   -^MO ' 

-0441  =  0, 

■^432  ^  2  -^810  +  a  -i'SIO, 

1)333  =  0. 


Whatever  be   the   value,  all   the   tables  except   the  three  first  commence  thus,  according 
as  /  is  even  or  odd, 

Df,o.o    =       Bf\  or     D/,0,0     =0, 

^/-..i,o  =  -i5/,  i>/-i,,.o, 

Df-i,i,^  =  —  'i Dy^3_i^o  +  ^ B/,  D/_2  .,,0  =  —  -D/-i.i,o> 

-'v— 3,S,I>  • 


but  beyond  this  I  am  not  acquainted  with  the  law. 

To   give   some   formulae    for    the    transformation    of   these   derivatives;    we   have,   for 
example, 

X>/_j.,,„  =  (T2.  34/""T3. 42  f7trfrC7=  13.42 5/_,(f7,  U)B^^,{U,  U). 

But  1 3 .  42  =  f  »;2%|^i  -  M-inzV*  -  ViViM*  +  '7iftf 3»74  > 

and  f,^,%f, B^_,  {U,   U)  B^_,{U,  U)  =  By_,  {^U,  r,U) Bf_,  (yU.  ^D) 

=  JS/_,  (U-'U- ')  By_,  (U-'U- 0),  &c. 
(where  U-",  U-'  stand  for  U-'>U-\  &c.) ;  or 

D^_,,,_„  =  -2{By_,{U-'>  U-^)By_,{U-^  U-^}-  B^_,iU-'  U')  By.UU''  U'% 
which   reduces  itself  to 

i)^_,,x,„=-2{5^_,(f7.°[7.01', 

iV_....,  =  -2{£^_,([r-»  ^/■»)i?^_,(f/'^  f^'')-[5/-.  (f^'»f^-')?}- 
according  as  /  is  even  or  odd. 
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For  example,  for  the  orders  3,  5,  7,  9,  we  have 

i)„o  =  -  2  {4  {ac  -  b')  (bd  -  c")  -  (ad  -  bey}, 

-D«o  =  -  2  {4  (ae  -  ibd  +  3c'')  (5/-  4ce  +  Sd^)  -  (of-  3be  +  2cdy}, 

Dao  =  -  2  {4  (ag  -  6bf+  Uce  -  lOd')  {bh  -  6cg  +  Udf-  10e=)  -  (ah  -  5bg  +  9c/-  Bde)"}, 

i)8,„  =  -  2  j4  (ai  -  8bh  +  28cg  -  5Gdf+  35e=)  (bj  -  Sd  +  28dh  -  56eg  +  35/'') 

-  (aj  -  Ibi  +  2Qch  -  28dg  +  Ue/y}. 

The  derivatives  Z)  will  be  presentlj'  calculated  in  a  completely  expanded  form  up  to 
the  ninth  order.  We  have,  therefore,  still  to  find  the  derivatives  of  the  sixth  and 
eighth  orders,  and  a  second  derivative  of  the  ninth  order.  For  the  sixth  order,  the 
simplest  method  is  to  make  use  of  D^,  which  is  easily  seen  to  be  equal  to 

24     a,  b,  c,  d 

b,  c,  d,  e 

c,  d,  e,  f 

d,  e,  f,  g 

For  the  two  others  we  have  the  general  formulae 

Df_,, ,, ,  =  2  [B^_, (U'^U- »)  By_ (U'^U-^)-  45y_, (U-'U- ^  By_,  (U-'U- ') 

+  £/_,  (U'^U- ')  Bf_, (U'U''>)  +  2  [By_,  {U'^U-  ')Y}, 

2  2  2 

where  U-',  U^  U-'  have  been  written  for  U-\  U-\  U-'' ;  a  formula  which  is  demon- 
strated in  precisely  the  same  way  as  that  for  Z)/_i  i  „. 

/)/_,, 3. 0  =  -  2  {  5/_, (U'^U- ')  B^_,  (U- 'U'")-  QBf_,  (U-'U- >) B^_,  (U-'U- ') 
+  6By_,  (U-oU- ')  Bf_,  (U-'>U-^}+  95^_3  (U-'U- ')  By_,  (U-'U- ») 
- 9By_,  {U'^U- »)  By_,  (U'^U-^)-  5^_,  (U-'U- ')  Bf_,  (U-'U- »)] , 

0 

(in  which    U- ',  &c.  stand  for  U- ",  &c.).     In  particular 

Z)«  =  2  {4  (ag  -  6bf  +  15ce  -  10d»)  (ci  -  Qdh  +  Ueg  -  10/)  -  4  {ah  -  5bg  +  9c/-  ode)  x 
(bi  +  5ch  +  9dg  -  oef)  +  (ai  -  6bh  +  Ucg  -  26df+  loe'f  +8(bh-  6cg  +  lodf-  lOe'^y], 

Z)«„  =  -  2  {4  (ag  -  66/+  1.5ce -  lOd^)  (dj-6ei  +  Ufh  -  10/)  -6  (ah-  bbg  +  9c/- Bde)  x 

(cj-  5di  +  9eh  -  ofg)  +  6  (ai  -  Qhh  +  IGc^r  -  26d/+  1.5e^)  (bj  -  6ci  +  Wdh  -  26eg  +  15/') 
+  36  (bh  -  6cg  +  lodf  -  lOe'')  (ci  -  6dh  +  loeg  -  lOf^j  -  9  (bi  -  bch  +  9dg  -  hefy 
-  (aj  -  Gbi  +  15cA  -lddg  +  9efy\. 

Hence  we  have  all  the  elements  necessary  for  the  calculation  of  the  following  table 
of  the  independent  constant  derivatives  of  the  fourth  degree,  up  to  the  ninth  order.  [I 
have  arranged  the  terms  alphabetically  and  in  tabular  form  as  in  my  Memoirs  on 
Quantics,  and  have  corrected  some  inaccuracies] ; 
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a'd' 

+  1 

abed 

-6 

ac> 

+  4 

m 

+  4 

b'c' 

-3 

+  9 


D„„  =  2  X 


abef-  10 
acdf+  4 
ace''  +16 
ad-e  —  12 
b'df  +  16 
tV  +  9 
6cy  -  12 
6crfe  -  76 
bd^  +  48 
c^e  +  48 
c^d»  -  32 


+  142 


i)~  =  24  X 


ace5f+  1 
ac/»-l 
ad»5r-  1 
ode/+2 
oe»  -  1 
h'eg  -1 
6y^  +  1 
bcdg-\-  2 
6ce/  -  2 
bd'f  -  2 
bde  +  2 
(?g  -1 
c*d/+2 
c»e=  +  1 
cd^e  -  3 
d*     +  1 


+  12 


i'330  — 
•'-'530  = 


3    Ti 


i)«.= 

2x 

a'A=  + 

1 

abgh- 

14 

acfh  + 

18 

acg^  + 

24 

adeh— 

10 

adfg- 

60 

ae-g  + 

40 

¥fh  + 

24 

%»  + 

25 

6ce/i  - 

60 

W9- 

234 

bd'h  + 

40 

bdeg  + 

50 

bdp  +  360 

h^f- 

240 

c'eg  +  360 

c'f  + 

81 

cd'g- 

240 

cdef  — 

990 

C€^     + 

600 

d'f  + 

600 

d''^  + 

375 

f  2223 


D^  = 

2x 

aH'     + 

1 

abhi    — 

16 

acgi    + 

36 

ach?    + 

20 

adfi  — 

52 

adgh  — 

60 

oeH     + 

30 

aefh  + 

20 

aeg^    + 

60 

"-pg  - 

40 

b-gi     + 

20 

6*     + 

44 

bcfi    — 

60 

bcgh    — 

388 

bdei    + 

20 

bdfh  + 

696 

bdg^    + 

180 

beh     - 

340 

hefg    - 

460 

bp     + 

240 

d'ei     + 

60 

c'fh    + 

180 

cy-    + 

544 

cdH     - 

40 

cdeh   - 

460 

cdfg   - 

2596 

c^g    + 

2340 

cep    - 

420 

d%     + 

240 

d-eg    - 

420 

dT    + 

12876 

dey  - 

3280 

^       + 

1025 

+  8632 


2A«+    A, 


equations  which  give  the  functions 
^830.  ^630.  ^Ho.  by  means  of  which 
the  others  have  been  expressed. 


D8,o  =  2x 

Dm.=4x 

a^'j*  +          1 

abij  -        18 

achj  +        40 

+      2 

oci"  +        32 

-      2 

adgj  —        56 

-      7 

adhi-      112 

+      7 

aefj  +        28 

+      5 

aegi  +      224 

+    22 

aeP    

-    27 

afH  -      140 

-    25 

<^f9h  

+    45 

^     

-    20 

6%'  +        32 

-      2 

W    +        49 

+      2 

bcgj  -      112 

+      7 

bchi  -      530 

-      7 

bdfj  +      224 

+    22 

bdgi +      392 

-    74 

bdh''  +      896 

+    52 

bdj  -      140 

-    25 

befi  -      196 

+    73 

begh-    1792 

-    23 

bfh+    1120 

-    70 

¥f  

+    45 

cyj  

-    27 

d'gi  +      896 

+    52 

c^A»   +      400 

-    25 

cdej   

+    45 

cdfi-    1792 

-    23 

cdgh-    4256 

-    22 

ca'  +    1120 

-    70 

cefh  +      560 

+  127 

ceg-'-  +    6272 

-    32 

cpg-    3920 

-    25 

d'j     

-    20 

d'fh+    6272 

-    32 

dy  +      784 

+    47 

d'ei    

+    45 

de^h  -    3920 

-    25 

defg  -  13328 

-    85 

dy^    +    7840 

+    50 

^g    +    7840 

+    50 

eya   _    4704 

-    30 

+  35022 

±698 
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We  may  now  proceed  to  demonstrate  an  important  property  of  the  derivatives  of 
the  fourth  degree,  analogous  to  the  one  which  exists  for  the  third  degree.  Let 
U,  V,   W,  X  he  functions  of  any  order  /:   then,  investigating  the  vaUie  of  the  expression 

B,^^.^[B^{U,  V),    B^{W,  X)l 

this  reduces  itself  in  the  first  place  to 

where   f»,    rie  refer  to    U   and    V,   and    ^^,   rj^    to    W   and    X :    this    comes    to    writing 
^9=^1+^2.  Ve  =  Vi+V2,  and  ^^  =  ^,+  ^i,  V4>  =  Va  +  V*;    whence 


^^  =  13+14  +  23  +  24, 
or  the  function  in  question  is 

(13  +  14  +  23  +  24)^~"  12"  34"  UVWX. 

But  all  the  terms  of  this  where  the  sum  of  the  indices  of  fi,  t?,  or  f^,  Va  or 
fs.  Vt  or  fi,  174,  exceed  /,  vanish :  whence  it  is  only  necessary  to  consider  those  of  the 
form 

Kr  (13  .  42)''  (14  .  23/~""'  (r2 .  34)"  UVWX, 
where  Kr  denotes  the  numerical  coefficient 

(-)'•  [2/-  23]^-°° 


[rY  [rY  [/-  a  -  ry-'-^  [/-  a  -  ry-'-'' ' 
or  B,y^  [B.  ( U,  V),    B,  ( W.  X)]  =  X  [K,D,,  r.f-.-r  ( U  V,  W,  X)}. 

In  particular,  if  U=  V=W=X,  writing  also  5.  for  B^{U,   U), 

B^-2a{B^,    B,)  =  %{KrD^_r./-a-r)- 

If  a  is  odd,  this  becomes 


0  =  t{KrD^,r./-a-r). 


ran  equation  which  must  be  satisfied  identically  by  the  relations  that  exist  between 
the  quantities  D :  if,  on  the  contrary,  a  is  even,  we  see  that  there  are  as  many 
independent  functions  of  the  form 
B^f-laiBa.,  -B.) 
as  there  are  of  the  form  D;  and  that  these  two  systems  may  be  linearly  expressed, 
either  by  means  of  the  other.  Thus,  for  the  orders  3,  5,  7,  the  derivatives  D  are 
respectively  equal,  neglecting  a  numerical  factor,  to 

B,{U\  U%    B,,{U\  U').     B,,{U\  U'); 

for  the  sixth  order  they  may  be  linearly  expressed  by  means  of 

B,,iU^  U%    B^, 

and  so  on.  All  that  remains  to  complete  the  theory  of  the  fourth  degree  is  to  find 
the  general  solution  of  this  system  of  equations,  as  also  of  the  system  connecting  the 
derivatives  D. 
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Passing  on  to  a  more  general  property;  let  Ui,  Vt,...  Up  be  functions  of  the  orders 
fi,ff-fp;   and  suppose 

%{U,...Up),  =au,...Up, 

a  function  of  the  degree  /,  in  the  variables :  suppose  that  0  ( f7, . . .  Up)  contains  the 
differential  coefficients  of  the  order  r,  for  £/>,  r,  for  ?7j,  &c.,  so  that /,  =  (/,— rs)+...(_^— r^). 
Consider  the  expression 

ByAUu  &(U,...Up)}, 

which  reduces  itself  in  the  first  place  to 

{i2  +  is...  +  iffnu,u,...  Up, 

then   to  K  0'~"'  i2f'^\ . .  ij/'^'  nU^U,...Up; 

whiere  for  shortness 


'[A-r,y'-^'...[fp-rpy.-^.- 

For  if  one   of  the   indices  were   smaller  another  would   be   greater,  for  instance  that   of 

12 :    and   the   symbols   fj,   772   in    12  '    '     □    would  rise   to  an   order   higher   than  f„  or 
the  term  would  vanish.     Hence,  writing 

D  =  12-''~'"l3-''"''...I^^'"^'> 
and  V  (f/-,,  U,...,     Up)  =  aU,U,  ...Up, 

we   have  By,  {U„e(U„...  Up)}  =  K&  {U„   U,...  Up); 

i.e.  the  first  side  is  a  constant  derivative  of  Ui,   U^...Up. 

Suppose  ^'  ~  r  /  v  (^»^'  +  •••)■ 


1 

[77- 


e{U„...Up)  =  -rri7A^<^^' +■■■)' 


then 


K&{U,...  Up)  =  a„4/, - -^ a,Ay,-r  + 


K    f  ,    d 


i.e.  Af,  =  K^&{U, ...  Up),    ■^^Ay,^,  =  Kg^&{U„  U, ...  Up) ..., 


or  finally,  0(f7„  ...  fr,)  =  ^-^^_  (./.^ -./.-y  ^_  +  ...)  0«  (^.,  ...  Up), 

an  equation  which  holds  good  (changing,  however,  the  numerical  factor,)  when  several 
of  the  functions  Ui...  Up  become  identical.  Hence  the  theorem :  if  f7  be  a  function 
given   by 


1 

m 
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Ill 


and  0  be  any  constant  derivative  whatever  of  U,  then 


[xf 


■  x^~^y  ■ 


d 


da/     ""     ^  da/_i 


+  ...  e 


is  a  derivative  of  JJ,  and  its  value,  neglecting  a  numerical  factor,  may  be  found  by 
omitting  in  the  symbol  D.  which  corresponds  to  the  derivative  ©,  the  factors  which 
contain  any  one,  no  matter  which,  of  the  symbolic  numbers. 


n  =  12».34r'.13.42; 

d        „    d  .      .  d        ^d_ 
da 


& 


If,  for  example, 

-  i  i)2io  =  0  =  Gabcd  -  iac?  -  46d»  +  Sb'c"  -  a^d^ 

or 

reduces  itself,  omitting  a  numerical  factor,  to 

12' IS  UUU=-:^B,[U,  B,{U,  U)}. 

This  may   be   compared   with   some   formulae   of  M.    Eisenstein's   {Crelle,   vol.    xxvii. 
[1844,  pp.   105,  106] ;    adopting  his  notation,  we  have 

^  =  aa?  +  UaPy  +  Sexy''  +  dy\ 
F  =  -^B,  (*,  <I>)  =  (ac  -b^)x'+  (ad  -  be)  xy  +  {hd  -  d")  y\ 


da 


da) 


where   D   is   the   same   as   0.     Hence    to    the    system    of   formulae   which   he   has  given, 
we  may  add  the  two  following : 


'  *  \dx    dy      dy    dx 


Ix)' 


d^*     rf*      (i^*    rf* 


da?    da?    dy      da?dy\    dxdy   dy      dy- 

d^   f     d'4>     d*     d^   d* 
dxdy'  \   dxdy    dx      da?     dy 


(^   d?^   d^ 

dy'     da?    dx 


the  first  of  which  explains  most  simply  the  origin  of  the  function  <&,. 

It  will   be  sufficient  to  indicate  the  reductions  which  may  be  applied  to  derivatives 
of  the   form 

C,,p,y(U,  V,  W)  =  ¥s\3i\WUVW, 
where   U,   V,   W  are  homogeneous  functions.     In  fact,  if 

^x+T}y=3, 
the  above  becomes,  neglecting  a  numerical  factor, 

(H, .  23)" .  (H» .  3Tf .  (H, .  12/  UVW, 
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where  the  symbols  f,  r)  are  supposed  not  to  affect  the  x,  y  which  enter  into  the 
expressions  H.     But  we  have  identically 

E,  23  +  52  31  +  53  12=0, 

an  equation  which  gives  rise  to  reductions  similar  to  those  which  have  been  found  for 
the  derivatives  Z).,  p^^,  but  which  require  to  be  performed  with  care,  in  order  to  avoid 
inacccuracies  with  respect  to  the  numerical  factors.  It  may,  however,  be  at  once 
inferred,  that  the  number  of  independent  derivatives  (?«,?,>  is  the  same  with  that  of 
the  independent  derivatives  i)._  p,  y  for  the  same  value  of  a  +  yS  +  7. 

From  similar  reasonings  to  those  by  which  B  [U,  B  (U,  U)}  has  been  found,  the 
following  general  theorem  may  be  inferred. 

"The  derivative  of  any  number  of  the  derivatives  of  one  or  more  functions,  or 
even  of  any  number  of  functions  of  these  derivatives,  is  itself  a  derivative  of  the 
onginal   functions." 

For  the  complete  reduction  of  these  double  derivatives,  it  would  be  sufficient, 
theoretically,  to  be  able  to  reduce  to  the  smallest  number  possible,  the  derivatives  of 
any  given  degree  whatever.  This  has  been  done  for  the  derivatives  of  the  third  degree 
Ca,  p,  y,  and  for  those  of  the  fourth  degree,  in  which  all  the  differentiations  rise  to 
the  same  order  (i)„_  p,  y) :  it  seems,  however,  very  difficult  to  extend  these  methods  even 
to  the  next  simplest  cases, — extensive  researches  in  the  theory  of  the  division  of 
numbers  would  probably  be  necessary.  Important  results  might  be  obtained  by  con- 
necting the  theory  of  ^hyperdeterminants  with  that  of  elimination,  but  I  have  not  yet 
arrived  at  anything  satisfactory  upon  this  subject.  I  shall  conclude  with  the  remark, 
that  it  is  very  easy  to  find  a  series,  or  rather  a  series  of  series  of  hyperdeterminants 
of  all  degrees,  viz.  the  determinants 


a, 

b 

7 

0,     b, 

c 

» 

a, 

b, 

c,    d 

&c. 

b,     c 

b,    c, 

d 

b, 

c, 

d,     e 

c,     d, 

e 

c, 

d, 

e.    / 

d, 

e, 

/    9 

, 

a, 

2b,     c 

1 

. 

a, 

46,     6c , 

4d 

e 

&c. 

a,    36,    3c, 

, 

h. 

2c,    d 

b, 

4c,     6d, 

4e, 

f 

b,     3c,     Sd, 

a, 

2b, 

c,     . 

. 

c, 

4d,     6e, 

¥. 

9 

a,     36,    3c,       d. 

b, 

2c, 

d,    . 

a, 

46, 

6c,     4d, 

e, 

■ 

6,     3c,     3d,       e. 

b 

4c, 

Qd,    4e, 

f 

a, 

36,     3c,      d, 

c, 

4d, 

( 

ie,     4/, 

9. 

. 

b, 

3c,    3 

d,      e. 

d 


&" 


[I  have  inserted  in  these  determinants  the  numerical  coefficients  which  were  by 
mistake  omitted.] 

However,  these  functions  are  not  all  independent ;  e.g.  the  last  may  be  linearly 
expressed  by  the  square  of  the  second  and  the  cube  of  {ae  —  4fbd  +  3c')  ;  nor  do 
I  know  the  symbolical  form  of  these  hyperdeterminant  determinants. 
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15. 


[NOTE  SUE  DEUX  FORMULES  DONNEES  PAR  M.  M.  EISENSTEIN 

ET  HESSE. 

[[From  the  Journal  f-iir  die  reine  und  angewandte  Mathematik,  (Crelle)  vol.  xxix.  (1845), 

pp.  54 — 57.] 

Mb.  Eisenstein  a  donnd  [Journal,  t.  xxvii.  (1844),  pp.  105 — 106]  cette  formule  assez 
remarquable  : 

(a'd»  -  36»c=  +  400=  +  Ud"  -  Qahcdf  =  A'D^-  SB'O  +  4>AO>  +  WB -  6ABGI), 

0X1  A,  B,  C,  D  sont  des  fonctions  donn^es  de  a,  b,  c,  d.     Cela  peut  se  g^n^raliser  comme 
suit. 

Soit 

u  =  a*  +  b'g''  +  &p  +  dV  -  ^ahhg  -  2ahcf-  2ahde  -  2bgcf-  2bgde  -  2cfde  +  ^adfg  +  46ce/t, 

et  de  plus 

^  da  ^  db  ^  dc  ^  dh 

Repr^sentons  par    U  la   m^me   fonction   de   A,   B,   G,  ...  H,  que   la  fonction   u  Test   des 
quantity  a,  b,  c,  ...  h,  Von  a  r^quation 

U  =  u\ 

C'est  un   cas  particulier  d'une   propridtd  g^nerale   de    la  fonction   u,   que   Ton    peut 
enoncer  ainsi.     Imaginons  la  fonction 

aj;,y,^,  +  bx^y^z.^  +  ca^^,  +  dx^^i  +  ex^iZ^  -{-fa^iZi  +  gx^iZi  +  hx^^^, 

transform^e  en 

oV,y'iz',  +  h'x\y\^t  +  . . .  +  h! a^ .^if ^z\, 

c.  15 
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par  les  substitutions 

xt  =  XiXi'+\,xt,    yi=fiiyi+fiiy$,    zi  =  viZi'  +  vtZ,', 

et  soit  m',  la  fonction  analogue  k  u,  des  nouveaux  coefficients  a',  b',  c',  ...  h' :  alors 

u'  =  (\,  V - '^'K'y  Oi %' - /*!! fh)" ("i  W -  v^ v^y .  u. 
En  ^changeant  seulement  les  z,  ceci  donne 

u'  =  (l»iJ>,'  —  I/jl//)'  .  U, 

ou  a'  =  Via  +  Vi'e,     b'  =  Vib  +  v^  f,    c'  =  i',  c  +  v^g,     d'  =  i/,  d  +  v/A, 

s'  =  1/2 a  +  Vj'e,    f  =  Vib-^ vif,    g'  =  ViO+  v^'g,     h'  =v,d  +  v^'h. 

S^it  Vi  =ah  —  bg  —  cf—de, 

v/  =  -  2  (ad  -  6c), 
v^=-2  (eh  -fg), 
vi  =  ah  —  bg  —  cf—  de  (=  v^), 
on  trouve  d'abord 

("i"/  —  J'sl'a')  =  U^,    ou    w'  =  u', 

et  puis,  en  ayant  ^gard  aux  valeura  de  A,  B,  G,  ...  H : 

a'  =  H,    b'  =  -G,    c'  =  -F,    d'  =  E, 
e'=D,    f'  =  -B,    g'  =  -C,    h'^A, 

de  manifere  que  «'=  U,  d'oii  enfin 

U  =  u'. 

La  propriety  de  la  fonction  u  que  je  viens  d'^noncer,  se  rapporte  a  une  thdorie 
assez  g^n^rale,  d'une  nouvelle  espece  de  fcmctions  alg^briques  dont  je  m'occupe  actuelle- 
ment,  et  lesquelles  k  cause  de  leur  analogie  avee  les  d^terminantes,  on  pourrait  comme 
je  crois  nommer  "  Hyperd^terminantes."  Je  me  propose  de  poser  les  premiers  fondemens 
de  cette  th^orie  dans  un  mdmoire  qui  va  paraitre  dans  le  prochain  No.  du  Cambridge 
Mathematical  Journal  (No.  xxiii.)  [13]. 

A  present  je  passe  a  une  formule  de  Mr.  Hesse  [Journal,  t.  xxviii.  (1844),  p.  88], 
qui  se  rapporte  aussi  a  la  meme  th^orie.  Soit  V,  une  fonction  homogene  du  troisieme 
ordre,  et  k  trois  variables  x,  y,  z.  Soit  VCT,  la  ddterminante  form^e  avec  les  coefficients 
du  second  ordre  de   Y,   arranges  en  cette  forme: 

d'V  d'V  d'V 


da?' 

dxdy ' 

dxdz' 

d-'V 

d'V 

#F 

dxdy' 

df 

dydz' 

d'V 

d'V 

d^Y 

dzdx' 

dzdy' 

dz-" 
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soit  a  une  quantite  constante  quelconque  et  soient  A  et  B  deux  autres  constantes 
ddterminds:    Mr.  Hesse  a  ddmontre  I'^quation  remarquable 

V(U+aVU)  =  AU  +  BVU;  u,VU  ^ '--"-^  C^) 

mais  sans  donner  la  forme  dee  coeflScients  A  et  B,  ce  qui  parait  etre  trfes  difficile 
k  effectuer.  En  considdrant  1q  cas  d'une  fonction  homog^ne  de  deux  variables  seule- 
ment,  mais  d'ailleurs  d'un  ordre  quelconque,  on  parvient  k  un  theoreme  analogue  qui 
m'a  pani  interessant. 

"  Soit    U  une   fonction  homog^ne   et   de   I'ordre   v  des  deux   variables  x,   y,   et   VU 
la  d^termmante  ^  ■ -^,  - 1  ^^ ) ,  1  o 


Ion  a 


^^(v  -2){v  -^y  .V  {U  +  a^  U)=  {-  v{v  -\){v  -2y  Ja+  V  [v  -\)  {2v  -  by  la"]  U 

^L  +  [{v  -2){v-  3)'  +  {v-'2.){v-  3)  {2v-  5)  Ja"]  V  U. 

■  de 


Sn    repr^sentant    par    i,   j,    k,    I,    m,    les    coefficients    diffdrentiels    du    quatri^me    ordre 
|de   U,  on  a 

/  =  ikm  —  iP  —jm'  —1^+  2jkl, 

J=4jl-3I<^-mi, 

de    manifere    que    /,    J   sont    des    fonctions    de    x,  y   des    ordres    3  (r  —  4)    et    2{v  —  4) 
respecti  vement. " 


Ce  qu'il   y  a  de   remarquable,  c'est   la  forme   de   ces  deux   quantitds  I,  J.     On  voit 
d'abord  que  la  fonction  /  est  la  d^terminante  fonn^e  avec  les  termes 

i,  j,  k 
j,  k,  I 
k,     I,     m. 

Mais  de   plus   les  deux   fonctions  /,  J  ont   la  propri^td   suivante.     Si   Ton   imagine    une 
fonction  du  quatrieme  ordre 

l^t  +ij^i,  +Gk^T]'  +4>l^'>  +mr)*, 
transform^e   en 

I't  +  '^j'^'S  +  Gk'^S''  +  ^I'^'v'  +  m'ri'*, 
au  moyen  de 

en  representant  par  /',  J',  les  memes  fonctions  de  i',  /,  k',  V,  m',  on  a 

J' = {\fi' - \»« .J,  i'=  (v - ^'f^y ■  I- 

15—2 
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L'on  parviendrait,  je  crois,  h  des  r^sultats  plus  simples  en  considdrant  une  fonction 
U,  homogfene  en  x,  y,  et  aussi  en  a;,,  y,,  et  en  posant 


V[^  = 


d?V     d?V       d?V     d?V 


dxdxi '  dydyi     dxdy^ '  dydx, ' 

Par  exemple,  si  U  est  du  second  ordre  en  x,  y  et  aussi  en  a;,,  y,,  de  mani^re  que 

U=  X,'  {Aaf+2Bxy  +  Cy^) 
+  2a;,?/,  (A'x'  +  2B'xy+Cy'') 
+   y-'    (A"a^+2R'xy  +  G"f); 


on  a  simplement 


N 


te  repr^sentant  par  ^  la  d^terminante  form^e  avec  les  coefficients 

A  ,  B,  G; 
A',  E,  C; 
A",    B",     C"; 

et   multiplide  par  2*.     Mais  il  faudrait  d^velopper  tout  cela  beaucoup  plus  loin. 

P.S.  Je  ne  sais  pas  si  l'on  a  jamais  discutd  la  question  suivante,  qui  doit  conduire, 
il  me  semble,  k  des"*  r^sultats  importants.  Soient  L,  M,  L',  M',  U,  V  des  fonctions 
de  X.  En  dliminant  cette  variable  entre  les  Equations  LU+  MV=0  et  L'U  +  M'V=Q, 
et  en  reprdsentant  I'^quation  ainsi  obtenue  par  {LU  +  MV,  L'U  +  M'V\  =  0,  et 
de  mSme  par  \TJ,  F]  =  0  I'^quation  obtenue  en  ^liminant  x  entre  U  =  0,  F=0, 
il  est  clair  que  [LU  +  MU,  L'U  +  M'V]  contiendra  [U,  V]  comme  facteur:  quelles 
sont  maintenant  les  propri^t^s  de  I'autre  facteur  qu'on  pent  ^crire  sous  les  trois 
formes:  [LU  +  MV,  L'U  +  M'V]  :  [U,  V],  [LU  +  MV,  LM' -  L'M]  :  [L,  M]  et 
[L'U  +  M'V,  LM'-L'M]  :  [L',  M'])  ? 
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16. 


MEMOIRE  SUR  LES  HYPERDETERMINANTS  (TRADUCTION  D'UN 
MEMOIRE  ANGLAIS  INSERE  DANS  LE  "  CAMBRIDGE  MATHE- 
MATICAL JOURNAL"  AVEC  QUELQUES  ADDITIONS  DE 
L'AUTEUR). 


[From   the   Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  vol.  XXX.  (1846), 

pp.  1-37.] 

This  is   a   translation    of   the    foregoing  papers,   [13]   and   [14],    On   Linear   Transformations,   the   additions 
are  inconsiderable:   in  date  of  publication  it  was  subsequent  to  [13]  but  I  think  preceded  [11]. 


t 

118  [17 


17. 


I 


NOTE  ON   MR  BRONWIN'S    PAPER    ON    ELLIPTIC    INTEGRALS.  , 


[From  the  Camhyidge  Mathematical  Journal,  vol.   III.   (1843),   pp.   197—198.] 

This  Note  was    in    answer    to    objections    raised    by   Mr   Bronwin   in    his  paper   "On   Elliptic  Functions" 

Camb.   Math.   Jour.   vol.    iii.   (1843)  pp.    123 — 131,   to  some  of  the  formulae  of    transformation  in  the  Funda- 

menta  Nova.     There  is  in   it  a  serious   error  which  was  afterwards  pointed  out  by  Mr  Bronwin.  The  Note 
is  omitted,  as   are  also  the  other  papers,  [18]  and  part  of  [21],  which  refer  to  the  same  subject. 
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18. 


REMARKS   ON    THE    REV.    B.    BRONWIN'S    PAPER    ON    JACOBI'S 
THEORY   OF  ELLIPTIC   FUNCTIONS. 


[From  the  Philosophical  Magazine,  vol.   xxii.  (1843),  pp.  358 — 368.] 


This  paper  is  omitted:    see  [17]. 
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19. 


>: 


INVESTIGATION   OF  THE  TRANSFORMATION   OF   CERTAIN 

ELLIPTIC  FUNCTIONS. 


[From  the  Philosophical  Magazine,  vol.  xxv.  (1844),  pp.  352 — 354] 
The  function  sinaraw  (<j)U  for  shortness)  may  be  expressed  in  the  form 

'^"  =  "  "  (^  +  2mK  +2m'K'r)  ^  "  (^  +  2mK  +  {<L'  +  iTWi) ^^^ 

where  m,  m!  receive  any  integer,  positive  or  negative,  values  whatever,  omitting  only 
the  combination  m  =  0,  m'=  0  in  the  numerator  (Abel,  (Euvres,  t.  i.  p.  212,  [Ed.  2, 
p.  343]  but  with  modifications  to  adapt  it  to  Jacobi's  notation ;  also  the  positive  and 
negative  values  of  m,  m'  are  not  collected  together  as  in  Abel's  formulae).  We  deduce 
from  this 


4>{u  +  e) 
4>d 


=  n  1  + 


2mK  +  2m'K'i  +  6. 


.n(: 


1  + 


2mK-^{tm'->r\)K'i+6. 


..(2). 


Suppose  now  K  =  aH  +  a'H'i,  K'i  =  hH  +  h'H'i,  a,  h,  a',  h'  integers,  and  ab'  —  a'b  a 
positive  number  v.  Also  let  6=fH  +f'H'i;  f,f'  integers  such  that  af'—a'f,  hf'—b'f,  v, 
have  not  all  three  any  common  factor.     Consider  the  expression 


from  which 


0m<^(m  +  26))  ...  <^(w  +  2  (v  -  l)<u) 
''  ^(2a))...^(2(v-l)w) 


(3), 


2mK  +  2m' K'i  +  2re, 


-^n  1  + 


2mK  +  (2m'  +  l)K'i  +  2rd 


(4) 


where  r  extends   from    0  to  j;  - 1  inclusively,  the   single   combination  m  =  0,  m'  =  0,  r  =  0 
being  omitted   in   the   numerator.     We   may  write 

mK  +  m'K'i  +  re  =  fiE  +  fi'H'i, 
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^,  fi  denoting  any  integers  whatever.  Also  to  given  values  of  ^,  /u.'  there  corresponds 
only  a  single   system    of   values    of   m,   in',   r.     To   prove   this   we   must  show   that   the 

equations 

TIM  +  m'h  +rf  =  n,  ' 

ma'  +  m'h'  +  rf  =  /t', 

can  always  be  satisfied,  and  satisfied  in  a  single  manner  only.     Observing  the  value  of  v, 

vm  +  r{b'f-bf')=nb'-fi'b; 

then  if  v  and  b'f—  bf  have  no  common  factor,  there  is  a  single  value  of  r  less  than  v, 
which  gives  an  integer  value  for  m.  This  being  the  case,  m'b  and  w!h'  are  both 
integers,  and  therefore,  since  b,  V  have  no  common  factor  (for  such  a  factor  would 
divide  v  and  b'f—  bf),  m!  is  also  an  integer.  If,  however,  v  and  b'f—  bf  have  a 
common  factor  c,  so  that  v  =  ab'  —  a'b  =  c^,  b'f—  bf  =  C(f>' ;  then  (af  —  a'f)  b'  =  c  {4f'  —  </>'/), 
or  since   no   factor  of  c  divides  af  —  a'f,  c  divides  b',  and   consequently  b.     The  equation 

for   V  may   therefore   be   divided  by  c.     Hence,  putting    -  =  i',,   we   may   find   a   value    of 

c 

r,  say  r,,   less  than   v,,  which   makes  m   an   integer;    and    the   general    value   of  r  less 

than   V  which   makes    m    an    integer,   is    r  =  r, +sv,,   where   s  is  a   positive   integer  less 

than  c.     But  m  being  integral,  hm',  b'm',  and  consequently  cm'  are  integral ;  we  have  also 

cv^m'  +  (r,  +  sv)  {af  —  a'f)  =  a/tt'  -  a'fi ; 

and  there  may  be  found  a  single  value  of  s  less  than  c,  giving  an  integer  value  for  m'. 
Hence  in  every  case  there  is  a  single  system  of  values  of  m,  in,  r,  corresponding  to 
any  assumed  integer  values  whatever  of  fi,  fi.     Hence 

^  =  ""  (^  +  2Mg+V//'^)  "  "  ('  "^  2;.^+  (V  +  1)  H'^)  =  '^''^  ^^^ 

<f>;u  being  a  function  similar  to  c^m,  or  sin  am  u,  but  to  a  different  modulus,  viz.  such 
that  the  complete  functions  are  H,  H'  instead  of  K,  K'.     We  have  therefore 

^  ^u^  («+  2a)) ...  ^{u+1(v-\)(o)  . 

^'''"       <i>(:iw).  .(\>{-2.{v-1)(d)       ^'' 

Expressing  w  in  terms  of  K,  K',  we  have  vH  =  b'K  —  a'K'i,  —  vH'i  =  bK  —  aK'i,  and 
therefore  vw  =  {b'f—bf)K—(a'f—af)K'i.  Let  g,  g'  be  any  two  integer  numbers 
having  no  common  factor,  which  is  also  a  factor  of  v,  we  may  always  determine  a,  b,  a',  b', 
so  that  vm=gK - g'K'i.  This  will  be  the  case  ii  g  =  b'f~bf',  g' =  a'f—af'.  One  of  the 
quantities  /  /'  may  be  assumed  equal  to  0.  Suppose  /'  =  0,  then  g  =  b'f,  g'  =  a'f; 
whence  ag—bg'=vf.  Let  k  be  the  greatest  common  measure  of  .^r,  g',  so  that  g  =  kg^, 
g'  =  kg'/,  then,  since  no  factor  of  k  divides  v,  k  must  divide  /,  or  f—kf,,  but 
g,  =b'f,  g',  =af',  and  a',  b'  are  integers,  or  /  must  divide  g,  g' ;  whence/ =  1,  or  f=k. 
Also  ag^  —  hg'^  =  v,  where  g^  and  g'^  are  prime  to  each  other,  so  that  integer  values 
may  always  be   found   for  o   and   b ;    so   that  in   the   equation   (1)  we  have 

^  _gK- g'K'i 


V 


in 


g,  g'  being  any  integer  numbers  such  that  no  common  factor  of  g,  g    also  divides  v. 
C.  IG. 


(8) 
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I 

The   above   supposition,  /'  =  0,   is,   however,   only  a   particular  one ;   omitting   it,  the         • 

conditions  to  be  satisfied  by  a,  b,  a',  b',  may  be  written  under  the  form  I 

ab'  —  a'b  =v,  ^ 

ag  —  bg'  =  0  [mod.  v], 
a'g  —  b'g'  =  0  [mod.  v], , 

to   which   we   may  join   the   equations   before   obtained, 

vE  =  b'K  -  a'K'i,^^ 
-vH'i^bK-aKi,  ]" 

which  contain  the  theory  of  the  modular  equation.  This,  however,  involves  some 
further  investigations,  which  are  not  sufiiciently  connected  with  the  present  subject  to 
be   attempted   here. 


.(9) 
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20. 


ON   CERTAIN   RESULTS  RELATING  TO   QUATERNIONS. 


[From  the  Philosophical  Magazine,  vol.  xxvi.  (1845),  pp.  141 — 145.] 


In  his  last  paper  on  Quaternions  [Phil.  Mag.  vol.  xxv.  (1844),  p.  491]  Sir  William 
R.  Hamilton  has  alluded  to  a  paper  of  mine  on  the  Analytical  Geometry  of  (n) 
Dimensions,  in  the  Cambridge  Mathematical  Journal  [11],  as  one  that  might  refer  to  the 
same  subject.  It  may  perhaps  be  as  well  to  notice  that  the  investigations  there  contained 
have  no  reference  whatever  to  Sir  William  Hamilton's  very  beautiful  theory ;  a  more 
correct  title  for  them  would  have  been,  a  Generalization  of  the  Analysis  which  occurs 
in  ordinary  Analytical  Geometry. 

I  take  this  opportunity  of  communicating  one  or  two  results  relating  to  quater- 
lions;  the  first  of  them  does  appear  to  me  rather  a  curious  one. 


Observing  that 

{A+Bi  +  Cj  +  Dk)-'  =  (A- Bi  -  Cj-  Dk) -r  {A' -^ B' +  (?  +  D') 

lit   is   easy   to   form   the   equation 

\a  +  Bi  +  Gj  +  Dk)-'  {a  +  ^i+  yj  +  Bk)  (A  +  Bi  +  Cj  +  Dk) 
1 


■(1) 


A^  ■\- B^  +  C  +  Df 
'  a(^=  +  5'+(7=  +  i>)  ^■••(2) 

+  i[  /8(^i'  +JS'-(>-i)»)  +  27(5C+4Z»)  +2S(£i)-^C)  ] 

+i[2/3(BC-^i))  +   7  (^^  -  iB^  +  C^  -  i)^)  +  28  (OZ*  +  ^£)  ] 

+  k\t^{BD^-AC)  -vly^GD-AB)  +S(^^  -  £=- C^  + D^)] 

which  I  have   given   with   these   letters  for  the   sake  of  reference ;  it  will  be  convenient 
to   change   the   notation  and  write 

16—2 
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(1  +  \t  +  Ay  +  vk)-^  {ix  +jy  +  kz)  (1  +  Xi  +  /ij  +  vk) 

1 

"l+X'  +  fi^  +  v" 

+j  [2a:(\/x— »») 


+   3/(1  -V  +  A'''-i'')  +  2z(/ti'  +  X)  ] 

+  2!/(;14I/-X)  +     ^(l-X»-/(t=  +  «^)]^ 

i  (aa;  +  a'y  +  a"^) ' 


(3) 


■w 


+  ^(7a;  +  7'y+7''^). 

suppose.     The   peeuliaiity   of  this   formula  is,  that   the   coefficients   a,  yS, . . .  are    precisely 
such   that   a  system   of  formulae 

a;,  =  aa;  +  a!y  +  ol'z  "^ 

y=&x  +  ^y  +  ^"z 


.(5) 


denotes  the  transformation  from  one  set  of  rectangular  axes  to  another  set,  also 
rectangular.  Nor  is  this  all,  the  quantities  X,  /t,  v  may  be  geometrically  interpreted. 
Suppose  the  axes  Ax,  Ay,  Ax  could  be  made  to  coincide  with  the  axes  Ax^,  Ay^,  Az, 
by  means  of  a  revolution  through  an  angle  Q  round  an  axis  AF  inclined  to  Ax,  Ay,  Az, 
at   angles  /,  g,   h   then 

X  =  tan^^cos/,         fi  =  tan  ^6  cos  g,         f  =  tan  J^cos  A. 

In  fact  the  formulae  are  precisely  those  given  for  such  a  transformation  by  M.  Olinde 
Rodrigues ,  Liouville,  t.  v.,  "Des  lois  g^ometriques  qui  r^gissent  les  d^placemens  d'un 
systeme  solide"  (or  Camb.  Math.  Journal,  t.  iii.  p.  224  [6]).  It  would  be  an  inte- 
resting question  to  account,  d  priori,  for  the  appearance  of  these  coefficients  here. 

The   ordinary  definition   of  a   determinant   naturally   leads   to   that   of   a  quaternion 
determinant.     We   have,   for  instance, 


rs',  <j>' 

<^''  X 

in  ft 

^  '  X 


^  isrd)  —  "^  4>y 

= ^ (<i>'x' -  'f>"x')  +  '^'  i^"x -  'he")  +  '^" (^x  - 'f>'x)> 


(6), 


&c.,  the  same  as  for  common  determinants,  only  here  the  order  of  the  factors  on  each 
term  of  the  second  side  of  the  equation  is  essential,  and  not,  as  in  the  other  case, 
arbitrary.     Thus,  for  instance, 

«r,     cr'  j  =  wbt' —  wot',    =0    (7), 


OT,        OT 


20] 
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■or ,     XT- 
fir ,     w 


=  BT'sr'  —  ■bi'ct,    =♦=  0. 


•(8), 


that    is,    a    quaternion    determinant    does    not  vanish    when    two    vertical    rows    become 

identical.     One   is   immediately  led   to   inquire  what   the   value  of  such   determinants  is. 

Suppose 

OT  =  a;  +  ly  +jz  +  kw,     is'  =  x'  +  iy'  +jz'  +  kw',  &c., 


it  is  easy  to  prove 


!• 


lar         tiT        —  —  ^ 

/       _/ 

CT         1ST 


■OJ'  , 

■^  , 

■5T 

^', 

■ET 

^", 

CT 

ra-    , 

^    , 

or 

w'  , 

"■'  , 

tr' 

w". 

TO-", 

W' 

=  -2 


i  ,    j ,     A; 

i»,     y,     z 

^,    y',    ^ 

3  ,  i  ,  j  ,  k 

X  ,  y  ,  z  ,  w 

of,  y' ,  /,  w' 

0^',  y",  z",  w" 


(9). 


(10), 


1ST         y  tST 


t!T      ,        OT 


=  0 


(11), 


or  a  quaternion   determinant   vanishes   when   four  or   more   of  its   vertical   rows  become 
identical. 


Again,  it  is  immediately  seen  that 


w. 

</> 

+ 

«^. 

TO 

= 

TO, 

TO    !  — 

to'. 

f 

■ST 

TO, 

<^' 

f. 

or' 

f. 

<^' 

0. 

</> 

(12) 


;c.  for  determinants  of  any  order,  whence  the  theorem,  if  any  four  (or  more)  adjacent 
vertical  columns  of  a  quaternion  determinant  be  transposed  in  every  possible  manner, 
the  sum  of  all  these  determinants  vanishes,  which  is  a  much  less  simple  property 
than  the  one  which  exists  for  the  horizontal  rows,  viz.  the  same  that  in  ordinary 
determinants  exists  for  the  horizontal  or  vertical  rows  indifferently.  It  is  important  to 
remark    that   the   equations 

=  0,  &c (13) 


TO, 

<^ 

=  0  or 

TO, 

f 

to'. 

f 

</>> 

</>' 

i.e.  sr0'  —  nr'cj}  =  0,  or  to</>'  —  <f>ia'  =  0,  &C. 

are   none   of  them   the   result   of  the   elimination   of  IT,  3>,   from   the   two   equations 

CTn  +  (j)^  =0,    (14). 

or'n  +  (f>'^  =  0, 
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On    the   contrary,  the  result   of  this   elimination   is   the   very   different   equation 

W-' .  </)  -  w'-' .  (^' =  0 (15). 

equivalent  of  course  to  four  independent  equations,  one  of  which  may  evidently  be 
replaced  by 

Mv .  M^' -  Mut' .  M<f>  =  0 (16), 

if  M-BT,  &c.  denotes  the  modulus  of  w,  &c.  An  equation  analogous  to  this  last  will 
undoubtedly  hold  for  any  number  of  equations,  but  it  is  difficult  to  say  what  is  the 
equation  analogous  to  the  one  immediately  preceding  this,  in  the  case  of  a  greater 
number  of  equations,  or  rather,  it  is  difficult  to  give  the  result  in  a  symmetrical  form 
independent   of  extraneous   factors. 

I  may '  just,  in  conclusion,  mention  what  appears  to  me  a  possible  application  of 
Stf  William  Hamilton's  interesting  discovery.  In  the  same  way  that  the  circular 
functions  depend   on   infinite   products,   such   as 


«nfi  +  ^,  &c 

{m  any  integer  from  oo  to  —  oo ,  omitting  m  =  0} 
and   the   inverse   elliptic   functions   on   the   doubly   infinite   products 


(17), 


a:n  (l  + 
\ 


X 


,  &c. 


mw  +  ntmj 
{m  and  n  integers  from  ao  to  —  oo ,  omitting  m  =  0,  «  =  0), 


(18) 


may  not   the   inverse   ultra-elliptic  functions  of  the   next  order  of  complexity  depend  on 
the  quadruply  infinite  products 


a;n    1  + 


M 


(19) 


mw  +  nzsi  +  0(pj+p-\jrkj 
{m,  n,  0,  p  integers  from  x  to  —  » ,  omitting  »t  =  0,  n  =  0,  o  =  0,  p  =  0\. 

It  seems  as  if  some  supposition  of  this  kind  would  remove  a  difficulty  started  by 
Jacobi  (Crelle,  t.  ix.)  with  respect  to  the  multiple  periodicity  of  these  functions.  Of 
course  this  must  remain  a  mere  suggestion  until  the  theory  of  quaternions  is  very  much 
more  developed  than  it  is  at  present ;  in  particular  the  theory  of  quaternion  exponentials 
would  have  to  be  developed,  for  even  in  a  product,  such  as  (18),  there  is  a  certain 
singular  exponential  factor  running  through  the  theory,  as  appears  from  some  formula 
in  Jacobi's  Fund.  Nova  (relative  to  his  functions  0,  H),  the  occurrence  of  which  ma}- 
be  accounted  for,  d  priori,  as  I  have  succeeded  in  doing  in  a  paper  to  be  published 
shortly  in  the  Gambndge  Mathematical  Journal  [24]. 
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ON  JACOBI'S   ELLIPTIC  FUNCTIONS,  IN  REPLY  TO  THE 
REV.  B.  BRONWIN;  AND  ON  QUATERNIONS. 


^^H  [From  the  Philosophical  Magazine,  vol.  xxvi.   (1845),  pp.  208,  211.] 

^^        The  first  part  of  this  Paper  ia  omitted,  see  [17] :  only  the  Postscript  on  Quaternions,  pp.  210,  211,  is  printed. 

It  is  possible  to  form  an  analogous  theory  with  seven  imaginary  roots  of  ( —  1) 
(?with  i;  =  2"-l  roots  when  i;  is  a  prime  number).  Thus  if  these  be  i^,  4  4,  i^,  4  i^,  i„ 
which  group  together  according  to  the  types 

123,,  145,     624,     653,    72o,     734,     176, 

i.e.  the  type  123  denotes  the  system  of  equations 

I1Z2  =  *3,         ^2^3  ^  *1,         ^311  ^  20, 

Ijlri  =  —  13 ,         I3I2  =  li ,         Vfis  =  —  tjj , 

&c.     We  have  the  following  expression  for  the  product  of  two  factors : 
(Zo  +  X,i,+  ...X, i,) {X\  +  X\  i,  +  ...X\i,) 


+  \¥i 

+ 

x,x\ 

45 

-  ; 

+ 

76 

+ 

x,x\ 

(01)]  t\ 

+  [31 

+ 

46 

+ 

57 

+ 

(02)]  i 

+  [I2 

+ 

65 

+ 

47 

+ 

(03)]  i 

+    [51 

+ 

62 

+ 

47 

+ 

(04)]  i. 

+   [14 

+ 

36 

+ 

72 

+ 

(05)]  4 

+    [24 

+ 

53 

+ 

17 

+ 

(06)]  i. 

+    [25 

+ 

34 

+ 

61 

+ 

(07)]  *V 

where  (01)  =  X,X\  +  X,X\ ...;   12  =  X,X', -  X,X\  &c. ; 

and  the  modulus  of  this  expression  is  the  product  of  the  moduli  of  the  factors.  The 
above  system  of  types  requires  some  care  in  writing  down,  and  not  only  with  respect 
to  the  combinations  of  the  letters,  but  also  to  their  order;  it  would  be  vitiated,  e.g.  by 
writing  716  instead  of  176.  A  theorem  analogous  to  that  which  I  gave  before,  for 
quaternions,  is  the  following  : — If  A  =  1  +  Xjij . . .  +  Xjij,  X  =  oo^ii . . .  +  oc.,i., :  it  is  immediately 
shown  that  the  possible  part  of  A~'XA  vanishes,  and  that  the  coefficients  of  ii,...i, 
are  linear  functions  of  «!,...  a-,.  The  modulus  of  the  above  expression  is  evidently  the 
modulus  of  X;  hence  "we  may  determine  seven  linear  functions  of  Xi...Xj,  the  sum 
of  whose  squares  is  equal  to  x-^ -\-  ...  +  Xt^."  The  number  of  arbitrary  quantities  is 
however  only  seven,  instead  of  twenty-one,  as  it  should  be. 
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^  ON    ALGEBRAICAL   COUPLES. 


[From  the  Philosophical  Magazine,  vol.  xxvii.  (1845),  pp.  38 — 40.] 

It  is  worth  while,  in  connection  with  the  theory  of  quaternions  and  the  researches 
of  Mr  Graves  (Phil.  Mag.  [Vol.  xxvi.  (1845),  pp.  315 — 320]),  to  investigate  the  pro- 
perties of  a  couple  ix+jy  in  which  i,  j  are  symbols  such  that 

i"  =  ai  +  Sj, 

ij=a:i+S'j, 

ji  =^1+  Sj, 

j'  =  y'i  +  S'j. 


I 


If  ix  +ji/  ixi  +  jy,  =  iX  +  j  Y, 

then  X  =  a  xx^  +  a'a;y,  +  r^x^  +  7'yyi , 

Y  =  S'xx^  +  S'xy^  +  h'x^y  +  S'yy, . 

Imagine  the  constants  a,  S ...  so  determined  that  ix  +jy  may  have  a  modulus  of 
the  form  K  (x  +  \y)  (x  +  fiy) ;  there  results  one  of  the  four  following  essentially  inde- 
pendent  systems 

A.  i.  =  ^^^SX^  +  yX  +  ].)i-^j, 


» 


f  =  -  X/i^i  -»-  (7  +  X  +  fiB)j, 

(  1 

Z  +  \F  =  -  (7  +  A.S)  (a;  -1-  \y)  {x,  -f-  \y,\ 


X  +  fiY=-{y  +  fiB){x  +  fiy){x  +fiy,). 


I 
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The  couple  may  be  said  to  have  the  two  linear  moduli, 

as  well  as  the  quadratic  one, 

—  (7  +  \S)  (7  +  fiS)  (x  +  \y)  (x  +  fiy), 

the   product   of  these,   which   is   the   modulus,   and   the   only   modulus   in   the   remaining 
systems. 


ID. 


V=ji=yi+S}, 


/  =  (X  +  /t  7  +  \/iS)  i  -  yj, 

X  +  XY=liy  +  \S)(x+^y)  (X,  +  iMy,), 


/x"  +  fl\  +  \'' 


ji=      yi+Bj, 


y  +  ,  +  ^^)i+{-S-^-±^y)j, 


f  =  (\  +  fj,y  +  XfiB)  i  -  yj, 

X+XY=l(y+XS)(x+  Xy)  (x,  +  f.y,). 


X+fiY=:-(y  +  fiS)(x+fiy)(x,  +  Xy,). 


i'=-Bi  +  ^(y  +  SX  +  fi)j, 

ji  =      yi+  Bj, 

f  =  -  X/jiBi  +  (7  +  X  +  fiB)j, 

r  1 

-^  +  XF=  -  (7  +  XS)  (a;  +  (i.y')  (a;,  +  Xy,), 

X->rit.Y=  -  (7  +  mS)  (x-^Xy)  (a;,  +/i,y,). 


17 
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The   fonnula?   are   much   simpler   and  not   essentially  leas   general,  if  fi=  —  \.     They 
thus  become 

A'. 


t"*  =        St 

+  Ji. 

y=ji  =  r>- 

+    BJ, 

j»  =      X'Si 

+    V. 

X±XY=±-(y±XS)(x±\y) (ar,  ±  Xy,). 


(Two  linear  moduli.) 
B'.  t»=     -Bi    -^J, 

^  ij=ji=yi      +        Sj, 


f  =  -  \^Bi     -      yj, 

X  ±\Y=  +  -(y±XS)(x  +  Xy) (x,  T  Xj/i). 
A. 


V  =  -    7^-     Bj, 
<  ji=      yi+    Bj, 

/  =  -  X'Bi  -     yj, 


X  ±XY  =±  -(y  ±\B)ix  ±Xy)  (a;,  +  Xy,). 

D'.  t»  =  -8i     -^J, 

y  =  -yi    -   Bj, 
ji=     yi    +    Bj, 

j'=   Xm     +    yj, 

X  ±  \F  =  T  ^  (7  +  \8  )  («  +  Xy)  (a;,  +  Xy). 

Af 

There  is  a  system  more  general  than  (A.)  having  a  single  linear  modulus  q(0X  +  Y): 
this  is 

E.  i'=a{i-ej)  +  0'gj, 

ij  =  a'{i-dj)  +  eqj, 
ji  =  y(i-ej)  +  dgj, 

jt  =  y'(i-0j)+     qj, 

0X+Y=q(0x  +  y)(dx,  +  y,); 
or,  without  real  loss  of  generality, 
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E'.  I's  =  a  i^ 

ij  =  a'i, 

ji  =  7  i 

f  =  yi+qj, 

To  complete   the  theorj-  of  this  system,  one   may  add  the   identical   equation 

^^d^r^^=  -e^r^-["'+ a^'y)['=^  +  ^y^ 

where  j^  JJ:,  -  6^,')  -  jg  -  Qa') 


ay  —  ay 

1        _a'-dy  _a'-  6y' 


By   determining   the    constants,  so    that  ^ ,,=  ~  -5^  =  " w^,  the    system  would 

a  —  qm     a  —  Qa!      a  —  6y  ^ 

reduce  itself  to  the  fonn  A. 


17—2 
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23. 

'^^       ON  THE  TRANSFORMATION   OF  ELLIPTIC  FUNCTIONS. 

[From  the  Philosophical  Magazine  and  Journal  of  Science,  vol.  xxvil.  (1845),  pp.  424 — 427.] 

In  a  former  paper  [19]  I  gave  a  proof  of  Jacobi's  theorem,  which  I  suggested  [21] 
would  lead  to  the  resolution  of  the  very  important  problem  of  finding  the  relation 
between  the  complete  functions.  This  is  in  fact  efifected  by  the  formulae  there  given, 
but  there  is  an  appai^nt  indeterminateness  in  them,  the  cause  of  which  it  is  necessary 
to  explain,  and  which  I  shall  now  show  to  be  inherent  in  the  problem.  For  the  sake 
of  supplying  an  omission,  for  the  detection  of  which  I  am  indebted  to  Mr  Bronwin, 
I  will  first  recapitulate  the  steps  of  the  demonstration. 

If  ^  o),  ^  u  (')  be  the  complete  functions  corresponding  to  <ji,  x,  then  this  function 
is  expressible  in  the  form 

if>x  =  xn  (i  + — ^— -)  ^  n  ( 1  + "" - ) . 

V       mw  +  nvj  V        m+Jw  +  w  +  Jw/ 

Let  p  be  any  prime  number,  fi,   v  integers  not  divisible  by  p,  and 

fica  +  vv 
P 
The  function 

<t>{x+2e)  <f>{x+4:e)    <b(x+2{p-i)e) 

<p,x-,px      ^2^  ^^       ...     ^^2ip-l)d) 

is  always  reducible  to  the  form 

"'^  V  "^  m'o,' +  n'v)  ■^^V-^m'  +  ^  J+  n'  +  i  v'- 
'  Analogous  to  the  K,  K'i  of  M.  Jacobi. 
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and  thiis  <f)iX  is  an  inverse  function,  the  complete  functions  of  which  are  |  to',  ^  v  :  and 
to',  v   are  connected  with  to,  v  by  the  equations 

to'  =  -  (a«  +  §u), 

a,  ?,  a',  ^'  being  any  integers  subject  to  the  conditions  that  a,  g"  are  odd  and  a',  g" 
even  ;   also 

ag'-a'g=    p, 

/L(.6"  —  vol  =  Z'p, 

fj.§  —va  =  Ip, 

I,  I'  being  any  integers  whatever.  In  fact,  to  prove  this,  we  have  only  to  consider 
the  general  form  of  a  factor  in  the  numerator  of  <f-jX.  Omitting  a  constant  factor, 
this  is 


(^+ma.  +  nv  +  2re)       t'*<^] 


TWO)  +  nv  - 
and  it  is  to  be  shown  that  we  can  always  satisfy  the  equation 

■nuo  +  nv  +  2rd  =  m'co'  +  n'v', 

or  the  equations 

pm  +  2rfj,  =  m'a  +  n'a', 

pn+2rv  =m'S+7)'§'; 

and  also  that  to  each  set  of  values  of  m,  n,  r,  there  is  a  unique  set  of  values  of 
m',  n,  and  vice  versa.  This  is  done  in  the  paper  referred  to.  Moreover,  with  the 
suppositions  just  made  as  to  the  numbers  a,  S'  being  odd  and  a',  S  even,  it  is  obvious 
that  m  is  odd  or  even,  according  as  m  is,  and  n'  according  as  n  is,  which  shows 
that  we  can  likewise  satisfy 


m  +  ^a)+n  +  ^v  +  2rd  =  m'  +  ^a)'  +  n'  +^v' ; 

and  thus  the  denominator  of  </),a;  is  also  reducible  to  the  required  form. 

Now  proceeding  to  the  immediate  object  of  this  paper,  a,  S,  a,  S',  and  consequently 
a>',  v  are  to  a  certain  extent  indeterminate.  Let  A,  B,  A',  B'  be  a  particular  set  of 
values  of  a,  S,  a,  S',  and  0,  P  the  corresponding  values  of  to',  v.  We  have  evidently 
A,  B  odd  and  A',  B  even.     Also 

AB'-A'B=     p, 

fiF  -  vA'  =  Up, 

fiB  —  vA  =  Lp, 

0  ^-(Aa  +  Bv), 

p 

U=-(A'co  +  B'v). 

p 
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By  eliminating  ca,  v  from  these  equations  and  the  former  system,  it  is  easy  to  obtain 

o)'  =  aO  +  bU, 
v'  =  a'0  +  b'U, 

where  a  = -(aF- g^').     b  =  -~(aB-€A), 

P  p 

a'  =  -  (a'5'  -  S'A'),     b'  =  -^~  (a'B  -  S'A ). 

The  coefficients  a,  b,  a',  b'  are  integers,  as  is  obvious  from  the  equation  fi{aB  —  €'A) 
=  p{L'a  —  lA'),  and  the  others  analogous  to  it;  moreover,  a,  b'  are  odd  and  a',  b  are 
even,  and 

ab'  -  a'b  =  \  (A  'B  -  A'B)  (ag'  -  a'€) ; 
that  is  ab'  —  a'b  =  l. 

Hence    the    theorem, — "The    general    values    co',    v    of    the  complete    functions   are 

linearly    connected    with    the    particular    system    of    values    0,  U   by    the    equations, 

(o'  =  aO  +  bU,  v'  =  a'0  +  b'U,  in  which  a,  b'  are  odd  integers  and  a',  b  even  ones, 
satisfying    the    condition    ab'  —  a'b  =  1." 

With  this  relation  between  0,  U  and  w',  v',  it  is  easy  to  show  that  the  function 
(}>tX  is  precisely  the  same,  whether  0,  U  or  «',  v'  be  taken  for  the  complete  functions. 
In  fact,  stating  the  proposition  relatively  to  <^x,  we  have, — "  The  inverse  function  <i>x 
is  not  altered  by  the  change  of  w,  v  into  m',  v,  where  «u'  =  aw  +  Sv,  v  =  a'w  +  S'v, 
and  a,  S,  a',  S'  satisfy  the  conditions  that  a,  S'  are  odd,  a',  ?  even,  and  a?'  —  a'S  =  \." 
This   is   immediately  shown   by   writing 

mo)  -\-nv  =  m'(o'  +  n'v, 

or  ■  m=  m'a  +  n'a', 

n  =  m'S  +  n'S'. 

It  is  obvious  that  to  each  set  of  values  of  m,  n  there  is  a  unique  set  of  values  of 
»?.',  n',  and  vice  versd :  also  that  odd  or  even  values  of  m,  m'  or  n,  n'  always  corre- 
spond to  each.     It  is,  in  fact,  the  preceding  reasoning  applied  to  the  case  of  p  =  1. 

Hence  finally  the  theorem, — "  The  only  conditions  for  determining  &>',  v'  are  the 
equations 

«'  =  -  (aw  +  Sv),       v'  =  -  (a'ffl  +  g'v), 
p  p 

where  a,  S'  are  odd  and  a',  S  even,  and 

a6"  —  a'S  =  p,      fiS'  —  vol'  =  I'p,      ixS—va=  Ip, 

I  and  I'  arbitrary  integers:  and  it  is  absolutely  indifferent  what  system  of  values  is 
adopted  for  w',  v,  the  value  of  ^^x  is  precisely  the  same." 
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We  derive  from  the  above  the  somewhat  singular  conclusion,  that  the  complete 
functions  are  not  absolutely  determinate  functions  of  the  modulus;  notwithstanding 
that  they  are  given  by  the  apparently  determinate  conditions, 


•=/, 


dx 


^"^f'.jm 


„7(l-c^a!^)(l+eV)' 
dx 


In  fact  definite  integrals  are  in  many  cases  really  indeterminate,  and  acquire 
different  values  according  as  we  consider  the  variable  to  pass  through  real  values,  or 
through  imaginary  ones.  Where  the  limits  are  real,  it  is  tacitly  supposed  that  the 
variable  passes  through  a  succession  of  real  values,  and  thus  to,  v  may  be  considered 
as  completely  determined  by  these  equations,  but  only  in  consequence  of  this  tacit 
supposition.  If  c  and  e  are  imaginary,  there  is  absolutely  no  system  of  values  to  be 
selected  for  a,  v  in  preference  to  any  other  system.  The  only  remaining  difficulty  is 
to  show  from  the  integral  itself,  independently  of  the  theory  of  elliptic  functions,  that 
such  integrals  contain  an  indeterminateness  of  two  arbitrary  integers;  and  this  difficulty 
is  equally  great  in  the  simplest  cases.     Why,  d  priori,  do  the  functions 


or 


log  x  = 

J  0 


dx 

X 


contain  a  single  indeterminate  integer  ? 

IOrs.  I  am  of  course  aware,  that  in  treating  of  the  properties  of  such  products  as 
n  (l  +  ^, ,,_(.„„) .  it  is  absolutely  necessary  to  pay  attention  to  the  relations  between 
the 
fac 
the 
ha^ 
I 


m(o  +  nvj 

the  infinite  limiting  values  of  m  and  n;  and  that  this  introduces  certain  exponential 
factors,  to  which  no  allusion  has  been  made.  But  these  factors  always  disappear  from 
the  quotient  of  two  such  products,  and  to  have  made  mention  of  them  would  only 
have  been  embarrassing  the  demonstration  without  necessity. 
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24. 

ON   THE  INVERSE  ELLIPTIC  FUNCTIONS. 

[From  the  Cambridge  Mathematical  Journal,  t.  iv.  (1845),  pp.  257 — 277.] 

The  properties  of  the  inverse  elliptic  functions  have  been'  the  object  of  the 
researches  of  the  two  illustrious  analysts,  Abel  and  Jacobi.  Among  their  most  remarkable 
ones  may  be  reckoned  the  formulae  given  by  Abel  {(Euvres,  t.  i.  p.  212  [Ed.  2,  p.  343]),  in 
which  the  functions  ^a,  fa,  Fa,  (corresponding  to  Jacobi's  sin  am .  a,  cos  am  .  a,  Aam .  a, 
though  not  precisely  equivalent  to  these,  Abel's  radical  being  [(1  —  cV)  (1  +  e'ar')]*,  and 
Jacobi's,  like  that  of  Legendre's  [(1  —  a^)  (1  —k'af)]^),  are  expressed  in  the  form  of  fractions, 
having  a  common  denominator ;  and  this,  together  with  the  three  numerators,  resolved 
into  a  doubly  infinite  series  of  factors;  i.e.  the  general  factor  contains  two  independent 
integers.  These  formulae  may  conveniently  be  referred  to  as  "Abel's  double  factorial 
expressions"  for  the  functions  <t>,  f,  F.  By  dividing  each  of  these  products  into  an 
infinite  number  of  partial  products,  and  expressing  these  by  means  of  circular  or 
exponential  functions,  Abel  has  obtained  (pp.  216 — 218)  two  other  systems  of  formulae  for 
the  same  quantities,  which  may  be  referred  to  as  "Abel's  first  and  second  single  factorial 
systems."  The  theory  of  the  functions  forming  the  above  numerators  and  denominator, 
is  mentioned  by  Abel  in  a  letter  to  Legendre  {(Euvres,  t.  ii.  p.  259  [Ed.  2,  p.  272]),  as 
a  subject  to  which  his  attention  had  been  directed,  but  none  of  his  researches  upon 
them  have  ever  been  published.  Abel's  double  factorial  expressions  have  nowhere  any- 
thing analogous  to  them  in  Jacobi's  Fund.  Nova;  but  the  system  of  formulae  analogous 
to  the  first  single  factorial  system  is  given  by  Jacobi  (p.  86),  and  the  second  system 
is  implicitly  contained  in  some  of  the  subsequent  fonnuls.  The  functions  forming  the 
numerator  and  denominator  of  sin  am .  u,  Jacobi  represents,  omitting  a  constant  factor, 
by  H  (m),  0  (m)  ;  and  proceeds  to  investigate  the  properties  of  these  new  functions.  This 
he  principally  effects  by  means  of  a  very  remarkable  equation  of  the  form 

I®  (m)  =  i  .4  m"  +  BJ,  du .  /o  du  sin"  am  u, 
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{Fund.  Nova,  pp.  145,  133),  by  which  0  (it)  is  made  to  depend  on  the  known  function 
sin  am .  u.  The  other  two  numerators  are  easily  expressed  by  means  of  the  two 
functions  H,  ©. 

From  the  omission  of  Abel's  double  factorial  expressions,  which  are  the  only  ones 
which  display  clearly  the  real  nature  of  the  functions  in  the  numerators  and  denomi- 
nators ;  and  besides,  from  the  different  form  of  Jacobi's  radical,  which  complicates  the 
transformation  from  an  impossible  to  a  possible  argument,  it  is  difficult  to  trace  the 
connection  between  Jacobi's  formulae ;  and  in  particular  to  account  for  the  appearance 
of  an  exponential  factor  which  runs  through  them.  It  would  seem  therefore  natural  to 
make  the  whole  theory  depend  upon  the  definitions  of  the  new  transcendental  functions 
to  which  Abel's  double  factorial  expressions  lead  one,  even  if  these  definitions  were  not 
of  such  a  nature,  that  one  only  wonders  they  should  never  have  been  assumed  d,  priori 
from  the  analogy  of  the  circular  functions  sin,  cos,  and  quite  independently  of  the 
theory  of  elliptic  integrals.  This  is  accordingly  what  I  have  done  in  the  present  paper, 
in  which  therefore  I  assume  no  single  property  of  elliptic  functions,  but  demonstrate 
them  all,  from  my  fundamental  equations.  For  the  sake  however  of  comparison,  I  retain 
entirely  the  notation  of  Abel.     Several  of  the  fonnulae  that  will  be  obtained  are  new. 


The  infinite  product 


^nfi  +  — ) (1), 


where  m    receives   the  integer  values    +1,    +2,  ...+?•,   converges,   as   is   well   known,  as 


r  becomes  indefinitely  great  to  a  determinate  function  sin  —  of  a; ;   the  theory  of  which 

might,  if  necessary,  be  investigated  from  this  property  assumed  as  a  definition.  We  are 
thus  naturally  led  to  investigate  the  properties  of  the  new  transcendant 

u^xU.u(\+ }\ (2)  : 

\        mm  +  nm) 

ni  and  n  are  integer  numbers,  positive  or  negative ;  and  it  is  supposed  that  whatever 
positive  value  is  attributed  to  either  of  these,  the  corresponding  negative  one  is  also 
given  to  it.  i  =  \f  {  —  \),  <o  and  v  are  real  positive  quantities.  (At  least  this  is  the 
standard  case,  and  the  only  one  we  shall  explicitly  consider.  Many  of  the  formulae 
obtained  are  true,  with  slight  modifications,  whatever  «  and  v  represent,  provided 
only  a>  :  in'  be  not  a  real  quantity ;  for  if  it  were  so,  m«  +  nvi  for  some  values  of 
m,  n  would  vanish,  or  at  least  become  indefinitely  small,  and  w  would  cease  to  be 
a  determinate  function  of  «.)' 

Now  the   value  of  the  above   expression,   or,   as   for  the   sake   of  shortness  it    may 
be  written,  of  the  function 

M  =  icnnfl-I-,— ^1  (3), 


'  I  have  examined  the  case  of  impossible  values  of   w  and  u  in  a  paper  which  I  am  preparing  for  Crelle's 
Journal.    [The  paper  here  referred  to  is  [25],  actually  published  in  Liouville's  Journal]. 
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depends  in  a  remarkable  manner  on  the  mode  in  which  the  superior  limits  of  m,  n 
are  assigned.  Imagine  m,  n  to  have  any  positive  or  negative  integer  values  satisfying  the 
equation 

<^(m",  n^)<T (4). 

Consider,  for  greater  distinctness,  m,  n  as  the  coordinates  of  a  point;  the  equation 
<f>  (m',  n')  =  T  belongs  to  a  certain  curve  symmetrical  with  respect  to  the  two  axes. 
I  suppose  besides  that  this  is  a  continuous  curve  without  multiple  points,  and  such 
that  the  minimum  value  of  a  radius  vector  through  the  origin  continually  increases  as 
T  increases,  and  becomes  infinite  with  T.  The  curve  may  be  analytically  discontinuous, 
this  is  of  no  importance.  The  condition  with  respect  to  the  limits  is  then  that  m 
and  n  must  be  integer  values  denoting  the  coordinates  of  a  point  vnthiii  the  above 
curve,  the  whole  system  of  such  integer  values  being  successively  taken  for  these 
Vjuantities. 

Suppose,  next,  u'  denotes  the  same  function  as  u,  except  that  the  limiting  condition  is 

<l>' {m?,  nP)  <  T'  (5). 

The  curve  <f>'  {m?,  n")  =  2"  is  supposed  to  possess  the  same  properties  with  the  other 
limiting  curve,  and,  for  greater  distinctness,  to  lie  entirely  outside  of  it ;  but  this  last 
condition  is  nonessential. 

These   conditions^  being   satisfied,    the   ratio   u'  :  u   is   very  easily  determined   in    the 
limiting  case  of  T  and  T'  infinite.     In  fact 


"'=nn{i+.-^l (6), 


u 


or  Z-=S2i|n-^^l (7), 

u  [       (to,  n)J 

the  limiting  conditions  being 

<f>{m?,  n^)>T (8), 

Now  4l  +  /~^^}  =  7^'^-^7-^»  + W- 

(       (to,  n)]      (m,  n)         (m,  nf 

i-  =  x.22,-^-ia^.22-,-^,+  (10). 

V,  (to,  n)      '  (to,  nf 

or,    the    alternate    terms    vanishing    on    account    of    the    positive    and    negative    values 
destroying   each   other, 

i-  =  -ix\S2,-^,--ia:^.22,-^- (11). 

u         *  (to,  nf     *  (to,  ny 

In  general 

S2i/r(TO,  ?i)=//<^K  n)dmdn-\-P (12), 
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P  denoting  a  series  the  first  term  of  which  is  of  the  form  Cyjr  (m,  n),  and  the  remaining 
ones  depending  on  the  differential  coefficients  of  this  quantity  with  respect  to  m  and  n. 
The  limits  between  which  the  two  sides  are  to  be  taken,  are  identical. 


In  the  present   case,  supposing   T  and   T'  indefinitely  great,  it  is   easy  to  see  that 
first    term    of    t 
small;  and  we  have 


the    first    term    of    the    expression    for   I  —   is    the    only    one    which    is    not    indefinitely 


l-  =  -iAx',   or  w'  =  M6-i^^ (13), 


where 

A 


_  f  j"  dmdn  _  ff     dmdn 

~}j  (m,  ny~JJ  {ma  +  nvif  ^     ^ 


the  limits  of  the  integration  being  given  by 

^  (m»,  n')>T (15), 

(/)'  (m^  n')  <  T'. 

Some  particular  cases  are  important.     Suppose  the  limits  of  w'  are  given  by 

mW<r^,    n-v-<  T' (16), 

and  those  of  u,  by 

w?ay'  +  nh/'<T^ (17); 

we  have 


j^^(^dmdn      

^_ir,  (jL 1 1 1     ] 

w]        \T+nxn     V'(2*-wV)+ni;i     -  ^(2^ -nV) +  Mirt     -T+nvi] 
=  -—  I  'd^j^-^- v/(l-^)}=-— (7r-7r)  =  0; 


} 

or,  in  this  case, 

I  lt'  =  M (19). 

Again,  let  the  limits  of  m'  be 

■m?ay'<R'\     nV<S'^ (20), 

I  and  those  of  u, 

I  ni'a)'<B^,     riV</Sf2   (21). 

rr      dmdn         


{mto  +  nviy 

1  [^^  [       1  1         ,  1 1         ) 

(jo  J       \R'  +  nvi     R  +  nvi     —  R  +  nvi     —  R'  +  nm)  ' 
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where   the   limits  are    reV  <  S'-,   for    the    terms    containing    R',   n-xP  <  S',   for    the    terms 
containing  R, 

2     R  +  S'i  R-Si  ^^. 

~     mm   R-S'i  R  +  8i ^    ^■ 

4  S'  8 

= (\'  —  X),     if  X'  =  tan~'  -jt,,     X  =  tan~' 


av 


R"     ''-^""     R' 


the  arcs  X,  \'  being  included  between  the  limits  0,  ^tt.     Hence 

M'=Me2('^-*)£ (24). 

In    particular    if    d>=d'    u' —  u.      If     iv  =  0,     k=1.    w' =  M€~*^;  if    -jr,=cc,    p=  1, 

w'=Me*^*':   where  B= — ,   for   which   quantity   it   will   continue   to  be   used. 
wv 

We   may   now   completely   define   the   functions   whose   properties  are   to  be  investi- 
gated.    Writing,   for  shortness, 

(m,  n)  =  mm  +  nvi {A), 

{fn,  7i)  =  (m  +  ^)  o)  +  nvi, 

%  {m,  n)  =  mm  +  (n  +  i)  vi, 

(m,  n)=(m  +  f  j  m  +  {n+^)vi\ 


we  may  put 


7ic  =  a;nn    1+^-^  (fi), 

gw=  nn{i+ .  ^  . 

[        (to,   n) 


Gx=  nna  + 


(m,  n)j  ' 

€5«=  nn|i  +  ,^^ 

i        (m,  n) 
the  limits  being  given  respectively  by  the  equations 

mod.  (to,  n)  <  T,     mod.  (mi,  n)  <  T,     mod.  {m,  n)  <  T,     mod.  {m,  n)  <  T, 

T  being  finally  infinite.     The  system  of  values  m  =0,  n  =  0,  is  of  course  omitted  in  yx. 

The  functions  7a;,  gx,   Ox,  (&x,  are  all  of  them  real  finite  functions   of  x,  possessing 
properties  analogous  to  that  of  u.     Thus,  representing  any  one  of  them  by  Jx,  we  have 

Jx^e^iP^J±px (0), 
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where  J±^x  is  the  same  as  Jx,  only  for  J^x  the  limits  are  given  by  m'^ur  or 
{m  +  \)-  or  <  Br,  n-v-  or  {n  +  ^)-  v-  <  S,  {R,  S,  and  ^  infinite),  and  for  J_^  x,  by  the   same 

formulae,  {R,  S,  and  ^  infinite).  It  is  to  this  equation  that  the  most  characteristic 
properties  of  the  functions  Jx  are  due. 

The  following  equations  are  deduced  immediately  from  the  above  definitions: 

y(-x)  =  -yx,    g{-x)=gx,     G{-x)  =  Gx,     fS  (- x)  =  QSix (D), 

7(0)=0,     ^(0)=1,     G(0)  =  1,     ffi(0)  =  l, 
7'(0)  =  1. 

Suppose  jiX,  ffiX,  GiX,  dSiX,  are  the  values  that  would  have  been  obtained  for  yx,  gx,  Ox,  (Sx 
by  interchanging  to  and  v, — then  changing  x  into  xi,  and  interchanging  m  and  n,  by 
which  means  the  limiting  equations  are  the  same  in  the  two  cases,  we  obtain  the 
following  system  of  equations: 

yi(xi)=>iyx (E), 

gi  (xi)  =  Ox, 

Gi(xi)=gx, 

€Bf,(art)  =  ffij:; 

or  otherwise, 

y  (xi)  =  iy,x (F), 

g  (xi)  =  OiX, 

G(xi)  =  giX, 

equations  which  are  useful  in  transforming  almost  any  other  property  of  the  functions  J. 

The    functions   J^x   are   changed    one    into    another,   except    as    regards    a   constant 

multiplier,  by  the   change   of  x  into  «  +  ^ .     This  will  be  shown  in   a   Note,  or  it   may 

be  seen  from  some  formulae  deduced  immediately  from  the  definitions  of  the  functions 
J^,  which  will  be  given  in  the  sequel'.  Observing  the  relation  between  Jx  and  J^x, 
we  have  in  particular 


7  1^;+  -^\=ei^'^Agx 


m, 


n^+2 


^  fiiafix 


Byx, 


G(x+^]  =  ei^"''C(!5x, 


(S(. 


x+^]=€i^'^I>Gx, 


'  Not  given  in  the  present  paper.     [The  Note  was  given,  see  p.  154,  and  the  formulas  referred  to  mnst  have 
been  the  formulse  (M)  p.  144.] 
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where  A,  B,  0,  D,  are   most  simply  determined  by  writing  x-Q,  x  =  --^.     Putting  at 
the  same  time  e^  =  g  ^  =  q{-\ 

^-1® w. 


\Ai 


ence  also 


nf«  !='■-' ■ <^°^ 


Similarly,  the  functions  J-^x  are  changed  one  into   the   other  by  the  change   of  x  into 
x+\vi.     We  have  in  the  same  way 

r^L+'^  =  e-i»-^A'Gx (/), 

®  ^a;  +  ^]  =  e-i^"^  Ugx. 
Whence 


^'-<s(i)='-'*Kl)^ 


where  e^"-  =  6"  =5"'.     It  is  obvious  that  the  relation  between  q  and  5-1  is  lq.lqi  =  —  v^. 
We  obtain  from  the  above 

^(f)«©-r' w 
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Also,  by  making  x  =  -^    in    the    expression    for    7(3;+^)    and    «  =  ^    in    that    for 
fix+-^\,  we  have 

7(»).©-^©e(|) («,, 

and  the  same  or  an  equivalent  one  would  have  been  obtained  from  the  functions  g,  Q,  ffi. 
By  combining  the  above  systems,  we  deduce  one  of  the  form 

7(«+|  +  ^)  =  e*^'^""""^'^"ffia:  (K), 

Sr  («  +  I  +  ^')  =  eiP^ I--*)  B"Gui, 

^  ("^  "*■  2  "''  f )  "  «*^""""'"''  C'V, 

®  ('^  "^  I  "*"  ?)  =  ^^^"^ '""""  ^''^'^' 
and,  observing  the  equation  e^"""  =  e"  =  (-  1),  with  the  following  values  for  the  coefficients, 

^".(-i)...g).© w. 

B-.-(-,)..,.-..,(f)..(|), 

Collecting  the  formulae  which  connect  7(9),  7(9) these  are 

y(|)-o (iM. 

«(|)ffl(|)-„-. 
.(f)  «(?)  =  ,-, 
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\ 


And  by  the  assistance  of  these 

B"C"^A"D"=    B'D'  -r-A'C  =CD--AB  =  -l  (.28\ 

A'B'^G'U  =-  A"B" ^  G"B"  =  -  7' (^)  -  <&'  ( 2 ) • 

A"C" - F'D"  =  -A'C'  ^B-U  =     T'  (I)  - (S' (I)  . 

AD.BC   ^-A'D'.FC'=     T  (|)  -  ^  (|)  =  "  7^(l) -^' (l)  • 
which  will  be  required  presently. 

It  is  now  easy  to  proceed  to  the  general  systems  of  formulae, 

(B)  =  r  _  \\mn  g/3a;(7>iu-7»uO  q-i  »H  q-in^ {M), 

7  [x  +  (m,  n)}  =  (  -  1)™+"  .  07a;  , 

g{x^-{m,  «)}  =  (-!)"'     .®gx  , 

G{x+{m,  n))  =  (-l)"     .@Gx, 

QS[{x  +  (m,  n)}  =  OCBra;. 

7  {«  +  (m,  w)l  =  ( -  1)""+" .  (^Agx  , 

g[x  +  (m,  n)]  =  {-  1)™     .  $£72;  , 

G{x+  (m,  n)]  =  {-  1)"      .  ^C(Sx, 

C5  («  +  (m,  m)}  =  f^DOx. 

7  {«  +  (to,  n)]  =  (-  !)'»+».  "^A'Gx, 

g{x  +  (m,  ii)}  =  ( -  1)'"    .  "^B'dSix, 

G{x  +  (to,  «)]  =  (-  1)"     .  ^C'yx  , 

ffi  {x  +  (m,  «)}  =  ^D>  . 

7  {a;+  (in,  n)}  =(-l)'»+".Xl^"ffia:, 

g{x+  (m,  n)}  =  ( -  1)"'    .  nF'Gx , 

G{x  +  (m,  n)}=(-  1)"    .  nC'gx  , 

€r  {x  +  (to,  n)}  =  .  flD'V  . 


I 


7'K  7i)  =  (-!)"•+»  e„, 


g'ifn,  n)  =  (-l)'»*„5, 
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Suppose  x  =  0,  we  have  the  new  systems, 

©„  =  (_  !)""•  g,^-im>^- Jn= 

y{m,  n)  =  0, 

g{m,  n)  =  (-!)'"©„, 

G{m,  n)  =  (-!)"©„, 

7(m,  n)  =  (-l)™+"4>o4, 
g  {m,  n)  =  0, 
G{m,  n)=(-l)-^,C, 
ffi  (m,  n)  =  *„2). 

y  (m,  n)  =(-!)"•+»  ^„v4', 
g  {m,  n)  =  i- 1)"^  ^,F, 
G  [m,  n)  =  0, 

7(m,  n)=(-l)"'+»no^", 
g{m,  n)=(-l)'"     Xl„fi", 
G(w,  «)  =  (-!)"     n<,(7', 
ffi  (to,  n)  =  0,  €5'  (wl,  n)  =  fi„Z»" 
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(Mbis). 


G'  {m,  n)  =  (-l)»^oC', 


We   obtain 
yx,  gx,  Gx,  (Sx, 


the  limits  being 
Consider  an 


immediately,   by   taking    the    logarithmic    differentials    of    the    functions 
the  equations 

y'x  -=-  yx  =  22  {x  —  (m,  n)j~',     m  =  0,     n  =  0  admissible,  (iV), 

g'x  -i-  gx  —  22  {a;  —  (to,  «)}~^ 

(?'x-=-  Gx  =  22  {iT  -  (to,  n)j-S 

CS'a;  -7-  CEfiT  =  22  [x  —  (to,  n)j~', 

the  same  as  in  the  case  of  the  factorial  expressions. 

equation 

gx  Gx  H-  7a;  €5a;  =  22  [^  [x  -  (to,  n)]-'  +  23  (a;  -  (to,  fOl"'] (29), 

19 
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we  have  ^  =  g(m,  n)  0  (m,  n)  ■i-y'{m,  n)<!S[{m,  n)  =  1 (30), 

ia  =  g(fn,n)G  (m,  n)  -r  7  (ot,  n)  CB'  (w,  n)  =  F'C"  ^  A"D"  =  -  1  ...  (31). 

(The  application  of  the  ordinary  method  of  decomposition  into  partial  fractions, 
which  is  in  general  exceedingly  precarious  when  applied  to  transcendental  functions,  is 
justified  here  by  a  theorem  of  Cauchy's,  which  will  presently  be  quoted.)     We  have  thus 

gxGx  -~  yccfSio  =  (y'x  4-  7a;)  —  (CB'a;  -r  (Bx), 

and  similarly 

gx(Sx-7-yx   Ox  =  {y'x  -7-    yx)  — {O'x-r-  Gx) (0), 

Gx<&x  -i-yx    gx  =  {  y'x  -i-    yx)  —  (  g'x  -r-   gx), 

^  •  -  If-yxf&x  -^gx   Gx  =  {  g'x  -r    gx)  -  {G'x  -r-  Gx), 

d^x  gx  ^Gx(&x  =  {G'x  ^  Gx)  -  {(&'x  h-  <&x), 

(^xGx  —  €5a;  gx  =  (ffi'»  -r-  (Sx)  -(  g'x  -r-  gx) ; 
in  which  we  have  written 


7(«-)-<sg)-j m. 


Eliminating  the  derived  coefficients, 

G'x-eSi'x=     eyx ,     (33), 

g^x  -G^x   =  -  b"-y% 
&x-fx     =       C^'fX. 

Adding  these  equations,  6'  =  e*  +  cS  or  b  =  >/ (e!' +  c?),  in  which  sense  it  will  continue  to  be 
used. 

Also,  g^x  =  (Si^x  -  c'y'x,     (P). 

G'x  =  &x  +  ^'x. 

Suppose 

<}>x  =  yx  -i-tSx (Q), 

fx  =gx  -^(Sx, 

Fx=Gx^&x, 

then 

px=l-c''<f>-x,     (R), 

F'x  =  l  +  ^<f)'x, 
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and  also  <f)'x  =     fx  Fx  ,  (S), 

f'x=-c'<l>xFx, 
F'x=    ^<f)xfx  . 

Hence,  putting  for  fx,  Fx,  their  values, 

J  {I  -  c'ct>'x)  (I  +  e'cjy'x)   ^    ^' 

ror  writing  <f)X  =  y,  and  integrating, 

x=\       I  ^  (JJ), 

Jo    J{l-d'y^){l  +^y^)  ^     " 

% 

rhich  shows  that  <^  is  an  inverse  elliptic  function. 

The  equations  which  are  the  foundation  of  the  theory  of  the  functions  </>,  /,  F,  are 
deduced  immediately  from  the  equations  {S).  (Abel,  (Euvres,  torn.  i.  p.  143  [Ed.  2, 
p.  268.])     These  are 

f(^  .  y)  ^fxfy-c?<^x4>yFxFy 
J^    ^y'  l+eV(f>^x<}y'y 

Fix  \  v\-^'"^y^^'^'"  ^yf'^fy . 

^       "'  1  +  ^c' <l>^x  (ji^y 

Fbo  that   from   this  point   we   may   take   for    granted    any  properties    of    these    functions. 
IjWe  see,  for  instance,  immediately, 

[whence  |  =  p,  ^^  (W), 

which  give  the  values  of  o),  v  in  terms  of  c,  e ;  values  which  may  be  developed  in 
a  variety  of  ways,  in  infinite  series.  We  may  also  express  7(9)1  &c.,  and  consequently 
A,  B ...  &c.,  by  means  of  the  quantities  c,  e.     We  have  only  to  combine  the  equations 

-(l)*«(l)-^  At)*<-\-  <^(3h^®'l  "(?)-«(?)--.- 1^*'. 
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with  the  former  relations  between  these  quantities,  and  we  have 

y[f)  =  b-ic-iqr^.       y[fl  =  ib-i^iq-K (F), 

ffi  (2)  =  ^~*  ''^  ?  " *•       ®  (I)  =  ^"*  «*  2"*- 

^  =  6-ic-i5r*,  A'  =  ib-ie-iq-i.  A"  =  (-iyc-ie-iqr^^*  ,     ■■•(.2). 

B  =  -biciqr^,  R  =  bie-iq-^    ,  £"  =  -(- l)Hcie-l^r» 9"*. 

^                      C  =  bic-iqr^  ,  C'^-ibieiq-^,  C"  =(- l)ic-M  gr»  7-*      , 

^                     D=b-iciqr^  ,  D'=b-ie^q-^    ,  i)"= -(- Iji ic* e* ?,-*</-*    , 

which  are  to  be  substituted  in  any  formulie  into  which  these  quantities  enter. 

The  following  is  Cauchy's  Theorem,  {Exerdsea  de  Math.  t.  11.  p.  289). 

"  If  in  attributing  to  the  modulus  r  of  the  variable 

z  =  r  {cos^  +  VC— l)sinjp)  (35), 

infinitely  great  values,  these  can  be  chosen  so  that  the  two  functions 

2 '      ¥z ^^^^' 

sensibly   vanish,   whatever  be   the   value   of  p,   or   vanish   in  general,   though   ceasing    to 
do  so  and   obtaining  Jinite  values  for  certain  particular  values  of  p ;    then 

/'-lV^I TO. 

the  integral  residue  being  reduced  to  its  principal  value." 

To  understand  this,  it  is  only  necessary  to  remark  that  the  integral  residue  in 
question  is  the  series  of  fractions  that  would  be  obtained  by  the  ordinary  process  of 
decomposition ;  and  by  the  principal  value  is  meant,  that  all  those  roots  are  to  be 
taken,  the  modulus  of  which  is  not  greater  than  a  certain  limit,  this  limit  being 
afterwards  made  infinite. 

Suppose  now  yic  is  a  fraction,  the  numerator  and  denominator  of  which  are  monomials 
of  the  form  (yxY  (gx)"^ ... ,  I,  m ...  being  positive  integers,  and  of  course  no  common 
factor  being  left  in  the  numerator  and  denominator. 

Let  \  be  the  excess  of  the  degree  of  the  denominator  over  that  of  the  numerator. 
Suppose  the  modulus  r  of  (z)  has  any  value  not  the  same  with  any  of  the  moduli  of 

(m,  n),     (to,  7i),     (wi,  n),     (m,  n) (38). 


i 

I 
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Then  we  have 

r  (co8p  +  i  sinp)  =  mm  +  nvi  +  0 (39), 

0  being  a  finite  quantity,  such  that  none  of  the  functions  J0  vanish,  m  and  n  are 
the  greatest  integer  values  which  allow  the  possible  part  of  0  and  the  coefficient  of 
its  impossible  part  to  remain  positive.     We  have  therefore 

mW  +  nV  =  r=-if (40), 

M  being  finite ;  or  when  r  is  infinite,  at  least  one  of  the  values  m,  n  is  infinite. 
The  function  fz  reduces  itself  to  the  form 

Q  IXm*  „ixn>  gm^+nB  ^_ l/^\\ 

where  F  is  finite.  Hence  g,  and  q  being  always  less  than  unity,  fz,  and  consequently 
both  \{fz-\-f{—!i)]  and  y  [fa—f{—^)}  vanish  for  r=oo,  as  long  as  X  is  positive. 

In  the  case  of  \  =  0,  the  conditions  are  still  satisfied,  if  we  suppose  fx  to  denote 
an  uneven  function  of  x :  for  when  \  =  0,  the  index  of  exponential  in  the  above 
expression    vanishes,   or  fz   is    constantly   finite.     But  fz    being   an   odd   function  of   z, 

fz->rf(  —  z)  =  Q.     And  g-  [fz—f{—z)]    vanishes    for  z  infinite,   on   account    of   the    z    in 

the  denominator :  hence  the  expansion  is  admissible  in  this  case.  But  it  is  certainly 
so  also,  in  a  great  many  cases  at  least,  where  fz  is  an  even  function  of  z;  for  these 
may  be  deduced  from  the  others  by  a  simple  change  in  the  value  of  the  variable. 
For   instance,   from   the   expansion    of    7a;  -h  gx,   which    is    an    odd    function,   by   writing 

X  +  ^   for  X,  we  obtain  that  of  Gx  -^  (Six,  which  is  even. 

A  case  of  some  importance  is  when  the  function  is  of  the  above  form,  multiplied 
by  an  exponential  6*"=^+**.  Here  writing  z  =  mm  +  nvi  +  0,  the  admissibility  of  the 
formula  depends  on  the  evanescence  of 

jia  (nuo+nuii'  „  JAm"  „JA«« (42)  ; 

or,  if  a  =  h  +  Id,  this  becomes,  omitting  a  finite  factor, 

g-  i  m"  i\fi-h)  u'-  i  n«  i^p+h)  v'-lemn  uv (43), 

which  vanishes  if  h"  +  P  <  X'/3*,  i.e.  the  modulus  of  a  is  less  than  X/S.  The  limiting 
case  is  admissible  when  the  series  is  convergent. 

We  obtain  in  this  way  a  very  great  variety  of  formulae.     For  instance, 

gjiw+te  ^y^  =  22  [(-  1 )-'"''-™-"  eii  ("•■  »)'+»  m,  n)  q^im?  qix^S^x  —  (m,  w))~']    (A'), 

gjox»+te  ^g^  =  -  6i  c-i  SS  [(  -  l)-^»-'«-i»  eia (m.  w+i'  ("• ")  q^i  (">+*>'  g*"'  {x  -  {m,  n)}-^], 
jjo«»+6x  ^Qx  =  ib-i  e-*  22  [(-  l)-"'"-*"*-"  6*" ""•  "''+* '"*• "'  qi^"^  g* '"+*>'  {x  -  [m,  n)j"'], 
giaxf+bx  ^  ^j.  _  j-Q-i  g-i  22  [( -  l)-i'»+l)  (»+*>  e*"  i^»''+*  ("*•»•  g-i*  ('»+i)'gl  i»+ii'  [x  -  {m,  «)}"'], 
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in  which  the  modulus  of  a  must  not  exceed  y9 :  in  the  limiting  cases,  for  a  =  /3,  b 
must  be  entirely  impossible,  and  for  a  =  —  /3,  b  must  be  entirely  real.  The  formulae  for 
7a;  are 

€i3x>+te^,ya;  =  22(-l)-''^?»V<"''"'{a;-(m,  n)j->  (44), 

g-ifiif+bz  -1.  ,ya;  =  2S  (-  1)"*-"  g','"'  6*  ""•  "'  {x  -  (m,  n)}-' ; 
and  for  6  =  0, 

6»fl«'-H7a;=SS(-l)-''^2''*   {x-{m,  n))"' (45), 

e-iPo* -=-  7a;  =  2S  ( - 1)-™-" q«*'  {x -  (m,  n)}-'. 

Next  the  system, 

(Sx^yx  =22 (-!)'"+»  {a; -(to,  n)}"'  (R). 

(7a;  -r  7a;  =  S2  ( -  1)™     {a;  -  (m,  n)]~^, 
^  Ga;-^7a;  =22(-l)»      {a; -  (m,  «)]-■ ; 

yx-T-gx  =  — 6~' c~'S2(— 1)"  ja;— (in,  n))~', 

Gx^gx  =  -  C-'  22  (-  1)™+"  {«  -  {m,  n))"' , 

Clia;-=-5ra;  =  -  &->  22  (-  1)™      (a;  -  (jn,  n))-'; 

7a;  H-  Ga;  =  -  6-'  e-i  22  (-  !)"•  [x  -  (m,  n)]-\ 

gx  ■^Gx=     ie-'  22  ( -  !)"*+"  {a;  -  (m,  n))"' , 

"  ffix  4-  Ga;  =     it-'  22  (-  1)"      {x  -  (m,  n)}"'; 

7a!  -=-ffia;=M!-'e-i 22  (-  !)'»+»  {a;  -  (to,  n)}-', 

5ra;-T-ffia;=    e->     22  (- l)""      (a;  -  (to,  n))"', 

Ga;  -=-€ra!=  ic->     22  (-  1)"      {x  -  (to.  n)}-\ 

which  is  partially  given  by  AbeL 

We  may  obtain,  in  like  manner,  expressions  for  the  functions 

,     — ~-,...(six  terms  of  this  form) (C), 

mi--    <-^>  W' 

yxgxGx'"'  ^        '  ^ 

7-^'-  ^f"""-)  (^')- 

7a.ff^Lg5a;'-     (•^"^>  (^'^' 


24]  ON   THE   INVERSE   ELLIPTIC   FUNCTIONS.  151 

each  of  them,  except  {E'),  (the  system  for  which,  admitting  no  exponential,  has  already 
been  given,)  multiplied  by  an  exponential  6*"^+**,  the  limits  of  a  being  +  2/S,  +  ^, 
+  /3 ,  ±3/3,  ±2/3,  ±  4/3.  For  the  limiting  values,  h  must  be  entirely  impossible  for  the 
superior  limit,  and  entirely  possible  for  the  inferior  one. 

Thus  the  last  case  is 

lyx  gxGx&x  ^     '' 

=  S2  [£»"<"'■  ">'+*  <"••"'  qi""^        5^"'       {x  -  (m,  n))->] 
_  SS  [ei«  '»■  "''+'' '™' "'  q,"  ""+i''  5^'       {a;  -  (m,  n))"'] 
+  22  [e* "  t'»-»i"+»  <'»•  S)  qim^        qi  (»+!('  {a,  _  (,»,  jj)j-i] 
-  22  [ei«(™-S)»+6(m.H)  g^j(m+j)«  gs («+i)' {a; -  (m,  n)}-i]; 
in  particular 

.y.^^-S^'^=^V-         {--  K  «)}-    (46), 

-22gii»»+"'{a;-(m,  w)}-' 
+  2251^'"'       {a;  -  (m,  n)}-' 
+  229i'»»+"'{a;-(m,  n)}"', 
or  the  analogous  formula  obtained  by  changing  /3,  51,  m  into  — /3,  g',  n. 

The  function  c^'a',  which  is  even,  and  for  which  X.  =  0,  cannot  be  expanded  entirely 
in  a  series  of  partial  fractions :  but  {x  —  a)~'  tfy'x  may  be  so  expanded.  Multiply  by 
{x  —  a),  the  second  side  has  for  its  general  tenn 

{x  -  a)  {Mx  +  N){x-  (m,  n)]-^, 

equivalent  to 

K'  +  {M'x  +  N')  {x  -  {m,  ri))-». 

Summing  all  the  K"s,  we  have  an  equation  of  the  form 

<f>^x  =  A+'Z2[L  [x-{m,  n)}-^  +  M  {x  -  {m,  n)}"'] (47). 

To  determine  the  coefficients  as  simply  as  possible,  change  x  into  x  +  ^a)  +  ^mi, 

-  e-'  c-"  {^xy  =  ^  +  22  [i  {a;  -  (m,  n)]-^  +  M  [x  -  {m,  n)]-'-'] (48), 

Z=-e-»c-»[{a;-(m,  n)}^((^)-»],a;=(m,  w)    (49), 

M  =  -e^e^^^{\x- (m,  n)}» (<t>x)-^l 
or  writing  x  +  (m,  n)  for  x,  and  therefore  a;  =  0  in  the  values  of  L  and  M, 

Z  =  -e-^c-^{ar'(^a;)-»j=e-'c^ (50), 

M=-e-^  c-^ d^  {x^  (i>x)-^}  =  0  ; 
whence  ^'x=     A  -  e-" c-- 1^  [x -  {m,  n))"^ (51). 
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Integrating  this  last  equation  twice, 

Jodxf,dx<f,'x  =  ^Ax'  +  e-^c-^'Ell{x-{m.n)}  (52). 

or  (Sx  =  e-i'^'^+<^''f,dxJ,dx(fy'x (53), 

an  equation  from  which  it  is  easy  to  determine  the  coeflBcient  A. 

Suppose  for  a  moment  (f>^x = f^ify'x dx,  4>„x  =  j^^^x dx ;   then,  since  <f>* {x  +  a)  -  (j)'x  =  0, 
<f>,  (a!  +  cD)-4>x  =  <l>^co,     (f>„  (a;  +  ffl)  -  <i>,x  =  </>„&>  +  x^^w. 
But  similarly  ^^x  —  ^'  (w  —  a;)  =  0  ;    whence 

^,a;  +  (^,  (w  -  j;)  =  ^^ft),     ^,,a;  -  ^„  (w  -  «)  +  ^„a)  =  a!^,w  ; 

whence,  writing  x  =  ^ , 

<f>,<o  =  24>,  (jj  .      <f>„m  =  <o(j>,  gj  ,      or   </>„  (x+<o)-  t})„x  =  <f>,  (|j  {2x  +  «). 

Hence  G  (a; +  (»)  =  €-*«''=' M-W,(M)  (2<«r+"')  g&a; (54). 

But  ^  ffl  (a;  +  «)  =  €^"^  g,-i  CSa;  =  eW  <''^+<»"»  6ra;   (55); 

or,  comparing  these, 

-ie»c»^  =  i^-^,^,(|) (57), 

or  writing 

M  =  —      jy'xdx (58), 

then  ^^=g(W-Af)*»+esc«;o<to/„<i*«^ ^/'-j . 

which   is   the   formula   corresponding   to  the  one  of  Jacobi's  referred  to  at  the  beginning 

of  this  paper.     Analogous   formulae  may  be  deduced  from  it  by  writing  x  +  -^  ,  or  x  +  — , 

CO      vi     .     ,      ,     p 
or  «  +  o"  +  ^ ,  instead  oi  x. 

The   following  formulae,  making  the  necessary   changes   of  notation,  are   taken   from 
Jacobi.     We  have 
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/..*.(..«)-*.(.-a)l^.?*^-g^^^| (60). 


■24] 

whence 

the  first  side  of  which  is 

f-a4>-('^'  +  "')dx-f^(jy'{x-a)dx-2J,4>''ada  (61). 

Hence,  multiplying  by  e^c*.  and  observing  the  value  of  (Six, 

(62). 


(S'(x  +  a)_  (R'J^s-a)  _    &a  _  2e°c°/a  Fa  <f)a  <})'>x 
(Si(x+a)      (S:(x-a)         ffia  ~     1  +  e''c'(fy'a<fy'x 


If  in  this  case  we  interchange  x,  a  and  add, 
<S'x     (S'a     fS'(x  +  a) 


(63). 


Tjt — ^■  Tit 7it7 — ; — N^  =  ^c^  '!>(''  4>xd)(a  +  x) 

&x      ffia      ©(«  +  «)  r    r    rv  / 

[By  subtracting,  we  should  have  obtained  an  equation  only  differing  from  the  above 
in  the  sign  of  a.] 

Integrating  the  last  equation  but  one,  with  respect  to  a, 

l&  (x  +  a)  +  m  (x-a)-  21&X  -  2l(Sia  =  1(1+  e'c^(})-x<f)^a), 
the  integral  being  taken  from  a  =  0.     Hence 

e5ix  +  a)(l5(x-a)  =  &x(S^a(l+e'-c^^^x^'a)    (G4) ; 

»or  &(x+a)eSi(x-a)  =  <}5'x(Si'a  +  e'cYxy'a,  " 

whence  also 
y(x  +  a)   y  (x  -  a)  =  y-xCSi^a  -    y''a&''x, 
■  g(x  +  a)  g(x  -a)  =  g^xiS^a  -  cy-a  (5%    ) 

W  G(x  +  a)  G(x-a)  =  G^x(Si^a  +  ^G'a&-x, 

the 
/*>  _1_ 


(J), 


these   equations  being  obtained   from   the   first   by   the   change   of  x   into  x  +  ^  ,  x  +  -^ , 


*  +  9  "*"  "o  •     ''^'^^^y  f°'''^  ^  most  important  group  of  formulae  in  the   present   theory.     By 

integrating    the    .same    formulae    with    respect    to    x,    and    representing    by    Tl  (x,    a)    the 
,    r  —  e'c"  <JM  fa  Fa  dyxdx    ^      ^  ■     i  j^  ■ 

an   equation   which   conducts   him  almost  immediately   to   the   formulae   for   the    addition 

of  the  argument   or   of  the   parameter  in    the   function   H.     This,  however,   is   not   very 

C.  20 


■ 
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closely  couuected  with   the  present  subject.     For  some   formulae  also  deduced  from  (63), 

..  ,    ffi(a;-a)€5(y-a)€&(x  +  y+a)  .  j    •      ,,  c  ^u     e      ^-       j. 

bv  which  3B-T :  _-  y^ i  ^  , i  is   expressed   m   terms  of  the   function  <p,  see 

^  ffi(a;  +  a)ffi(y  +  a)ffi(a;  +  .v-a)  ^  ^ 

Jacobi. 

Note. — We  have 


V        (m,  n)J 

g^=  nnfn-.-=^y 

^^  V       (wi,  n)) 


the   limits   of  n  being   +  q,  and  those  of  m  being  +  p,  in  the  first   case,  and  p,  —p  —  \, 

V. 


in  the  second  case.     Also  "  =  oo  . 


y      We  deduce  immediately 

7^  f^  + 1)  =  f^  +  |)nn  j  1  +  \^  ^  =  nn  fi  +  ^-^)^|._  ,_    . 

'"  V        27      V        2/  I  (m,  n)  J  V        (m,  »i)/      2  (nt,  w) 


«»>  TTTT    ■!    1     ,     V      "*"   2J    S-    _   TTTT    ^     ,  '^       ^    •    *"  RH  '^^'    "^ 


(paying  attention  to  the  omission  of  (m  =  0,  71  =  0)  in  '^f^x,  and  supposing  that  this 
value  enters  into  the  numerator  of  the  expression  just  obtained,  but  not  into  its 
denominator).     This   is   of  the   form 


7.(.  +  |)  =  ^nn(i4-(^); 


(w,  n)j 

but   the  limits   are   not  the  same  in  this  product  and  in  g^x.     In  the  latter  to  assumes 
the  value  —  p  — 1,  which  it  does  not  in  the  former;   hence 


V  •  ^P  •      "V        -(p  +  i)o>  +  nW 

and  the  above  product  reduces  itself  to  unity  in  consequence  of  all  the  values 
assumed  by  n  being  indefinitely  small  compared  with  the  quantity  (p  +  i) ;  we  have 
therefore 


73 


[x-V  '^'^Ag^x    (65), 


and   similar  expressions   for  the   remaining  functions.     To  illustrate   this  further,  suppose 
we  had  been  considering,  instead  of  7^3;,  the  function  7-/30;,  given  by  the  same  formula, 

but  with  -  =  0,  instead  of  -  =  x .     We  have  in  this  case  also 

A'  different  from   A   on  account  of  the  different  limits.     The  divisor  of  the   second  side 
takes  the  form 


24]  ON   THE   INVEKSE   ELLIPTIC   FUNCTIONS,  155 

where  the  extreme  values  of  n  are  infinite  as  compared  with  p.     This  may  be  reduced  to 


•  sin  — .  {x  —  (p  +  ^)  <u}  -=-  sin  (p  + 1)  w, 


-[(p  +  i)«,-X]  -[(j)+}).o] 


neglecting  the   exponentials  whose   indices  are  infinitely  great   and   negative.     Observing 
the  value  of  /3  this  becomes  e""^^,  and  we  have 

a  result  of  the  form  of  that  which  would  be  deduced  from  the  equations  y_p  x  =  ^^^^^  x, 
g_^x  =  ^gpX,'Ypix+ ~j  =  Ag^x.     It   is   scarcely  necessary   to   remark   that   y^^x  has  the 

same  relations  to  the  change  of  x  into  x  +  -^   as  y^x  has  to  that  of  x  into  x  +  -^. 


20—2 
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^      25. 

MEMOIRE  SUE  LES  FONCTIONS  DOUBLEMENT  PERIODIQUES. 


[From  the  Jawmal  des  MatMmatiques  (Liouville),  torn.  x.  (1845),  pp.  385 — 420.] 

Un  des  plus  beaux  rfeultats  des  recherches  de  I'illustre  Abel,  dans  la  tht^orie  des 
fonctions  elliptiques,  consiste  dans  les  expressions  qu'il  obtint  pour  les  fonctions  inverses 
<f>a,  fa,  Fa  (dquivaleotes  a-peu-pr^s  k  sin  ama,  cos  ama,  Aama)  en  forme  de  fractions 
avec  un  d^nominateur  commun :  ce  d^nominateur  et  les  trois  numt^rateurs  etant  chacun 
le  produit  d'une  suite  infinie  double  de  facteurs.  On  ne  salt  pas  a  quel  point 
Abel  avait  poussd  I'investigation  des  propridtes  de  ces  nouvelles  fonctions;  on  trouve 
seulement,  dans  une  Lettre  k  Legendre,  imprimee  parmi  ses  (Euvres  [t.  II.  p.  259, 
Ed.  2,  p.  274],  qu'il  s'en  ^tait  occup^.  Depuis,  les  fonctions  H,  ©,  qui  sont  essen- 
tiellement  les  memes  que  ces  fonctions  d'Abel,  ont  4t4  I'objet  des  savantes  recherches 
de   M.   Jacobi,   a   qui   Ton   doit,  en   particulier,   la   belle   formule 

log  ©  (a)  -  log  0  (0)  =  ia»  (l  -  -j^  - 1  r  da  f"  da  sin^  ama, 

qui  est  vraiment  fondamentale,  et  sur  laquelle  on  pent  dire  que  sa  th^orie  est  basee. 
Mais  les  expressions  qu'obtient  M.  Jacobi  pour  les  fonctions  H,  0,  sont  sous  la  forme 
d'un  produit  d'une  suite  infinie  simple  de  facteurs,  ce  qui  ne  met  pas  a  beaucoup 
prfes  si  bien  en  evidence  la  vraie  nature  de  ces  fonctions  que  les  expressions  d'Abel ; 
celles-ci  sont,  en  outre,  si  analogues  aux  formules  en  produits  infinis  des  fonctions 
circulaires,  que  Ton  est  seulement  etonnd  que  personne  ne  se  soit  avise  jusqu'ici  de 
les  poser,  a  priori,  comme  les  definitions  les  plus  simples  des  fonctions  doublement 
p^riodiques,  pour  en  ddduire  la  th^orie  de  ces  fonctions.  C'est  de  cette  maniere  que 
je  me  propose  de  traiter  ici  la  question.  Je  prends  pour  definitions  les  formules 
d'Abel,  en  supposant,  pour  plus  de  gdn^ralit^,  que  les  fonctions  completes  fl,  T  (A',  A" 
de  M.  Jacobi)  sont  chacune  de  la  forme  A  +£ v  — 1  (ce  qui  donne  lieu  a  quelques 
integrations  assez  d^licates).     Et  de  ces  seules  Equations,  sans   me   servir   en   rien   de   la 
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th^rie  des  fonctions  elliptiques,  je  d^duis  les  propridt^s  fondamentales  des  fonctions 
en  question,  et  de  la  des  fonctions  elliptiques.  On  a  ainsi  quatre  fonctions  k  considdrer 
au  lieu  des  deux  H,  0,  dont  I'une  est  pour  ainsi  dire  analogue  k  un  sinus  et  les 
autres  a  des  cosinus.  Mais  ce  qu'il  y  a  de  remarquable,  c'est  I'apparition  d'un 
facteur  exponentiel  qui  entre  presque  partout.  On  le  pr^voyait  d'aprfes  les  formules  de 
M.  Jacobi,  mais  ces  formules  n'expliquent  pas,  ce  me  semble,  pourquoi  ce  facteur  s'y 
rencontre :  mon  analyse  le  fait  voir  de  la  manifere  la  plus  satisfaisante.  Ce  facteur 
rdsulte,  en  eifet,  de  ce  que,  pour  les  produits  infinis  doubles,  il  ne  suffit  pas,  pour 
obtenir  un  rdsultat  d^termin^,  d'attribuer  aux  deux  entiers  variables  des  valeurs  quei- 
conques  depuis  —  ao  jusqua  oo ,  meme  en  supposant  I'dgalit^  des  valeurs  positives 
et  negatives ;  il  faut,  en  outre,  etablir  une  relation  entre  les  valeurs  infinies  que 
re9oivent  les  deux  variables.  Mais  dans  les  produits  que  je  considfere,  on  d^montre 
qu'en  supposant  toujours  cette  dgalit^  des  valeurs  positives  et  negatives,  quelque  liaison 
que  Ton  etablisse  entre  les  valeurs  infinies,  il  r^sulte  toujours  la  meme  valeur  du 
produit,  a  un  facteur  exponentiel  pres,  dont  I'indice  est  le  carrd  de  x,  multiplie  par 
ime  constante  dont  la  valeur  s'exprime  au  moyen  d'une  int^grale  definie  double,  et  qui 
depend  de  la  liaison  etablie  entre  les  valeurs  infinies  des  variables.  C'est-a-dire  qu'en 
multipliant  par  un  facteur  exponentiel  de  cette  forme,  convenablement  choisi,  on  pent 
changer  a  volenti  la  relation  en  question  sans  affecter  la  valeur  du  produit.  Voila 
I'id^e   fondamentale   du   M(!moire   qui  suit. 

En  me  servant  de  quelques  formules  de  M.  Cauchy,  relatives  a  la  decomposition 
des  fonctions  en  fractions  simples,  j'^tablis  d'une  maniere  rigoureuse  des  relations  entre 
les  trois  quotients  de  mes  quatre  fonctions,  qui  sont  les  memes  par  lesquelles  Abel 
d^montre  les  propriet^s  fondamentales  des  fonctions  <^,  f,  F.  Ces  formules  une  fois 
obtenues,  on  pent  supposer  connue  toute  la  thdorie  des  fonctions  elliptiques.  Ces 
th^oremes  de  M.  Cauchy  me  conduisent,  en  outre,  k  un  grand  nombre  de  nouvelles 
formules  qui  contiennent  des  suites  infinies  doubles.  Parmi  celles-ci,  il  y  en  a  une 
qui  me  foumit  la  demonstration  du  theorfeme  d^ja  citd  de  M.  Jacobi,  th^orfeme  duquel 
il  deduit  une  foule  de  rdsultats  int^ressants.  Je  finis  en  citant  ceux  qui  se  rapportent 
de  plus  prfes  aux  fonctions  dont  jo  parle.  J'espere  reprendre  une  autre  fois  la  con- 
sideration d'une  autre  partie  de  la  theorie,  dans  laquelle  j'entrevois  des  conclusions 
interessantes. 

Soient  fl,  T  des  quantit^s  finies  quelconques,  assujetties  k  la  seule  condition  que 
la  fraction  fl  :  T  ne  soit  pas  reelle.  En  repr^sentant  par  m,  n  des  entiers  positifs 
ou  n^gatifs  quelconques,   mettons,   pour  abr^ger, 

mil  +  ?iT  =  {m,  n)  (1), 

et  considerons  une   expression  de   cette   forme 

u  =  wu\l  +  ^-^-} (2), 

ou  le  symbole  n  denote,  comme  a  I'ordinaire,  le  produit  d'un  nombre  infini  de  facteurs 
que  Ton  obtient  en  donnant  a  m,  n  des  valeurs  entieres  quelconques,  depuis   -  oo  jusqu'a 
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+  X ,  en  excluant  seuleraent  la  combinaison  (m  =  0,  ra  =  0).  Pour  qu'une  telle  expression 
soit  finie,  il  faut  que  pour  chaque  combinaison  de  valeurs  de  m,  n,  il  y  en  ait  une 
autre  des  memes  valeurs  avec  les  signea  contraires.  Cependant,  comme  on  I'a  d^jk 
expliqu^,  cela  ne  sufiBt  pas  pour  rendre  ddtermiude  la  valeur  de  u.  Soit  <j>  une 
fonction  de  m,  n  qui  ne  change  pas  en  changeant  k  la  fois  les  signes  de  ces  deux 
quantitds;   et  imaginons  que  I'^uation 

4>  =  T 

represente  une  courbe  ferm^e,  dont  tons  les  points  s'^loignent,  au  cas  limite  de 
T=  <x> ,  d'une  distance   infinie   de   I'origine.     Cela  posd,   en   donnant  k  m,  n  des  valeurs 

entieres    qui    satisfassent    k    cette    condition    <f>'^T,   et    puis    faisant    T=  cc ,   on    obtient 

pour  u   une   valeiu:  parfaitement  d^termin^e,   qui  depend   de   la  forme  de  la  fonction  ^. 
Soit  u'  ce  que  devient  la  fonction  u  en  changeant  seulement  I'equation  aux  limites  dans 
M  equation  analogue 

on  pent,  pour  simplifier,  supposer  que  la  courbe  representee  par  cette  equation  soit 
situde  enti^rement  en  dehors  de  celle  que  represente  I'equation 

mais  cela  n'est  pas  essentiel.  II  est  facile  de  trouver  une  relation  tr^s-simple  qui 
existe   entre   ces  deux   expressions  u'   et   u.     En   effet, 

u'  :  u  =  U\l  + 


{m,  n)\  ' 


en   donnant   a   m,   n   des   valeurs   qui  satisfassent   k    la   fois   aux   deux   conditions   ^>  T, 
<^'<T.     Done,   en   considerant  toujours  ces   valeurs, 

logM'-logw  =  logn|l+  ,-^l=SlogIl  +  -^-l=a;2r-'— ^-i^S7-^,  +  ••• 
Dans  cette  expression,  les  termes  qui  contiennent  les  puissances  impaires  x  s'^vanouissent, 
k  cause  des  valeurs  ^gales  positives  et  negatives.  Mais  puisque,  a  la  limite,  m,  n  ne 
re9oivent  que  des  valeurs  infinies,  on  pent  negliger  les  termes  multiplies  par  af^,  &c. 
Done 

log  w'  -  log  M  =  -  ^ar"  S  ', V, . 

ou   enfin, 

\ogu' -\ogu  =  -\A3?,     w'  =  we-i^*-   (3), 

oiti  j'ai  represente  par  e   la  base   du   systeme   hyperbolique   de  logarithmes,   et  oil  A  est 
donne  par  I'equation 

^=S^^,  (4). 


I 
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II  est  facile  de  voir  que  Ton  peut  changer  la  sommation  en  integration  double,  et  dcrire 

■       ff  dm  dn 

"^=11  (^y (^)' 

entre    les    monies    limites    qu'auparavant,    c'est-k-dire    que   m,  n    doivent    satisfaLre    aux 
deux  conditions  <fi>  T,  ^'  <T. 

Prenons  par  exemple,  pour  limite  supdrieure, 

(m-  =  m^     n'  =  n^), 

et  pour  limite  inf^rieure, 

(m=  +  n»  =  r^); 

m,   D    sent   census   contenir    T  corame    facteur,  de   mani^re    qu'ils   deviennent    infinis   avec 
cette  quantity ;    on  suppose  aussi  m>  T,  n>T,  mais  cela  est  seulement  pour  la  clarte. 

II  devient   ndcessaire  a  ce  point  de  ddfinir  de  plus  prfes   les  valeurs  de   fl,  T ;   nous 
ecrirons 

Q.=a)  +  (o'i,     T-=v+v'i (6), 

ou  i  =  J^  1  ;   <a,  <b',  v,   v    sent  des  quantites  r^elles,   telles   que   u>v'  —  co'v   ne   s'^vanouit 
pas ;  c'est  la  condition  pour  que  D,  :  T  contienne  une  partie  imaginaire. 


Avec  les  coordonndes   polaires 


■// 


drde 


_[  de(\ogT-\ogT) 


r(ncoad  +  r  sin  ey     J  (12  cos  ^  +  T  sin  Of 


I 


•(7), 


A 


-I' 

J  0 


(flcos0  +  Tsin^)» 


en  reprdsentant   par  r  ce   que   devient    r  ^   la    limite   sup^rieure ;    rint^grale    doit    etre 

I  prise   depuis    6  =  0  jusqua    6  =  2ir.     On    voit  tout   de   suite   que    la   partie    qui   contient 
log  T  s'^vanouit ;    done 
t 


m 


Soit  a  un  angle  positif  plus  petit  que  ^tt,  tel  que  tan  a  =  —  ,  on  a  dvidemment 


r  = 


+  m 


cos<^' 
depuis  6  =  -a  jusqua  d  =  +a,  ou  depuis   d=ir  —  a  jusqua  5  =  tt  +  a,  et 

-  ±° 
'■"cos  (9' 

depuis  ^  =  a  jusqu'^  6==Tr-a,  ou  depuis  ^  =  7r  +  a  jusqu'^  d  =  2'7r  —  a  (le  sigiie  ambigu, 
de  maniere  que  r  soit  toujours  positif).  En  reunissant  les  parties  opposees  de  I'integrale, 
on  obtient 


-/.: 


(log  m  -  log  cos  6)  d0        ['-"■  (log  n  -  log  sin  6)  dd 


(fi  cos  6/  +  T  sin  Oy 


+  2] 

J  a 


(ficose  +  Tsin6')=  ' 
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ou,  en  mettant  dans  la  seconde  integrals  Jtt  —  ci  =  a',  et  Jtt  -  ^  au  lien  de  6, 

r  -  (log  m- log  cos^)  de        f-  (log  n- log  cos  6)06 
J  _.  (n  cos  6  +  T  sin  6)-  "*"    J ^.  (T  cos  ^  +  Xl  sin  6y  ' 

La  premiere  int^grale  se  r^duit  k 


2  (log  m  —  log  cos  6) 


1 


T(n  +  Ttane) 


(entre  les  limites) 


+  ■ 


:/. 


»      tan^c^^ 


>{ 


•7rj_,(fl+Ttane^) 

4  (log  m  —  log  cos  a)  tan  a 
XP^^^'tar^o 

4  (log  m  —  log  cos  a)  tan  a 
'  il^-T-tan^ 


_      /■'      tau=  i 

4      r« 

li^  +  T^Jo 


tau=  edd 
tan-  6 


1  - 


^'(l+tan-'gy 
TF-T'tan'l? 


L'integrale,  dans  cette  formule 

(1+  tan=  6)  dd  _  /•'»"  •       dx 


/■«  ( 1+  tan=  6)  dd  _  p"  • dc 


TPx*' 
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s'exprime  tout  de  suite  par  les  logarithmes,  mais  il  faut  apporter  une  attention 
particulifere  k  la  manifere  de  determiner  quelle  valeur  doit  etre  attribuee  k  ce  logarithme, 
dans  le  cas  ou  la  partie  rdelle  en  est  ndgative.  Je  renvoie  cette  discussion  a  une 
Note.     Voici   le   rdsultat   auquel  j'arrive. 


En  repr^sentant  par  Lu  la  valeur  principale  du  logarithme  de  u,  quand  il  y  a 
une  valeur  principale  (c'est-k-dire  quand  la  partie  r^elle  de  ?<  est  positive),  et 
ecrivant 

£±«M  =  Lu,   ou   L(—  u)±  iri. 


selon  qu'il  y  a  une  valeur  principale  de  log  u,  ou  de  log  (— «),  on  a 


Jo       fi'- 


cfo       _     1      ,       /Xl  +  T  tan  aN 
T^  ~  IXlt      "•  VXl-TtanaJ 


(8), 


en  prenant   le  signe  sup^rieur  pour  wv  —  (o'v  positif,  et  le  signe  inf^rieur  pour  wv'  —  to'v 
ndgati£ 


La  premiere  partie  de  A  se  r^duit  done  a 

4 


4  (log  m  —  log  cos  a)  tan  a 
a^  -  T^  tan^  a 

ou,  en  rdtablissant  la  valeur  de  a,  k 

4mn  log  s/m"  +  n''  4 

m^Xl'^  -  n=T»      ■*"  Xi»  +  T» 


'       1  5  I-      n  +  T  tan  a\ 

+  XiM^r  ~  *T  ^*"  XI  -  T  tan  aj  ' 


/      ^      n       ,  XI  ,       mXl  +  nTN 


I 

I 
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Pour  avoir  la  seconde  partie  de  ^,  il  faut  changer  m,  n,  XI,  T  en  n,  m,  T,  £1.  En 
faisant   cela,  on  change  le  signe  de  tuu'  — w'u;  ainsi  il  faut  4cnre  L^n  au   lieu   de  L±,i. 

En   reunissant   les   deux   parties,   et   mettant   \it   au   lieu   de   arc  tan       +  arc  tan  — ,   on 

m  n 

obtient  enfin 

.      2        (    ^n  /mn  +  nT\      T,       /nT  +  mfiX)  ^-, 

^  =  JFTt^  r  +  T  ^■'*"'  Un  -  nTJ  -  fl  ^*"-  Ut  -  mn  j} ^^^' 

formule  que  Ton  pourrait  rendre  plus  simple  en  distinguant  les  deux  cas  ou  le  premier 
ou  le  second  logarithrae  a  une  valeur  principale ;  mais  il  vaut  mieux  la  laisser  sous 
cette   forme. 

On  aurait  pu  croire  que  la  valeur  de  A  pourrait  s'obtenir  plus  facilement  en 
r^uisant  ^  a  la  difference  de  deux  intt^grales  ddfinies,  les  conditions  pour  les  limites 
etant  donnees,  dans  la  premiere,  par  m*  <  m^  n-<n^  et,  pour  la  seconde,  par  m'  +  n^KT', 
en  d^signaut  gdneralement  les  coordonn^es  par  m,  n.  Cependant,  de  cette  maniere,  on 
admet  dans  les  deux  int^grales  les  valeurs  to  =  0,  n  =  0,  qui  rendent  infinie  la  fonction 
a  int^grer.  Ainsi  la  valeur  de  I'intdgrale  d^pendrait  du  choix  des  variables,  et  Ton 
obtiendrait  des  rdsultats  inexacts.  Autrement  dit,  on  obtiendrait  de  cette  fa^on  la 
valeur  Ae  A,  k  une  quantity  V  pres,  qui  est  la  difference  de  deux  integrates  de  la 
mSme  forme,  entre  des  limites  m?  <  fj,^,  n'  <v'  ou  to^  +  n-  <  t",  /a,  v,  t  des  quantites 
infiniment  petites.  On  voit  tout  de  suite  que  V  n'est  pas  pour  cela  infiniment  petit 
(en  effet,  sa  valeur  depend  du  rapport  /m  :  v  et  nuUement  des  valeurs  absolues  de  ces 
quantites),  et,  pour  en  trouver  la  valeur,  il  faudrait  se  servir  de  I'analyse  precedents. 

Soit,  comme  exemple,  —  =  oo  , 

TA  27r 


27r      /        TtN  _         27r        _  _  27n        T 


)e  mSme,  pour  —  =  oo 


,  _  m\  27rt  _  2Tri        il 


En   repr^entant   par  A',  A"  ces   deux    valeurs   de   A,   on   a 


oh  j'^ris 


A'-A"=^-^  =  -2S   (10), 


^=±S ^")' 

21 
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eii   pronant   toujours   le  signe   sup^rieur  pour  av  —  to'v  positif,  et  le  signe  inf^rieur  pour 
mv  —  <o'v  negatif. 

Soieut   u«  ce   que   dovient    u   en    prenant    -  =  x ,   «_«  ce    que    devient   cette   meme 

fonction   en   prenant  —  =  x ;   on   a  ^videmment 

On  pent  done  s'imaginer  une  fonction   IJ  donn^e  par  les  Equations 

t/-=e-l«*'„_«=ei«''t/,  


(12). 


On  verra  dans  la  suite  (jue  ««  est  analogue  k  la  fonction  H  {u)  de  M.  Jacobi.  II 
Vonvient  cependant,  pour  la  symdtrie,  de  consid^rer,  au  lieu  de  ut,  la  nouvelle  fonction 
U  qui  vient  d'etre  definie.  Quoique  suffisamment  donnee  par  ces  (^nations,  nous 
allons  en  chercher  encore  une  autre  definition.  Pour  cela,  il  faut  trouver  la  valeur 
de  I'integrale  definie  qui  determine  A,  prise  depuis  la  meme  limite  inf^rieure  jusqu'a 
celle   donnee   par   I'dquation 


Mettons,  comme  auparavant, 


soient   aussi 


mod  (m,  n)  =  T. 
m  =  r  cos  0,         71  =  r  sin  ^ ; 


n,  =  0)  —  (a'i,       Tj  =  i;  —  v'i. 

L'dquation  pour  la  limite  sup^rieure  se  rdduit  a 

■r"  (n  cos  ^  +  T  sin  6)  {D.^  cos  ^  +  T,  sin  6)  =  T-, 

et  celle  pour  la  limite  inf^rieure,  a 


r=T. 


^  log  (fl  cos  g  4-  T  sin  6)  (fl,  cos  0  +  T,  sin  0)  dd 
(ftcos^y  +  Tsin^)' 


On   trouve   tout  de   suite 


1 


1 


2T(n  +  Ttan^) 
1    ,-» 


log  (D,  cos  0  +  T sin  0)  (fl,  cos  ^  +  T,  .sin  0)  (entre  ^  =  0,  d-iir) 


d0         I T  -  n  tan  6^     Ti  -  O,  tan  0 


~2TJo    n  +T  tan  ^  V n  +  T  tan  0  '  fl, +T,  tan^. 


d0 


TJ.i^n+Ttanf'Vn 


,'T  -ntan  0     Ti  -  il,  tan  0 
+  Ttan5     n, +  T,  tan^ 


(13). 
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dO         T,  -  n,  tan  ^      f  i'  /        M 


r  i"  / 


M, 


.j,n  +  Ttan^  fii  +  Titan^     i -i.  Vfi  +  T tan 6^ "^  Hi  +  T,  tan  0, 


r  i'     dd       ^      ri'      de  2n    ri 

j_i,n+Ttan^  Jo  n='-THan=6'~Xl2  +  T^j„ 

T   ^       /H  +  Ttan^' 


T^(l+tan°g)' 
n^  -  T^  tan=  0 


J,  ft  +  T  tan  ^ 

2ft      f.      T   ,       /ft  +  Ttan6'\)    , 
=  fFTT^r+2ft^^'^U-Ttan4    (^^^''^  ^  =  «,    ^  =  i7r) 

2ft         /i        ^    T         A  TT 

=  iF+T=l*''±2ft''V=ftTT^- 


(Z6' 


Ou  a  de   m§me,   en   remarquant   qu'en  changeant   ft,   T   en   T,   ft,   on  change    le    signe 
de  a>v'  —  (o'v, 


r  ^  d0  IT 

J_j,ft,  +  Titan0~ft,  +  T,r 


D'un   autre  cot^, 


M= 


TTi  +  ftfti 
Tfti  -  T.ft 


nr  2  1    o  2 
M  =—       '  ^     '     . 
'  1  nrn       or  o ' 


Tftj  -  T,ft  '■ 


cela  donne 


r  *'         de  T.-ft,tang^  tt  [TT.  +  ftft,  .„-^^) 

j.j^ft  +  Ttan^  fti+T,tan^     Tftj-Tiftj    ft  +  Ti  ^"+^*^J 

TT  TTi  +  ftfti-(ft  +  Ti)(fti  +  Ti{+2T,t)  7n"  2T,  Trt 

Tft.-T,ft  ft  +  Ti  -ftTTi-Tft,-T,ft' 


ou   enfin 


et  de  m6me 


/•  t'         rfg  T,  -  ft,  tan  g  ^         iri  ttT, 

j  _  J,  ft  +  T  tan  0  fti  +  Ti  tan  ^  ~  -  ft  +  Ti  -  wi;'  -~&7u  ' 


r  ^dg(T-fttang)_    +7ri: 
j_i„    (ft+Ttan6')^    ~ar+T{' 

en  omettant  seulement   le   dernier  terme  de  I'autre  int^grale  ;   ce  que  Ton  peut  verifier, 
au   roste,   en    differentiant    par   rapport    k    ft,    T    I'dquation 


i'      de 


r  i' 
J-i.ft 


TT 


+  T  tan  ^     ft  +  Ti ' 
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On  a  done,  en  ajoutant  les  deux  parties  qui  composent  I'int^grale, 

A  _  -.  27rt       fl      _         TiTT 

"•■flT  n  +  Ti"*"T(a).;'-fo'u) ^^*^- 

II  est  facile  de  voir,  en  ^crivant 

.      _  2in      SI  7rT,t 


ftT  n  +  Ti  -  T  (TH,  -  T,n) ' 

que  cette  expression  ne  change  pas  de  valeur  en  mettant  fl,,  T,,  n,  T  au  lieu  de 
il,  T,  n, ,  T, ,  pourvu  qu'on  change  aussi  le  signe  de  i ;  cela  doit  ^videmment  ^tre  ainsi 
et   peut  servir  de   verification. 

\         Soit,  pour  un  moment,  u-,  ce  que  devient  u  en  prenant  pour  limite  I'^uation 

et  supposons  que  dans  la  Ibnction  u  on  ait  pour  limite  I'dquation 

mod  {ni,  n)  =  T. 

En  retenant  la  valeur  de  A,  qui  vient  d'etre  trouv^e, 


V  u=  e-4^'  ■ 


mais   aussi 


I  in  ^  /iTi.fft       fl\„ 

a  cause  de  I'^quation,  consequence  facile  des  r^sultats  precedents, 

5<     o 

En  eiiminant  w,,  on  obtient,  entre   «,   U,  une  equation  de  la  forme 

f7  =  e-iB»='M (15), 

dans    laquelle  JH 

■ti  =  —  -A  ±  ^«fi  +  /,  -r  np>  —  ±  rvr  i  ' 


ou 


enfin 


flT  ^  12  +  T{     -  OT  -  T  (0,1;'  -  co'v) 


.    _  ±  IT  (CDV  +  co'v')  _  TT  (ttft>'  +  (O'v)  .^  ., 


OT  (wu  -  <o'v)      flT  mod  (wt^'  -  od'v) 


¥ 


I 
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En  rassemblant  tous  ces  resultats,  on  a  le  systeme  de  formules 

^  _  TTi         ((Bu'  —  a)'y) 
~nT  mod  {(ov  -  u>'v) ' 

jy_       IT  (q)V  +  Co'v') 

mod  ((OV  —  o)'v) ' 


165 


(A) 


u,  ug,  ii_f  des  fonctions  de  la  forme 


(m,  n)J  ' 

mais  avec  des  limites  diffdrentes,  savoir: 
mod  (m,  n}=T,     T=  cc ,    pour  la  fonction  u ; 


m 


X  ,  pour  Mj3 : 


m'  =  m',  n'=n°,     m=oo,    n=oo,    — =00,  pour it_g. 


m 


A  present,  il  importe  de  remarquer  que  la  fonction  Wg  est  pdriodique  a  legard 
de  n,  de  la  maniere  d'un  sinus  ou  d'un  cosinus,  mais  ne  Test  pas  a  legard  de  T ; 
de  meme  u_«  est  periodique  a  I'^gard  de  T,  mais  non  a  1  egard  de  O.  Quant  a  U,  11, 
elles  ne  sent  simplement  pdriodiques  ni  a  I'^gard  de  fl,  ni  a  regard  de  T.  Pour 
d^montrer  cela,  consid^rons,  par  exemple,  1  equation 


ui  =  xU{l  + 


(m,  n). 


(17) 


m 


[in   depuis   —  m  jusqu'k   m,   n   depuis   —  n  jusqu'll    n,  m  =  00  ,    n  =  00  ,    —  =  00  ,  le  systeme 

(m  =  0,    n  =  0)    toujours    exclu] ;    en    reprdsentant    par   u'g   ce   que   devient   Ug  quand   on 
^crit  x+  n  au   lieu  de  x,  on  a  dvidemment 

x  +  n 


u'g  =  (x+n)u^i  + 

=  -xU(l  + 


(m,  n), 
1 


(m  + 1,  n) 


n 


(m  +  1,  n) 

(m,  n)    ' 


admettant  dans  le  premier  produit  la  combinaison  (m  =  0,  n  =  0),  mais  excluant 
(m  + 1  =  0,  71  =  0),  et  excluant  I'une  et  I'autre  du  second  produit.  Cette  Equation  est 
de  la  forme 

u't  =  A'xU  (1  +  , ?.—  ^ 

\       (m  +  l,  m). 


avec  lea  m^mes  limites  que  dans  u;  done 
u't  :  ug  =  A'n  (1  + 


(m  +  1,  n) 


n  1  + 


(-m,  n)J' 
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oh  n  se  rapporte  k  la  seule  variable  n  qui  doit  sVtendre  depuis  —  n  jusqu'a  ii. 
Puisqu'ainsi  n  ne  re9oit  jamais  des  valeurs  qui  soient  comparables  a  m,  chacun  de 
ces  produita  se  r^duit  k  I'unitd,  et  Ton  obtient 

u't  :  w«=  A', 
on  enfin 

m'«=-m« (18), 

en  posant 

et  remarquant  que  u  est  fonction  impaire  de  x,  ce  qui  donne 

'■         ^'=-1. 

^        Soit  de  meme  u"t  ce  que  devient  ug  en  changeant  a;  en  x  +T.     On  a  pareillement 

u"f  :  Ug  =  A"n  (l  +  -. ^-^,)  :  n  (iH-  ,      '^      .), 

V        (m,  n+l);  V        (to,  -n)/' 

ou  n  se  rapporte  a  la  seule  variable  m.  Mais  ici  les  produits  ne  se  reduisent  point 
k  I'unit^ ;   en  effet, 

=  Sin  Q  (a;  +  nT)  :  sm  ^  nT. 

Mais  quand  la  partie  imaginaire  de  Q  est  infinie,  on  trouve 

sin^  =  i(6<''-€-«)=±^e*«", 

selon  que  la  partie  r^elle  de  Bi  est  positive  ou  negative.  Or  la  partie  r^elle  de  -^ 
est  de  signe  contraire  k  wv  —  m'v ;    on  a  done 


(m,  n+1) 
de  mSme, 


"('M;^)-"- 


(m,  -n)y 
et  de  Ik 

«"«  =  4"6-^*MS  (19), 

Equation  de  la  meme  forme  que  celle  que  Ton  obtiendrait  en  posant 
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et  remarquant  que  u_g  est  pdriodique  a  I'^gard  de  T.  On  voit  aussi  qu'en  somniant 
par  rapport  a  m,  il  est  permis  d'exprimer  ug  par  un  produit  infini  simple,  dont  chaque 
facteur  est  de  la  forme 

sin  ^  (a;  +  nT), 

mais  qu'on  n'arrive  pas  a  un  tel  r&ultat,  en  sommant  par  rapport  a  n.  En  effet, 
r^quation 

fait  voir  que  Ug  s'exprime  par  un  tel  produit  oil  chaque  terme  est  de  la  forme 

sin  ^(x  +  mSl), 

multipli^  par  le  facteur  exponentiel  e~*"^'.  On  dtablit  de  cette  fa9on  I'identitd,  a  un 
facteur  constant  prfes,  de  Ug  k  H(u);  mais,  k  present,  pour  eviter  les  longueurs,  je 
ne  me  propose  de  considdrer  aucun  de  ces  produits  infinis  simples. 

II  faut  maintenant,  pour  le  developpement  de  la  th^orie,  introduire  les  trois  fonctions 
qui  correspondent  au  cosinus.     Mettant,  pour  abr^ger, 

m  =  m  +  ^,     n  =  n  +  ^ (20), 

j'^ris 

Limites. 

f  ya,-  =  t-i^  xU  \l  +  7-^1 .         mod  (m,  n)  =  T,    T=  x  . 


gx  =  e-i«^    n  (1+  ,^^,[ .         mod  (w,  n)  =  T. 


X 


Ga;  =  6-J«^    n    1  +  ,^^^,    .         mod  (m,  n)  =  T. 


(B) 

{        {m,  n)] 

Zx  =  e-i«^   n  {1  +  ,^_,l .         mod  (m,  n)  =  T. 
[        (m,  n)\ 

En  representant  par  yc*,  y_«a;,  &c.,  ce  que  deviennent  ces  fonctions,  et  prenant  pour 
limites 

(m'  =  m',  n'  =  n'),     (w?  =  m\  v?  =  n^), 

(7ft' =  m',  n»  =  n'),     {ni?  =  m\  71^  =  ^% 

ou  —  =  M   pour  ygx,  &c.,     —  =  x  pour  }'_««,  &c., 

ou  a,  en  g^ndral,  en  mettant  ./  au  lieu  de  I'une  quelconque  des  lettres  y,  g,  G,  Z, 

Jx  =  ei*''JtX  =  e-i*'^J-tX (21), 

ou  Jgx  est  periodique  a  I'dgard  de  fl,  et  J^gx  a  I'egard  de  T.  C'est  cette  Equation 
remarquable  qui  d^finit  la  loi  de  periodicity  des  fonctions  /,  et  de  laquelle  se  d<^duisent 
presque  toutes  les  propri^t^s  de  ces  fonctions. 
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II  est  clair  qu'en  changeant  entre  elles  les  quantit^s  fl,  T  (quantit^s  que  nous 
d»5signerons  comme  les  fonctions  completes),  on  ne  change  pas  les  fonctions  yx,  Zx, 
tandis  que  gx  se  change  en  Ox,  et  Gx  en  gx.  On  change  de  cette  manifere  f  en  —  f 
et  fi  en  —  5  (par  exemple,  ytx  se  change  en  y_«a;,  &c.).  Cette  consideration  fait  voir 
que  toute  propri^t^  des  fonctions  /  est  double,  et  donne  le  moycn  le  plus  facile  pour 
passer  d'une  propri^t^  quelconque  k  la  propri^t^  correspondante. 

On  tire  immediatement  des  definitions  memes  les  Equations 

'  Y{  —  x)  =  —yx,     g(  —  x)  =  gx,     G{  —  x)  =  Gx,     Z  {  —  x)  =  Zx; 
(C)  J  yO  =  0,  gO=l,  G0=1,  Z0  =  1; 

.      yo  =  1. 

.11  est  facile  de  d^montrer,  de  la  meme  maniere  dont  nous  avons  prouve  la  periodicite 
de  Jgx  k  I'egard  de  il,  que  ces  fonctions  se  changent  I'une  en  I'autre,  k  un  facteur 
constant  prfes,  en  changeant  x  en  x+^Cl.  Faisant  done  attention  k  I'^quation  qui  lie 
ensemble  Jx  et  JfX,  on  obtient  le  systeme  de  formules 


y  (x  +  ^  n)  =  ei^^"^  Agx,] 
g  (a;  + 1  n)  =  ei^"^  Byx, 
Gix  +  ^n)  =  ei^'''CZx, 
Z{x  +  ^n)  =  €iP'''DZx.) 

Pour  determiner  A,  B,  C,  D,  posons 

iK  =  0    ou    X  =  —^£1. 
En  ecrivant,  pour  abrdger, 

(D) 

on   trouve 


(22) 


*««»»  = 


.  irOi 


=  e     V   =gr,- 


(28) 


G  =  G{\Ci)=qr^  :  Z(in), 
D=Z{\D.)  =  qri:  G{\0.);] 

d'ou  Ton  deduit  cette  Equation  de  condition, 

(?(in)Z(iXi)  =  gr»  (24). 


On  a  de  meme  le  systfeme 


y{x  +  \r)=e-i«^='A'Ox,^ 
g(a;  +  iT)=e-J<^^FZa;, 
0(x+iiT)  =  e-i'^'G'  yx,  | 
Z(x-¥^T)=e-i^'D'Gx,\ 


.(25). 
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P^RIODIQUES. 

De  la,  si 

ce  qui  donne 

(E) 

log  q  log  q,=  -  TT-S 

11  resulte 

1 

^'=y(iT), 

h 

C'=^-q-i  :y(hn 

■  ■•• 

.   (26) 

1 

i)'  =  Z(iT)  :g(iT); 

oou  nous  tirons 

I'dquatiou  de  condition 

g(iT)Z(iT)  =  g-J.. 

...(27) 
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;  En    posant    a;  =  ^  T    dans    I'^quation    pour    y  (a;  +  ^  ii)    et   x  =  ^il    dans    I'dquation    pour 
y  (a;  +  i  T).  on  obtient  aussi  , 


y(in)g(iT)  =  -iy(iT)G(in) 


(28), 


(29), 


et    Ton    deduirait     cette     meme    Equation,    ou    une    Equation     ^quivalente,     des     autres 
fonnules,   de  maniere   qu'on   ne   peut   pas   trouver  d'autres  Equations  de   condition. 

Enfin,  en  rapprochant  ces  systJ;mes,  on  obtient 

y  (a;  +  i  n  +  i  T)  =  eiP*  t°-^'  A"Zx,  ^ 
g  (a:  +  I  n  +  ^T)  =  «i3^  10-^'  fi"ga;. 

Z  (.r  + 1  n  +  i  T)  =  ei^  1°-^  D"yx, 
avec  les  Equations  suivantes  pour  les  coefficients, 

t^"  =  (-i)*y(in)g(iT),  ^ 

I  fi"=-(-l)i?,-ly(iT)  :y(in> 

I  C"={-l}iIi{lD,)Ziir), 

I  /)"=-( -l)Jg-iZ{i ft)   :  y(iT> 

h  rassetnblant  les  Equations  entre  Ji^il),  /(^T),  on  a 

g(i")  =  o, 

(?(iT)=0, 

G(in)Z(in)=q,-^, 

g(iT)Z(iT)=ry-i, 
y(in)g(iT)  =  -zy(iT)(?(in), 


(30). 


(31). 
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tl'ou  Ton  conclut  les  formules 

R'C"  :  A"D"^B'D'  :  A'C  =  CD  :  AB  = -\, 


[25 


A'B'  :  C'jy  =-A"B"  :  CD"  =  -  y»  (^  T) 
A"C"  :  F'D"  =  -A'  C  :  Fiy=  yHi  «) 
A  D   :  B  C  =^-A'D'  :  B'C  =     y'i^il) 

=  -yHiT) 

dont  nous  aurons  bient6t  besoin. 


(32), 


On   peut  passer  maintenant  k  ce  syst^me  gt^n^ral  de   fonnules,  ou  j'ecris   ( — )'"   au 
lieu  de  (  -  1)™  : 

('  0  =  (  —  )'»"  e^a;  (m,  - ji)  q  -ii»2  (^-in^" 

1^,  comme  toujours,  (m,  —  n)  =  viil  —  iiT  ; 
y  {x  +  (m,  n)j  =  (  -  )'"+»  @ya:, 
g  {x+(m,  7i)j  =(-)»»     0ga;, 
G{a;-}-(m,  ?i)j  =  (-)»      eGx, 
Z{x+(m,  n)}=  &Zx; 

y  {a;  +  (m,  n)]  =  {-  )»"+"  $^ga;, 
g  {a;  +  (TO,  «)}=(-)'»     <I)£y«, 
(?{a;  +  (w,  n)}=(-)»       <>CZa;, 
(F)  J  ^  {a;  +  (m,  n)}  =  ^DGx ; 

ySf  ^( \  ?»«+ Jm  JSx  {m,  —  n)  q  —  J»i^  q— J/i^— Jn  . 

y  {«  +  (m,  n)}  =  ( - )'"+"  ^^'Ga;, 
g  {x  +  (m,  ifi)j  =  ( -  )'"     ■^'^'-^a;, 
G{a:+(m,  n)}=(-)»      '^'C'ya;, 
Z{x+(m,  n)j  =  ■^'D'ga;; 

X  =  f  —  )  mn+Jm+Jn  gfx  (m.  —n)  „  — Jm^- j»i  „— j  ii2— §ii  . 

y  {a;  +  (m,  n)  j  =  (  -  )"*+"  XA"Zx, 
g{x+{rn,n)]  =  {-)^  XB"Gx, 
G{x  +  {m,  n))  =  (  -  )"  XC'gx, 
Z{x+  {m,  n)]  =  XB"yx. 
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Soit  a;  =  0  : 


m 


(G) 


y'(m,  ft)  =  (-)™+"©„, 


y  (m,  w)=  0, 
g(m,  «)  =  (-)"•  0„, 
G(m,  n)  =  (-)"  0„, 
-?(m,  n)=  0„; 

y  {fn,  ??.)=( -)"»+»<I>o^, 

g  (w,  h)  =  0,  g'  (jn,  »)  =  (  -  )'»  OoB, 

(?(fn,  «)  =  (-)"      *„(7, 

y  (m,  n)  =  (-)™+»^„^', 

g(m,n)  =  (- )™     %B', 

G  (m,  n)  =  0,  G'  (m,  n)  =  ( - )»  ^oO', 

Z  (m,  n)  =  ^J)' ; 

y{m,  ii)  =  (-)»»+» X„4", 
g(m,  n)  =  (-)-  X^", 
(?(m.  «)  =  (-)»  XoC". 
Z{m,  n)=  0,  Z'(7n,  n)  =  X„D". 

On  a  de  suite,  en  prenant  les  diffdrentielles  des  logarithmes  des  fonctions  Jx, 

' y X  :  yx=  — Bx+^{x  —  {m,  n)]~^, 

g'  a;  :  gx  =  —  Bx  -\-2d\x  —  {m,  n)]-\ 

G'x  ■.Ox=-Bx  +  ^{x-  {m,  n)}-\ 

Zx  :  Zx=^-Bx^-^\x-{m,  n)}-. 


(H) 


{B  est  le  coefficient  de  a^,  dans  I'exponentielle  e-^"^'  des  Equations  (B) ;  il  n'y  a  pas 
^  craindre  de  le  confondre  avee  le  B  qui  entre  dans  les  equations  pour  y  (w,  n),  &c. : 
c'est  par  hasard  que  j'ai  pris  deux  fois  la  meme  lettre.) 
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R^duisons  en  fractions  simples  la  fonction 

gx  Gx  :  yx  Zx. 


[25 


En  ^rivant 


on  obtient 


Done 


c'est-k-dire 


%x(h>  :  yxZx  =  S  [i  {ic  -  (wi,  «)}"'  +  ilf  {a:  -  (m,  n))"'], 

L=g(m,  n)  G{m,  n)  :  y'(m,  n)Z  (m,  n)  =  l, 

M=  g  (to,  n)  G^  (m,  n)   :  y  (m,  n)  ^'  (»n,  n)  =  5"C"  -  ^"D"  =  1. 

gx  Ox  :  yxZx=^  {x  —  (m,  «)}"'  —  S  {^c  —  (wi,  n)]~', 
ga;  (ra;  :  yxZx  =  (y'x  :  yx)  —  (Z'x  :  Zx). 


(Nous  allons  bientot  justifier,  au  moyen  d'un  thdorfeme  de  M.  Cauchy,  reinploi  de 
cette  m^thode  de  decomposition  en  fractions  simples  qui  ne  s'applique  pas  toujours  aux 
fonctions   transcendantes.) 

On  obtient  de  meme 

gx  Zx  :  yx  Gx  =  {y' x  :  yx)  —  (G'x  :  Gx), 
^^  GxZx  :  yx   gx={y'x  :  ya;)-(g'a;  :  gx), 

(I)  ^  —PyzZx  :  gx  Gx  =  (g'x  :  gx)—{G'x  :  Gx), 

e'yxgx  :  GxZx^{G'x  :  Gx)-{Z'x  ■  Zx), 
c'yxOx  :  Zx  yx=  (Z'x  :  Zx)  —  (y'  a;  :  y  x), 

en  mettant,  pour  abreger, 


h 


(J) 


y(iT)  :Zi^n)  =  lo 
y(ifl)  :Z(ifl): 


y(in)  :  (?(if2)  =  -iy(iT)-g(iT)  =  J. 


Done,  en  ^liminant  les  fonctions  d^rivdes, 

Q^x-Z^x=  e^y'^x, 
g'x-G^x  =  -  byx, 
Z'x  -  g'x  =     c^y'x, 

i  .  1 

'  J'ai  toit  -  an  lieu  de  -  pour  me  conformer  h.  la  notation  d'Abel ;   il  est  4  peine  nScessaire  de  remarqner 

que  c,  e  sont,  en  g^n^ral,  I'une  et  I'autre  des  quantitfis  imaginaires. 


( 
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ce  qui  donne,  en  ajoutant, 

(K)  b-  =  e'  +  c\   ou   b  =  Je''  +  (f, 

en  nous  retiendrons  ddsormais  la  lettre  b  dans  cette  signification.     Puis 
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(L) 

Soient  maintenant 

(M) 


''  <l)x  =  yx  :  Zx, 

fx  =  gx  :  Zx, 

{Fx=Gx  :  Zx. 


{f-x  =  1  -  &i^^X, 

I  F'x  =  1  +  e'^^x ; 

'  ^'x=fxFx, 
f'x  =  -  d'^xFx, 
^  Fx  =  (F^xfx. 

Ces  Equations  sent   precisement  les  Equations  fondarnentales  d'Abel  {CEuvres,  t.  i.,  p.  143 
[Ed.  2,  p.  268]),  et  il  en  d<?duit 

(P)  h(-  +  y)=^i^^^, 

1  +  e^c^cpxcp'y 

F  (x  I  v)  -  ^■^^y  +  ^''^'^^vMy 

\    -<■  yi  J  _^  e''c'<j>'x<f>'y       ' 

qui  sont  lea  formules  connues  pour  I'addition  des  fonctions  elliptiques. 
En  effet,  on  peut  ^crire  I'dquation 


sous  la  forme 


1  = 


(f)'x  =  fx  Fx 
<f>'x 


J  (1  -  d'<f>'x)  {I  +eWa;)' 
ou,  en  mettant  y  =  ^x, 

(Q)  ^-r ,     'y 

U    J{\  -cy)(l+e»y») 
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on  peut  done  de  ce  point  supposer  connues  toutes  les  propri^t^s  des  fonctions  elliptiques. 
On  a,  par  exemple, 


et  de  \k 


(R) 


<^aT)  =  *,    <f>(in)  =  l, 


JoJ(i-cy)ii+eyy 

i 

JoJil-cY)(l  +  eY)' 


qui  ddterminent  O,  T  en  fonction  de  c,  e.  II  parait  au  premier  abord  que  T,  fl  soient 
>des  fonctions  parfaitement  ddtermindes  de  c,  e.  J'ai  des  raisons  pour  croire  que  eela 
n'est  pas  prdcis<^ment  le  cas,  et  que  la  question  admettrait  des  ddveloppements  inter- 
essants;   mais  je  reserve  ce  sujet  pour  une  autre  occasion. 

On  peut,   k  I'aide   des   Equations   entre  y(^f2),   &c.,   et   les   quantit^s  c,   e,  expriiner 
cette  suite  de  fonctions  en  termes  de  c,  e.     On  d^duit: 

y  (i  n)  =  b-i  c-i  qrK  y  (i  T)  =  ib-ie-i  q-i ; 

g(in)  =  0,  g{^T)=bi^iq~i; 

Gi^n)  =  bic-iqrK  (?(iT)=0; 

Z{^n)  =  b-iciqrK  Z{i^r)=b-ieiq-i; 


(S) 


^ 


et  de  \k 


(T) 


(A  =  b-ic-iqrK  A'=ib-ie-i(rK  A"  =  (-)i  C'i  e'i  qr^  q-i 

B=-bW'qrK  B'  =  bie-iq-i    ,  B"  =  -  (-)Uci e'i qr^ q'^ ; 

G=bic-iqr*,  C'  =  -ibhiq-i  ,  C"  =  (-)U-i e^qr^q-^ 

[D  =  b-i c»  qr^  ,  iy  =  b-ieiq-i    .  D"  =  -  (-)*  ic^  e*  gr* ?-* 

qu'on  doit  introduire  dans  toutes  les  fonnules  ou  entrent  les  quantitds  A,  B,  &c. 

Voici  le  thdoreme  de  M.  Cauchy  (Exercices  de  MatMmatiques,  tome  li.  page  289) : 

"  Si,  en  attribuant  au  module  r  de  la  variable 

z  =  r  (cos  p  +  i  sinp) 

des  valeurs  infiniment  grandes,  on  peut  les  choisir  de  manifere  que  les  deux  fonctions 

f^+fi-z)        fz-f{-z) 
2  '  2z 

deviennent   sensiblement   nuUes,   quel   que   soit   Tangle  p,   ou   du   moius   que   chacune   de 
ces    fonctions    reste    toujours    finie    ou   infiniment   petite,  et    ne   cesse    d'etre   infiniment 
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petite,  en  demeurant  finie,  que  dans  le  voisinage  de  certaines  valeurs  particulieres  de  p, 
on  aura 

pourvu  qu'on  reduise  le  residu  integral  a  sa  valeur  principale." 

On  se  rappelle  que  cela  veut  dire  qu'en  supposant  ces  conditions  satisfaites,  la 
fonction  fx  pent  s'exprimer  de  la  maniere  ordinaire  comme  la  somme  d'une  suite  de 
fractions  simples,  mais  qu'il  faut  dtendre  d'abord  la  sommation  aux  racines  de  I'dquation 

1  =  0. 

fa 

t 

dont  les  modules  sont  inf^rieurs  a  une  certains  limite  qu'on  fait  alors  infinie. 
Soit,  par  exemple, 

^,  =  ,,.H.^ (33), 

ou  Tx,  TjX  ne  contiennent  que  des  facteurs  qui  sont  des  puissances  entiferes  des 
fonctions  yx,  gx,  Gx.  Zx.     En  supposant  que  r  n'est  d'auoune  des  formes 

mod  (m,  n),     mod  {m,  n),     mod  (vi,  n),     mod  (m,  n), 
mais,  d'ailleurs,  une  quantity  infinie  quelconque,  on  pent  toujours  ^crire 

2  =  r  (cos  ;;  +  i  sinp)  =  {m,  n)  +  d  (34), 

■  oil  6  est  une  quantity  finie  telle  qu'aucune  des  fonctions  y^,  g6,  GO,  Zd  ne  s'dvanouit, 
m,  n  sont  des  entiers  dont  I'un  au  moins  est  infini,  mais  qui  varient  depuis  -  x 
jusqu'k  X ,  avec  Tangle  p.  Soit  8  le  degre  de  Tx,  8,  celui  de  T^x  a  I'egard  de  yx, 
&c. ;  soit  aussi  \  =  8,  —  8 ;   on  a,  en  general,  une  equation  de  cette   forme, 

fz  =  ^tim.n)''  f^^ikm'  ^Kn\lm+Jn  p (35)^ 

^^      oil  F  est  fini.     En  supposant  done  que  la  partie  r^elle  de  \ 

^^_  a(7n,  n)=-X.§n=m=  +  \gTV  (36) 

est  negative  quelles  que  soient  les  valeurs  de  m,  w,  on  a 

/^  =  0, 

et  de  m^me 

fz+f{-z)_^       fa-f{-z)_^ 
2  ~    '  tz 

Si,  au  contraire,  cette  partie  re'elle  est  positive,  ces  trois  fonctions  sont  toujours  infinies. 
II  y  a  cependant  un  cas  particulier  k  consid^rer,  savoir,  celui  ou  cette  partie  rdelle 
se    reduit    h,    Pw?    ou    Qn\    P,    Q    6tant    des    quantit^s    positives.     II    faut    ici    que    le 
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coefficient  de  «  ou  de  m  dans  la  partie  r^elle  de  Im  +  Jn  s'evanouisse.  Enfin,  si  les 
parties  rdelles  s'^vanouissent  entiferement,  ce  qui  ne  pent  arriver  que  pour 

0=0,     6  =  0,     X.  =  0, 

fx  est  finl     On  a  done  pour  fx  fonction  impaire, 

fz+f{-z)_  fz-f(-z)_ 

2  '  2z 

(la  seconde  A|uation  k  cause  du  d^nominateur  infini  z).  II  est  cependant  certain  que, 
dans  plusieurs  cas  pour  lesquels  fx  est  fonction  paire,  on  peut  r^uire  fx  en  une  suite 
de  fractions  simples :  par  exemple,  yx  :  gx  est  une  fonction  impaire  que  Ton  peut,  par 
ce  qui  pr^cfede,  ddvelopper  en  suite  de  fractions  simples ;  en  ^crivant  x  +  ^T  au  lieu 
de  X,  on  d^uit  un  pareil  developpement  pour  Gx  :  Zx  qui  est  fonction  paire. 

Remarquons  que  quand  la  partie  rdelle  de 

est  negative  pour  toute  valeur  de  m  ou  n,  la  suite  pour  fx  est  toujours  convergente. 
En  effet,  les  num^rateurs  des  fractions  simples  contiennent  ce   facteur  de  fz, 

cia  (m.  n)'  „  JAm'  „Un» 

qui  s'^vanouit  pour  les  valeurs  infiniment  grandes  de  m,  n.  Dans  le  cas  oil  la  partie 
rdelle  est  positive,  le  developpement  ne  peut  jamais  etre  vrai ;  je  crois  qu'en  general 
il  est  vrai,  dans  les  cas  limites,  quand  la  suite  que  Ton  obtient  est  convergente.  II 
y  a  des  exceptions  cependant ;   on  en  verra  une  en  dt^veloppant  (fy'x. 

Avant  de  passer  aux   exemples,   d^veloppons   la   condition    pour   que  la  partie  r^elle 
en  question  soit  toujours  negative. 

Eln  supposant 

a  =  h  +  ki, 

on  obtient  pour  cette  quantite  I'expression 

Xtt  mod  (wv  —  &)'v)l  ^ 


m' 


h  (o)^  —  0)''^)  —  2^'6)(u'  — 


i/  +  V-' 


(37), 


+      n"  \h  {v^  -  v'^)  -  2kvv'  -  ^^^"»d(a,v'-.,'v)| 

+  2mn  {h  {wv  —  m'v')  —  k  {tov  +  fo'v)], 
qui  doit  toujours  rester  negative.     Cela  donne,  aprfes  quelques  reductions,  la  condition 

As  J-  u  _i_  2X7r  (ojv  +  (o'v) 

(w'  +  w")  (ra-'  +  w^)mod(a)i/  —  o)  w)  "-^  '        ^  '    -i 


\H' 


I...  (38). 


('«»  +  to'')  (l/  +  v'') 


7.,,  <  0. 
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(U) 


satisfont  k  cette  condition,  laquelle  du  reste  (en  consid^rant  h,  k  comme  les  coordonnc^es 
d'un  point)  est  satisfaite  pour  tout  point  situ^  en  dedans  d'un  certain  cercle  qui  inclut 
rorigine,  et  dont  on  aurait  I'dquation  en  rempla9ant  le  signe  <  par  le  signe  =  dans 
la  formula   (38). 

On    obtient    de    cette    fa^on    une    grande   vari^td    de    formules    particulieres.     Par 
example  cellas-ci : 

'  jl<u!»+te  :  ya;  =  2  j-^.^-mn-TO-n  gjo  im,  n)^+b  (m,  n)  q^^mf  ^in^  |^  _  (^^   w)}"'], 

e**^**  :  Ga;=  iJ-*  c~*    S  [(— )-"'»-i™-»  e*"  ""•  "''+*  •"*• "'  jji™'  g*  !"+*''  {x  —  (m,  n)j~'], 
g}ai»+6i  :  Zx  =  ic-^  e-i    S  [(-)"  •'"'^*'  '"■^*'  «*"  *"*•  "'"■*'''  '*"■  "'  ^i*  """'^''  g*  '""'^'''  {a;  -  (m,  n)}-'], 
dans  lasquelles,  pour  trouver  les  limites  de  a,  il  faut  faire  X  =  1  dans  la  formule  (38). 
On  a  ensuita  ce  systfeme  de  formules  sans  exponentiellas, 

'gx:yx=  i][(-)"       [x  -  {m,  n)}-^], 

Gx  :  yx  =  S  [(-)"'     {x  -  (m,  n)}-'], 

Zx   :  yx  =  S  [(-)"•+»  {x  -  (m,  w))-'] ; 

yx  :  gx  =  -  6-1 C-'  S  [(-)"  [a;  -  (m,  «))-■], 
Qx  :  gx  =-  C-'  2  [(-)"»+»  {a;  -  (m,  w)|-i], 
Za;  :  ga;  =  -       6-^  S  [(-)"'     {a:  -  (m,  n)}-']  ; 

yar   :  Ga;  =  - 6-' e-' S  [(-)'"      {x-(m,n)]-'l 

gx   :  Gx=         ie-'  S  [(-)"'+'» \x  -  (m,  «))-'], 

Zx  :  Gx=         ib"  S  [(-)"      {a;  -  (m,  n)}~']  ; 

yx    :  Zx=    ic-'  e"'  S  [(-)"*+"  [x  -  (m,  n)}-'], 

gj;   ■  Zx=  e-'  S  K-)™      {a;  -  (m,  n)}"'], 

Gx  :  Zx=  ic-'  S  [(-)"       la;  -  (m,  n)]~'\ 

dont  quelques-unes  ont    ^t^    donn^es  par    Abel.     II    faut   remarquer   que    celles    de    ces 

equations  ou  la  fonction  est  impaire  sont  justifi^es  par  le  thdoreme  de  M.  Cauchy,  et 
que  les  autres  se  d^duisent  de  celles-ci.  On  peut  trouver  de  m^me  le  d^veloppement 
des  fonctions 

1  Gx               ya;ga! 

ya; ga; '   "  '  yxgx' '"  '      ZxGx 

C.  23 


(V) 
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(oelles-ci,  qui  sont  toutes  impaires,  ont  dte  ddja  consid^rdes ;   nous  venons  de  faire  voir 
()ue  le  d^veloppement  est  admissible); 

I  Zx  \ 


yxgxOx' '" '     yxgxOx''"'      yxgxZx'"' 


yxgx 


chacune,  except^  celles  de   la  suite  fj-y   ,  multipli^e  par  un  facteur  exponentiel   e*"*'+**. 
Par  exemple, 


(W) 


+  S  [ei«  !"•• "''+» "»• "'  qi»^  3'  i»+i>'        {a;  -  (m,  n))  -'] 
-S [€**'"*•  "''+*'"*•"'  j,«(m+i)'^s(n+l)'  {a;-(fn,  n)}-']. 


Mais  on  est  conduit  k  un  r^sultat  beaucoup  plus  important  en  considerant,  par 
exemple,  le  d^veloppement  de  <j>'x.  Cette  fonction  contient  non-seulement  une  suite 
de  fractions  simples,  mais  aussi  un  terme  constant;    nous  dcrirons 


<f>^x=J+^[L[x-  (m,  n)}-^  +  M{x-  (m,  n)}-'] 


(39). 


Pour  determiner   L,  M  de  la  manifere  la  plus  simple,  changeons  x  en  a;  +  ^fi  +  JT.     En 
faisant  attention  k  la  valeur  de  <f)x=yx  :  Zx,  on  obtient 


de  \k 


-  e-'  c-^  (<f)x)-^  =  /+  2  [i^  {a;  -  (m,  n)}-'  +  M  {x  -  (m,  n))-'] ; 


L=-e-'- c-^  [x -  (m,  n)Y (^)-», 


M  =  -e^c- 


d 


-7-[{a;  — (m,  n)Y  (tl>x)~^],    x  =  (m,  n), 


ou   enfin 


ce  qui  donne 


L  =  -  e-^  c-"  of  {<px)-\     pour  x  =  0, 
M  =  -^V^[x'i<l>x)--l 

<})'x  =  J-  e-=  c-»  S  la;  -  (fn,  n)}" 


(40). 


En  integrant  deux  fois 


1    dx      ^'a!da;=  JJx»  +  e-«c-'2log{a;-(OT,  ji))  (41), 


I 
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ou,  a  Cause  de  log  Zx  =  -  \Ba?  +  2  log  {x  —  (in,  n)j, 

j    dx\    (i,'xda!  =  ^Ix'  +  e-^c-^logZa: (42), 

en  mettant,  pour  abrdger, 

(ou  n'a  pas  ajoute  de  constante  arbitraire,  parce  que    Zx   est  fonction    paire  de   x   qui   se 
r^duit  a  I'unitd  pour  x  =  0).     Puis,  on  a 

Z^=e-*^'^^-^Wo'H'*'"^ (43). 

De  1^  il  est  facile  de  determiner  la  valeur  de  /.     Soit,  pour  un  moment, 

<f>/c=l    4Pxdx,      4>,^=\    4>/»!cbs. 
Puisque 

(f>'{x  +  n)-<j)^x=o, 

on  a 

<f>,(x+n)=,l>,x-  <i>,n, 
<f)„ix+n.)~<f>^^x  =  x4>,n. 

Mais  de  I'^uation 

<f>'x  -(()^n-x)^o 

on  d^uit 

<f>,x  +cf>,(n-x)=  <^,n,   ^„x  -  4>,^  {ii-x)  =  x<f>,n, 

ou,  en  faisant  x=  ^il, 

c'est-i-dire 

et  de  1^ 


Mais  on  a  d^jk 
done   enfin 

c'est-i-dire 


<f>„{x+n)-<f,„x  =  {2x  +  n)<t>,^n- 

Z  (a;  +  n)  =  e^n*  q,-i  Zx  =  eW<'°*+n'»  Zx  ; 

-e'c=j^/-^</.,(in)]=^, 

fi2f^                            ps^i  no 
-ieV/=i;Q-^<^,(jn)  =  i^-?g|    4>^xdx  (44). 
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Soit,  pour  abr^ger, 

M  =  ^j^°<t>'xdx (45); 

on  a  cette  Equation, 

qui  exprime    la  fonction  Zx  au  moyen  de   ^x.    C'est,  en  effet,  la  formule  remarquable 
de  M.  Jacobi,  que  nous  avons  cit^e  dans  rintroduction  de  ce  M^moire. 

Ea  changeant  seulement  la  notation,  on  a,  d'aprfes  M.  Jacobi, 

\     -I.J/         \     ^  {^a  fa  Fa  <hx  fx  Fx)  ,.„. 

<f>'ix  +  a)-<t>'(x-a)=    7i/^,./4.,).     (46). 

r*<,,/         X      ,,  /         Mj        2d>afa Fa (fy'x  ,,„, 

A  (<^°(^  +  «)-0'(^-a)lc^x=i^;^^,/^,, (47), 

ou,  ce  qui  est  la  mSme  chose, 

jyix  +  a)dx-jyix-a)d.-2Jj^ada  =  f^.V^^^^ ^''^- 


De  Ik,  en  multipliant  par  e'c",  et  faisant  attention  k  la  valeur  de  Zx, 
Z'(x  +  a)     Z'  {x  -  a)     2Z'a  _  26=0'  ^afa  Fa  (jt'x 


(49). 


Z{x+a)      Z(x-a)       Za         1  +  e'c^  <f>^a  <f>^x     

Ecrivant  dans  cette  Equation  a,  x  au  lieu  de  x,  a,  et  ajoutant,  on  obtient 

Z'x     Z'a     Z'(x  +  a)      ,,,,,, 

En  integrant  la  m^me  Equation  par  rapport  k  a, 

\ogZ(x  +  a)  +  logZ{x  -  a)  -  2  log  Za;  -  2  log ^a  ) 
=  log{l+^c'<fy'a<}>''x)  J 

c'est-^-dire 

Z(x  +  a)Z(x-a)=Z'xZ^a{l+^d'(fy'a<jy'x) (52), 

ou,  ce  qui  est  la  mSme  chose, 

Z(x  +  a)Z(x-a)  =  Z'xZ'a+e'c'y''xy''a (53), 

de    laquelle    on    d^duit    facilement,   en    dcrivant    x  +  ^il,  x  +  ^T,    x  +  ^fl  +  JT    au    lieu 
de  X,  les  Equations  compldmentaires 


(Y). 


'y  {x  +  a)y  (x-a)  =  y^x  Z'a  -y^aZ^ 
g(x  +  a)g(x-a)=g'x Z^a  - c^aZ^x, 
G{x  +  a)  Q(x-a)  =  Cr'xZ'a  +  e'Cr'aZ^x. 
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Quoiqu'elle  ne  soit  pas  lide  tres-etroitement  avec  la  theorie  actuelle,  on  peut 
ajouter  ici  cette  autre  formule  de  M.  Jacobi,  qu'il  obtient  en  integrant  par  rapport  k  x, 
au  lieu  de  a, 


U{x,  a)=f  - 

Jo 


■e^(-4>afaFa<l>^xdx              Z{x-a)       Z'a 
l+eV(^^a<^»x        ~^^°^Z{x  +  ay'^Za  ^^*''' 

au    moyen   de    laquelle    il    ddduit    des    formules    pour    I'addition    des    arguments    ou    des 
parametres  des  fonctions  de  la  troisieme   espfece.      On  trouve  aussi,  dans  les  Fund.  Nova, 

quelques  formules  d^duites  de  I'^uation  (49)  pour  exprimer  ~ ',  „,  ^-=-i 

*      ^  n  \     /  r  r  Z(x  +  a)Z{y  +  a)Z{x  +  y-a) 

au   moyen   de    la   fonction    <f) ;    il    serait  facile  de   d^duire   des   Equations    semblables  pour 

les  autres  fonctions  y,  g,  G. 


Note  sur  une  ivMgrale  definie. 

Soient  A, ,  k  des  quantitds  r^elles   dont    la  premiere   est  la  plus  grande ;   Xi  =  to  +  mi, 
T  =  V  +  v'i  des  quantites  quelconques,  telles  que  wv  —  to'v  ne  s'dvanouisse  pas,  et  ^crivons 


"  =  /*n 


dx 


+  Ta- 


(55). 


L'int^grale   u  a  toujours  une   valeur    finie    et  detenninde,   puisque    le    d^nominateur    ne 
devient  jamais  zdro.     On  a  evidemment 


"     ],^\si  +  't(x  +  k)     fl  +  T(a;  +  A:0. 


(56), 


et  I'int^grale  indefinie  est 


1,       {^n+t{x  +  k) 


.(57); 


.(58). 


a  +  'T{x+ki)\ 

il  faut  passer  de  li  k  I'int^grale  definie,  entre  les  limites  0,  oo.     Soit 

n  +  T(^  +  A.) 

Vl  +  tix  +  k,)     ^*  +  *^* 

II  est  facile  de  voir  qu'en  faisant  abstraction  d'un  d^nominateur  toujours  positif,  A^ 
est  une  fonction  du  second  degr^  en  x,  et  Bx  se  rdduit  a  la  quantity  constante 
{<ov —to'v){k^  —  k).  Le  signe  de  Bx  est  done  toujours  le  m6me  que  celui  de  (ov'  —  a>'v; 
quant  h  celui  de  Ax,  puisque  dvidemment  A^=l,  il  est  clair  que  si  Af,  est  positif. 
Ax  reste  toujours  positif,  ou  change  deux  fois  de  signe  quand  x  passe  de  0  k  oo .  Si, 
au  contraire,  A^  est  ndgatif,  Ax  est  ndgatif  depuis  a;  =  0  jusqua  une  certaine  valeur 
positive  de  a;,  a;  =  a,  et  positif  depuis  x  —  a  jusqu'i  «  =  x .  Considdrons  d'abord  ce  dernier 
cas.  En  repr^sentant  par  Lx  la  valeur  principale  de  log  x  (cela  suppose  que  la  partie 
rdelle  de  x  est   positive),  on  obtient  cette  valeur  de  u, 


T 


n  +  T/fci]    1^ 

n  +  Tkj      T 


n  +  Tj^+k-e) 

il  +  r(a  +  k-€)j      T 


'D,  +  T(a  +  k,  +  e)' 
il+T(a  +  k  +  e) 
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oil  e  est  suppose  une  quantity  infiniment  petite  positive.     La  somrae  des  demiers  termes 
86  r^uit  k 

i  (-arc  tan -^^  + arc  tan  ^,j (59). 

oh,  comme  k  I'ordinaire,  are  tan  a;  doit  ^tre  situ^  entre  les  limites  +  ^. 

Dans  eette  formule,  J._  est  une  quantity  infiniment  petite  et  negative;  w4.+,  est 
une  quantity  infiniment  petite  et  positive;  done,  quand  B,  est  n^gatif,  les  arcs  se 
r^uiseut  k  ^ ,  - ^ir,  et  si  £.  est  positif,  k  -^  ,  ^.     On  a  done 


ou  il  faut  se  servir  du  signe  sup^rieur  ou  infdrieur  selon  que  wv—wv  est  positif  ou 
n^gati£  Dans  le  cas  oil  A^  est  positif,  si  Ax  reste  toujours  positif,  on  obtient  tout  de 
suite 

1   ./fl  +  Ti,\  ,     , 

"  =  t^lflTTA"j   ^^^^- 

Si  Ax  change  deux  fois  de  signe,  par  exemple  pour  x  =  a  et  x  =  S,  il  faut  introduire 
les  corrections 


—  arc  tan  - ,— ^  +  arc  tan  -j-^  )  +  si  (  —  arc  tan  -r- —  +  arc  tan  -j —  ) , 
A^_,  Aa+J      TV  Ag_,  At+./ 


qui  se  ddtruisent  I'une  I'autre,  en  sorte  que  Ton  a  le  meme  r^sultat  que  si  Ax  etait 
toujours  positif  En  se  servant  de  la  notation  employde  dans  le  Mdmoire,  on  a  dans 
tons  les  cas 

»=^"<(S^1') <«2)' 

ou  le  signe  se  determine  d'aprfes  celui  de  mi;'  —  w'v. 
En  particulier, 

f"""       d^  J_  /fi  +  Ttana\ 

j„    n=-Tv~2nT  *"ln-TtanW  ^''•*^- 


ou 


Je  ne  sais  pas  si  Ton  a  cherchd  avant  moi  la  valeur  exacte  de  cette  integrale  d^finie, 
qui  est  Dependant  la  plus  simple  qu'on  puisse  imaginer,  et  qui  devrait,  je  crois,  trouver 
place  dans  les  livres  el^mentaires. 

NoTA.  Une  partie  de  ces  recherches  a  f?t^  d^ja  imprimde  dans  le  Cambridge 
Mathematical  Journal  [24]  ;  jc  me  suis  borne  au  cas  oii  fl,  T  sent  de  la  forme  w,  vi,  ce 
qui  simplifie  beaucoup  la  ddterminatiou  des  inttigrales  d^finies  doubles;  mais  la  forme 
gdn^rale  des  r^sultats  en  est  tres-peu  affectde. 
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MEMOIEE    SUE    LES    COUEBES    DU    TEOISIEME    OEDEE. 

[From  the  Journal  de  Matkematiques  Pures  et  Appliquies  (Liouville),  tome  ix.  (1844), 

pp.  285—293.] 

CoNsiD^RONS  d'abord  la  surface  du  troisi^me  ordre  qui  passe  par  les  six  aretes  d'uu 
t^traedre  quelconque.  Cette  surface  sera  touchee  selon  chaque  arete  par  un  seul  plan ; 
je  dis  que :  "  les  plans  tangents  selon  les  aretes  oppos^es  se  rencontrent  en  trois  droites 
qui  sont  dans  le  merae  plan,  et  chacune  de  ces  droites  est  situ^e  entiferement  sur  la 
surface." 

En  eifet,  si  nous  representons  par  P  =  0,  Q  =  0,  ii  =  0,  <S  =  0,  les  equations  des  quatre 
plans  du  t^traedre,  et  par  a,  S,  y,  S  des  constantes  arbitraires,  I'equation  de  la  surface 
ne  peut  avoir  que  la  forme 

aQRS  +  SPRS  +  yPQS  +  SPQR  =  0. 

Soient  ^,  ®,  31,  ^  ce  que  deviennent  les  quantit^s  P,  Q,  R,  S,  quand  on  change  les 
coordonn^es  x,  y,  z  en  de  nouvelles  variables  f,  »;,  f ;  I'equation  du  plan  tangent  se  reduit 
facilement  h.  la  forme 

(^  -  P)  {^RS  +  7QS  +  hqR)  +  ((S  -  Q)  {aRS  +  yP8  +  hPR) 
+  (H-  iJ)  (aQS  +  fP-S  4  hPq)  4-  (Sb  -  -S)  (aQi?  +  ^PR  +  yPQ)  =  0. 

Soient  P  =  0,  Q  =  0 ;  cette  equation  devient 

^^  +  a<a  =  0 ; 
et  de  mSme,  si  ii  =  0,  6'  =  0,  I'equation  devient 

De  ces  Equations  on  d^duit  les  deux  suivantes: 


184  M^OmE  SUR  LES  COURBES   DU  TROISIEME  ORDBE.  [26 

On  conclut  de  la  premifere,  que  la  droite  d'intersection  des  deux  plans  tangents  est  situ^ 
8ur  la  surface;  et  de  la  seconde,  que  cette  droite  est  dans  un  mfime  plan,  quelles  que 
soient  ies  deux  arfites  oppos^  par  lesquelles  on  a  men^  les  deux  plans  tangents.  Ainsi 
le  th^rfeme  est  d^montr^. 

En  consid^rant  une  section  quelconque  de  cette  surface,  ou  mSme  en  supposant  que 
P,  Q,  R,  8  ne  contiennent  que  deux  variables  x,  y,  nous  avons  ce  thA)rfeme: 

"  Etant  donn^  une  courbe  du  troisifeme  ordre  qui  passe  par  les  six  points  d'inter- 
section de  quatre  droites,  les  tangentes  k  la  courbe  en  ces  six  points  se  rencontrent  deux 
k  deux  en  trois  points  qui  sont  les  points  d'intersection  de  la  courbe  par  une  droite. 
Les  tangentes  qui  doivent  fitre  prises  ensemble  sont  les  tangentes  en  deux  points  A, 
A',  tels  que  A  est  I'intersection  de  deux  des  quatre  lignes  donndes,  et  A'  I'intersection 
des  deux  autres  lignes,  points  que  Ton  peut  nommer  opposSs. 

"De  meme,  si  une  courbe  du  troisi^me  ordre  passe  par  cinq  de  ces  points,  de 
telle  manifere  que  I'intersection  des  tangentes  k  la  courbe  en  deux  points  opposes  soit 
situde  sur  la  courbe,  la  courbe  passe  par  le  sixifeme  point,  et  par  les  points  d'inter- 
section des  tangentes  menses  par  les  deux  autres  paires  de  points  opposes." 

A  present,  posons  une  courbe  quelconque  du  troisifeme  ordre  et  deux  points  A,  A' 
sur  la  courbe,  tels  que  les  tangentes  en  ces  deux  points  se  rencontrent  sur  la  courbe 
(cela  suppose  que  la  courbe  est  de  la  sixifeme  ou  quatrifeme  classe,  et  non  pas  de  la 
troisifeme).  Un  autre  point  B  sur  la  courbe  etant  pris  a  volenti,  les  droites  AB,  A'B 
rencontrent  la  courbe  en  H  et  h;  et  les  droites  Ah,  A'H  se  rencontrent  en  un  point 
B"  situd  sur  la  courbe."  Les  tangentes  en  B,  B' ,  et  de  meme  les  tangentes  en  H,  h, 
se  rencontrent  sur  la  coTirbe  en  deux  points  qui  sont  en  ligne  droite  avec  le  point 
d'intersection  des   tangentes  en  A   et  A'. 

On  peut  dire  que  les  deux  points  B,  B',  ou  les  deux  points  H,  h,  sont  une  paire 
de  points  correspondante  k  la  paire  A,  A'.  Les  deux  paires  B,  R  et  H,  h  sont  dvidem- 
ment  correspondantes  I'une  k  I'autre,  et,  de  plus,  A,  A'  correspond  a  ces  deux  paires, 
de  la  m^me  manifere  que  H,  h  correspond  k  A,  A',  et  B,  B' ;  de  sorte  que  Ton  peut 
dire  que  les  trois  paires  A,  A';  B,  B' ;   H,  h  sont  suppldmentaires  I'une  aux  deux  autres. 

Soit  C,  C  une  autre  paire  de  points  correspondante  k  A,  A' ;  je  dis  que  B,  R  et 
C,  C  sont  des  paires  correspondantes  I'une  a  I'autre;  et,  de  plus,  si  d'un  point  P  quel- 
conque de  la  courbe.  Von  mene  des  lignes  aux  points  A,  A',  B,  B',  C,  C,  ces  lignes  forment 
un  faisceau  en  involution. 

En  effet,  consid^rons  six  points  quelconques  A,  A',  B,  B',  C,  C  dans  le  meme  plan, 
et  repre'sentons  par  /  g,  h  les  points  d'intersection  de  BC  et  B'C,  CA'  et  CA,  AB'  et 
A'B,  et  par  F,  G,  H  les  points  d'intersection  de  CB  et  CF,  CA  et  CA',  AB  et  A'B'. 
Nous  allons  faire  voir  que  le  lieu  d'un  point  P  qui  se  meut  de  telle  manifere  que  les 
lignes  menses  aux  points  A,  B,  C,  A',  B',  C  forment  tonjours  un  faisceau  en  involution, 
est  une  courbe  du  troisifeme  ordre  qui  passe  par  ces  six  points,  et  aussi  par  les  points 
/.  g,  h,  F,  G,  H. 
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Soient  a,  a',  S,  S',  y,  y'  les  tangentes  trigonom^triques  des  inclinaisons  des  ligues 
FA,  PA',  PB,  PB',  PC,  PC,  sur  une  ligne  fixe  quelconque  que  Ton  peut  prendre  pour 
I'axe  des  x.  Pour  que  ces  lignes  forment  un  faisceau  en  involution,  nous  devrions  avoir 
la  relation 

7d{S+S'-y-y')  +  SS'{y  +  y'-a-a')  +  yy'{i  +  (i'-IS-S')  =  0, 
ou,  ce  qui  revient  h.  la  meme  chose,  I'une  quelconque  des  quatre  Equations 

(a-r)(g-7')(7-a')  +  («'-^)(^'-7)(7'-«)  =  0, 
(j^  -S'){S  -y'){y-a)  +  {a  -S){S'  -y){y'  -a)  =  0, 
{a-€){S'-y'){y-a')  +  {a'-S'){^  -y){y'  -a)  =  0, 
(a'_^)(g'-7')(7-a)  +  («-^')(^-7)(7'-«')  =  0. 
Soient  Xp,  yp,  x^,  y^,  etc.,  les  coordonnees  de  P,  A,  etc. 

a:p-yA' 

a-€'= y^^^^  -  y^^y^ = - , i .  {paf), 

Xp  -Xji        Xp-  Xg  [Xp  -  X^)  (Xp  —  Xg-) 

en  repr^sentant  par  (PAB'),  etc.,  les  quantit^s  telles  que 

^p  (I/a  -  2/ic)  +  Vp  ("'a  -  a^c)  +  ^Ay^-  ^^hVa- 
L'^quation  de  la  courbe  peut  done  se  mettre  sous  I'une  quelconque  des  quatre  formes 

PAB'  .  PBC  .  PCA'  +  PA'B  .  PEG  .  PC  A  =  0, 
PA'B' .  PBC  .  PCA  +  PAB  .  PB'C  .  PCA'  =  0, 
PAB  .  PB'C  .  PCA'  +  PA'B'  .  PBC  .  PCA  =  0, 
PA'B  .  PB'C  .  PCA  +  PAB'  .  PBC  .  PCA'  =  0, 

qui  sont  du  troisieme  ordre.  La  premifere  fait  voir  que  la  courbe  cherchde  passe  par  les 
neuf  points  A,  B,  G,  A',  R,  C,  f,  g,  h.  La  troisieme  ou  la  quatrieme  fait  voir  qu'elle 
passe  de  plus  par  le  point  F;  la  quatrieme  ou  la  seconde,  qu'elle  passe  par  le  point  G; 
la  seconde  ou  la  troisieme,  qu'elle  passe  par  le  point  H.  Ainsi  la  courbe  passe  par  les 
douze  points  A,  B,  C,  A',  B',  C,  /  g,  h,  F,  G,  H. 

On  peut  reraarquer  qu'une  courbe  du  troisieme  ordre  qui  passe  par  dix  quelconques 
de  ces  points,  ou  meme  par  neuf  quelconques,  pourvu  que  nous  exceptions  les  combinai- 
sons  de  A,  B,  C,  A',  R,  C,  avec  /  g,  h,  ou  /,  G,  H,  ou  F,  g,  H,  ou  F,  G,  k,  ne  peut 
^tre  que  la  courbe  que  nous  venons  de  trouver.  On  peut  aussi  remarquer  en  passant 
que  si  A,  A',  B,  B',  C,  C  sont  les  points  d'intersection  de  quatre  droites,  I'dquation  ci- 
devant  trouv^e  est  satisfaite  identiquement,  de  sorte  que  la  position  du  point  P  est 
absolument  arbitraire.     Cela  dtant  connu,  je   ne  m'arrete  pas  pour  le  demon trer. 

Revenons  au  cas  d'une  courbe  donnee,  avec  trois  paires  de  points  A,  A',  B,  B,  C,  C, 
comme  auparavant,  tels  que  B,  B'  et  C,  C  sont  des  paires  correspondantes  a  A,  A'.     Les 
C.  24 
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points  A,  B,  C,  A',  R,  C,  0,  g,  H,  h  sont  situ^  sur  la  courbe;  ainsi  F,  f  sont  aussi 
«ur  la  oourbe  (o'est-i-dire  que  B,  R  et  C,  C  sont  des  paires  correspondantes),  et  les 
li^es  men^  par  un  point  P  quelconque  de  la  courbe  et  les  points  A,  B,  C,  A',  R,  C 
formont  un  faisceau  en  involution:   thdorfeme  ci-devant  ^nonc^. 

Considtirons  une  courbe  du  troisifeme  ordre,  de  la  quatrifeme  classe  (c'est-^-dire,  telle 
que  d'un  point  quelconque  on  ne  pent  lui  mener  que  quatre  tangentes).  D'un  point  sur 
la  courbe,  inddpendamment  de  la  tangente  en  ce  point,  on  ne  peut  mener  que  deux 
tangentes.  Prenons  ies  deux  points  K,  L  sur  la  courbe,  et  menons  les  tangentes  KA, 
KA',  LB,  LR  touchant  la  courbe  en  A,  A',  B,  B'.  II  est  clair  qu'en  ce  cas  A,  A'  et 
/?,  ff  sont  des  paires  correspondantes  de  points.  Mais  le  cas  g^ndral  oil  la  courbe  est 
de  la  sixieme  classe  est  moins  simple.  Considerons,  en  effet,  pour  une  telle  courbe,  les 
huit  points  A,,  A,,  A^,  A,  et  5,,  B,,  B3,  B^  de  contact  des  tangentes  menses  par  les 
<leux  points  K  et  L.  En  choisissant  A,  A'  et  B  de  quelque  mani^re  que  ce  soit,  parmi 
les  points  Ai,  A-,,  A3,  A^  et  B^,  B.,,  S3,  Bt  respectiveraent,  le  point  R,  qui  doit  entrer 
diuis  cette  dernifere  s^rie,  ne  peut  pas  etre  choisi  k  volout^,  mais  est  parfaitement  d^ ter- 
mini. En  designant  convenablement  les  points  B,  on  peut  toujours  supposer  que  les 
paires  correspondantes  soient  A^As  ou  A^At  avec  BiB^  ou  BJi^;  A^A,  ou  A^A,  aver 
BiB,  ou  B^Bi]  A^Ai  ou  A^A^  avec  B^B,,  ou  BJi^.     Cela  suppose  que 

A-,B„    A  A,    A  A,    A,Bi;        A^B^,    A  A,    ^A,    A,B,; 

AA.    A,B„    A,B„    AA;        AA.    AA,    A  A,    A,B,, 

se  rencontrent,  chaque  systfeme,  dans   le  meme  point.     II  faut   expliquer  avec  plus  d'evi- 
dence  la  correlation  de  ces  huit  points. 

Imaginons  les  six  points  A,  A';  B,  R ;  G,  C,  tels  que  A  A',  BR,  CC  se  rencontrent 
dans  le  meme  point.  Formons,  comme  auparavant,  le  systfeme  de  points  f,  g,  h,  F,  G,  H. 
Les  propriety  de  ce  systfeme  de  douze  points  sont  trfes-nombreusea  Non-seulement 
F,  G,  H ;  F,  g,h;  f,  G,  h;  f,  g,  H  sont  en  ligne  droite ;  mais,  en  outre,  les  trois  droites 
do  chacun  des  onze  syst^mes  que  voici  se  rencontrent  dans  le  meme  point: 


^/. 

Bg, 

Ch    ; 

^7. 

B'g, 

Ch 

AA', 

Og  , 

Hh  ; 

BR, 

Hh, 

Ff 

CC, 

Ff, 

Og  ; 

^'/. 

BG. 

CH  ; 

B'g, 

CH, 

AF 

Ch, 

AF, 

BG; 

^/. 

RG. 

CH- 

Bg, 

CH, 

A'F 

Ch, 

A'F, 

RG. 

(Cola  est  connu,  je  crois ;  au  reste,  pour  le  d(?montrer,  considdrons  un  parallelipipfede,  tel 
quo  gf,  GF,  AB,  A  R  en  soient  quatre  aretes  parallfeles,  les  autres  aretes  paralleles 
etant  gA,  A'G,  fB,  RF;  gA',  A'G,  Bf,  RF.  Soient  H  le  point  de  rencontre,  k  I'infini, 
du  premier  syst^me  d'aretes  paralleles;  C  et  C  les  points  de  rencontre,  k  I'infini,  des 
arfites  des  second  et  troisifeme  systfemes  respectivement ;  h  le  point  de  rencontre  des 
quatre  diagonales  du  parall^lipipfede ;  faisons  la  perspective  de  ce  syst^me,  ddsignant 
chaque  point  de  la  projection  par  la  meme  lettre:  Ton  voit  sans  peine  que  la  figure 
plane,  ainsi  obtenue,  a  les  proprietes  en  question.) 
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A  present,   en  examiaant  la  figure,  on  voit  qu'il  est  permis  de  prendre  pour  Ai,  A^, 

A3,  A^   les  points  A,  A',  F,  f,  et   pour  B^,  B^,  B3,  B^  les  points  B,  B',  G,  g,   pour   que 

les   systfemes  Ai,  A^,  A,,  At]   Bi,  B.^,  B3,  B^  aient   la   correlation   ci-devant  trouvee.     Le 
systfeme  C,  C,  H,  h  est  suppl^mentaire  k  ces  deux-ci. 

Toutes  les  propridt^s  que  je  viens  de  trouver  sont  telles  qu'il  y  a  a  chacuue  uue 
propriety  correspondante  que  Ton  peut  obtenir  par  la  thdorie  des  polaires  reciproques. 
Nous  avons  ainsi  des  propri^tes  non  moins  int^ressantes  des  courbes  de  la  troisieme 
classe  et  du  sixieme  ou  quatrieme  ordre. 

En  prenant  pour  la  courbe  du  troisifeme  ordre  I'ensemble  d'une  section  conique  et 
d'une  droite,  pour  que  les  tangentes  en  A,  A'  se  rencontrent  sur  la  courbe,  il  faut  que 
A,  A'  soient  situdes  sur  la  section  conique  de  telle  manifere  que  AA'  passe  par  le  pcile 
de  la  droite  a  I'dgard  de  la  conique.  Alors  B,  B' ;  C,  C  etant  pris  de  la  meme  mani^re, 
BC,  BC  et  BC,  B'C  se  rencontrent  sur  la  droite. 

Les  lignes  tirdes  d'un  point  P  quelconque  de  la  conique,  ou  de  la  droite  a  A,  B,  C; 
A',  B",  C,  forment  un  faisceau  en  involution. 

Le  premier  th^oreme  et  la  premiere  partie  du  second  sont  tres-bien  connus;  je  ne 
sais  s'il  en  est  de  meme  de  la  demifere  partie  de  ce  th^orfeme. 


ADDITION. 

La  droite  PP',  mende  par  deux  points  P,  P'  d'une  courbe  du  troisieme  ordre,  qui 
correspondent  toujours  d,  une  paire  correspondante  donnee  de  points  A,  A',  est  toujours 
tangente  d,  une  certaine  courbe  de  la  troisieme  classe. 

Pour  demontrer  ce  thdorerae,  imaginons  une  paire  fixe  B,  B'  de  points  qui  corre- 
sponde  k  la  paire  donnde  A,  A'.  Soient  P=0,  Q  =  0,  R  =  0,  S  =  0  les  Equations  des 
lignes  qui  joignent  A,  A'  avec  B,  B' ;  I'^quation  de  la  courbe  donnee  du  troisieme  ordre 
peut  se  mettre  sous  la  forme 

p+|+i+l=« (!)• 

On  peut  toujours  supposer,  sans  parte  de  gdn^ralitd,  que  I'^quation 

P  +  Q  +  R  +  S  =  0 (2) 

soit  identiquement   vraie,  car   chatjue   Equation  de   la  forme  P  =  0  peut   etre  censde    con- 
tenir  une  constante  arbitraire  qui  en  multiplie  tous  les  ternies. 

Done,  en  faisaut 

p  +  R  =  e,        p^e-R, 


on  peut  toujours  supposer. 

Q  +  s  =  -e,       q^-e-s. 
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et  r^uation  de  la  courbe  se  traasformc  en 


'     +-^  +  1  =  0 


(3), 


0-R     e+S"R"8 
ce  (]ue  Ton  peut  ^crire  aussi  sous  la  forme 

(0  +  \R)(0  +  H.Ry  (-e  +  vS)(-e  +  pS) 

en  determinant   convenablenient   les   constantes  X,  fi,   v,  p.      En   eflfet,   en   rdduisant,   lefe 
deux  Equations  deviennent  identiques  au  moyen  des  quatre  conditions 


•(*). 


(5), 


S  =  —  kKfi,         7  =  —  1<!vp,  ^ 
B  —  S  =  kXfi  {yp  -\-  V  +  p)  , 
^  7  —  a  =  kvp  (Xfi  +X+  fi),^ 

<)6  k  est  une  quantity  arbitraire,  de  manifere  que  des  quantitds  X,  p,,  v,  p,  il  y  en  a  une 
seule  qui  peut  ^tre  prise  h.  volont^. 

De  I'equation  (4)  Ton  d^uit  tout  de  suite  cette  autre  forme, 

_1      U(\+l)     \(/.+  l)1  1     \p{v+l)     vip  +  l)-]^ 

ii-x\_e-^xR      e-frp.R \    p-vi-e+vS   -d  +  ps\       ■ 

et  de  \k  nous  voyons  que  les  points  donnas  par  les  deux  systemes  d'^quatiuns 

{e  +  XR  =  Q,    -e  +  vS  =  0), 

{e  +  fiR  =  o,   -e  +  pS=o), 

correspondent  toujours  I'un  a  I'autre  et  aux  points  donnas  par  les  deux  systemes 


(6); 


(7) 


(^  =  0,    R  =  0),\ 
(9  =  0,    S=0),) 


■(8), 


c'est-a-dire  aux  points  A,  A'. 


On  trouve  assez  facilement  pour  liquation  de  la  droite  men^e  par  les  points  deter- 
mines par  les  deux  systfemes  (7),  points  que  Ton  peut  prendre  pour  P  et  P', 


on 

en  faisant 


(fiv  -pX)6  +  Xp,(v-p)R  +  vp(X-^i)S  =  0. 
G0  +  AR  +  BS  =  O    


pC  =  p,v  —  pX     / 
pA  =Xfi(v  -  p), 
pB  =  vp  (X-  p.).  ^ 


...(9), 
.(10), 

.(11). 
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Eliminons  des  equations  (5)  et  (11)  les   cinq   quantit(^s  \,  /i,  v,  p,  p.     Pour  op^rer  de  la 
maniere  la  plus  elegante,  formons  d'abord  les  Equations  identiques 


[fiv  -pX-vp  {\-  fi)]  {v  -p)(\fi  +  X  +  fi) 
+  [fj.v  -  p\  +  Xfi(v  -  p)]  (\  -fi){vp  +  1/  +  p) 

=  (i/X  -  /ip)  [Xjj,  (v  -  p)  -  vp  (X  -  fi)  +  -2  (fj.v  -  pX)], 
X/i  (v  -  p)-  -vp{X-  fif  =  (fiv  -  pX)  (Xv  -  tip). 


■(12), 


ce  qui  donne 


^(C-fi)  (7 -a) +  5(0  +  ^X8-0 
=  -  Xfjivp  {vX  -  /xp)  (2C  +  A-  B), 


A^-B'B  =  --  XfjLvp  (vX  -  ixp)  C, 


.(13), 


et  de  la 


C[AiC-B){y-a}  +  BiC  +  A)(8-§)]\  _ 

+  i2C+A-B)(A'y-B'S)  )   ~^    ^^*^' 

ou,  toute  reduction  faite, 

A{A  +  C){A+C-By)  +  B(C-B)(A+B-CB)\ 

-AC(C-Ba)-BCiC  +  AS)    )  "      ^ 

et  puisque  cette  Equation  est  du  troisifeme  ordre  k  legard  des  quantitds  A,  B,  C,  il  est 
evident  que  la  ligne  donn^e  par  I'^quation  (10)  est  toujours  tangente  a  une  certaine 
courbe  de  la  troisieme  classe.  En  supposant  7  =  0,  8  =  0,  ce  qui  rdduit  la  courbe  du 
troisifeme  ordre  aux  lignes  i?  =  0,  /S=0,  (S- a)  0  -  SR-aS=0,  I'dquation  (15)  se  partage 
dans  les  deux  Equations 

C  =  0,    A(C-B)a  +  B{C  +  A)€  =  0 (16), 

et  la  courbe  de  la  troisifeme  classe  se  rdduit  au  point  {Jt  =  0,  S  =  0)  et  a  une  conique. 
Cela  est  un  th^orfeme  connu,  car  Ton  sait  bien  que  si  A,  A'  sont  des  points  quelconques 
sur  deux  droites  donndes  o,  a',  et  B,  B'  deux  autres  points  determines,  sur  ces  droites,  de 
maniere  que  I'intersection  des  lignes  AB",  A'B  soit  toujours  sur  une  ligne  droite  donnee, 
les  deux  lignes  a,  a'  sont  divis^es  homographiquement,  B,  B'  dtant  deux  points  corre- 
spondants;  et  de  plus,  que  la  ligne  qui  unit  les  points  correspondants  de  deux  lignes 
divis^es  homographiquement,  est  toujours  tangente  k  une  certaine  conique.  Quant  au 
point  d'intersection  des  lignes  a,  a',  que  nous  venons  de  trouver  comme  formant  avec  la 
conique  une  courbe  de  la  troisifeme  classe,  on  observera  que,  dans  notre  thdorie,  non- 
seulement  les  points  des  lignes  a,  a'  se  correspondent,  mais  que  le  point  d'intersection 
des  lignes  a,  a'  correspond  a  tous  les  points  de  la  troisieme  droite.  La  conique  touche 
les  deux  droites  a,  a' ;   cela  n'a  pas,  je  crois,  d'analogie  dans  la  th^orie  g^n^rale. 
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N  OBDBE. 


[From  the  Journal  de  MatMmatiques  Pares  et  Appliquees  (Liouville),  torn.  x.  (1845), 

pp.  102—109.] 

Je  me  propose  de  ddvelopper  ici  quelques  consequences  de  la  theorie  que  j'ai 
donn^e,  il  y  a  quelques  mois,  dans  ce  Journal',  [26],  des  points  correspondants  des 
courbes  du  troisifeme  ordre.  Rappelons  d'abord  la  signification  de  ce  terme  et  ajoutons-y 
quelques  nouvelles  definitions. 

On  dit  que  les  points  A,  A'  sont  correspondants  quand  les  tangentes  a  la  courbe 
en  ces  points  se  rencontrent  sur  la  courbe.  En  consid^rant  les  points  correspondants 
A,  A'  et  les  deux  autres  points  correspondants  B,  R,  on  dit  que  ces  paires  correspon- 
dent, quand  les  points  d'intersection  H,  h  de  AB',  A'B  ou  AB,  A'B'  sont  situ^s  sur 
la  courbe.  Les  trois  paires  A,  A',  B,  B',  H,  h  sont  nomm^es  paires  suppldmentaires 
ou  systeme  suppl^mentaire.  On  dirait  de  mSme  que  les  deux  systfemes  AA',  BR,  Hh 
et  A^A'i,  BiB'i,  HJii  sont  des  systemes  suppl^mentaires  correspondants,  si,  par  exemple, 
A,  A'  et  A^,  A'l,  &c.,  formaient  des  paires  correspondantes. 

On  pent  nommer  quadrilatfere  iuscrit  le  systeme  de  quatre  droites  qui  passent  par 
les  points  supplementaires  AA',  BB',  Hh,  et  conique  d'involution  chaque  conique  tangente 
h  ces  quatre  droites,  ou,  en  d'autres  termes,  inscrite  dans  un  quadrilatere  inscrit.  II 
est  inutile  d'expliquer  ce  que  veulent  dire  coniques  d'involution  correspondantes,  ou 
quadrilatferes  correspondants,  ou  I'expression  conique  correspondante  a  une  paire  donnde 
de  points  correspondants,  &c. 

Demontrons  les  th^rfemes  suivants  : 

Th^OR^ME  I.  "  Les  tangentes  menees  par  un  point  P  de  la  courbe  k  trcis  coniques 
d'involution  correspondantes  forment  un  faisceau  en  involution." 

1  Voyez  page  28d  da  tome  ix. 
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Chaque  conique  peut  se  rdduire  k  une  paire  de  points  qui  correspondent  aussi  aux 
coniques  (ce  qui  justifie  la  denomination  que  nous  avons  donnde  k  ces  coniques). 
Considerons  un  quadrilatfere  inscrit  AA',  BB',  Hh,  la  conique  d'involution  tangente  aux 
cotes  de  ce  quadrilatfere,  et  deux  paires  LL',  MM'  de  points  correspondants,  ces  paires 
dtant  correspondantes  I'une  k  I'autre  et  a  la  conique  d'involution.  On  sait  que  les 
lignes  menses  d'un  point  quelconque,  et  ainsi  du  point  P  de  la  courbe,  par  les  points 
A,  A',  B,  B',  forment  avec  les  tangentes  a  la  conique  menses  par  ce  meme  point,  un 
faisceau  en  involution.  Mais  PA,  PA',  PB,  PB',  PL,  PL',  et  de  meme  PB,  PB', 
PL,  PL',  PM,  PM',  forment  aussi  des  faisceaux  en  involution ;  done  les  deux  tangentes 
forment,  avec  PL,  PL'  et  PM,  PM',  un  faisceau  en  involution.  De  meme,  avec  une 
conique  correspondante  k  la  premifere,  PL,  PL,  PM,  PM'  et  les  deux  tangentes 
forment  un  faisceau  en  involution ;  done  PL,  PL'  et  les  quatre  tangentes  forment  un 
faisceau  en  involution,  et  de  meme  en  introduisant  la  troisieme  conique. 

Ta^ORtaiE  II.  "  On  peut  circonscrire  k  une  conique  d'involution  donn^e  une 
infinite  de  quadrilateres  inscrits  correspondants  au  premier." 

Soient  A,  A',  B,  B',  H,  h  comme  auparavant ;  et  A^,  A'l  une  paire  de  points 
correspondants  qui  correspondent  k  ceux-ci;  en  menant  par  A^,  A'x  des  tangentes  a  la 
conique  qui  se  rencontrent  en  B^,  B'l,  Hi,  hi,  on  voit  d'abord  que  les  lignes  PA,  PA', 
PAi,  PA' I  et  les  tangentes  k  la  conique  forment  un  faisceau  en  involution;  et  recipro- 
quement,  chaque  point  P  qui  satisfait  k  cette  condition  appartient  k  la  courbe.  Mais 
en  prenant,  par  exemple,  pour  P  le  point  JS,,  les  lignes  PAi,  PA'i  deviennent  iden- 
tiques  avec  les  deux  tangentes,  ce  qui  satisfait  k  la  condition  d'involution.  Done 
B,,  Ri,  Hi,  k,  appartiennent  k  la  courbe,  ou  Aj,  A'l,  jB,,  B'l,  Hi,  hi  forment  un  quad- 
rilatere  inscrit  correspondant  au  premier  ou  k  la  conique. 

TflfioRfeME  III.  "  Les  centres  d'homologie  de  deux  coniques  d'involution  correspon- 
dantes forment  un  quadrilatfere   inscrit  correspondant  aux  coniques." 

Considerons  les  deux  coniques  et  une  troisifeme  conique  quelconque.  Chaque  point 
P  pour  lequel  les  six  tangentes  forment  un  faisceau  en  involution  appartient  a  la 
courbe.  En  prenant  pour  P  un  centre  d'homologie  des  deux  premieres  coniques,  les 
deux  paires  de  tangentes  deviennent  identiques,  ce  qui  satisfait  a  la  condition  d'invo- 
lution ;  done  les  six  centres  d'homologie  sont  sur  la  courbe,  ou  ces  six  points  sont  les 
sommets  d'un  quadrilatere  inscrit  qui  correspond  aussi  aux  coniques. 

Reciproquement, 

Tn^ORiiME  IV.  "  Le  lieu  d'un  point  P  qui  se  meut  de  manifere  que  les  tangentes 
mendes  par  ce  point  a  trois  coniques  donn^es  quelconques,  forment  toujours  un  faisceau 
en  involution,  est  une  courbe  du  troisifeme  ordre  qui  passe  par  les  dix-huit  centres 
d'homologie  des  coniques  prises  deux  k  deux,  ces  centres  formant  six  k  six  des  quadri- 
latferes  inscrits  correspondants." 

La  demonstration  analytique  de  la  premiere  partie  de  ce  thdor^me,  quoique  longue, 
me   parait   assez   int^ressante    pour   trouver    place    ici.     Pour    plus    de    symetrie,   prenons 

p,    7,  pour  les  coordonu^es  ind^finies  d'un  point,  et  reprdsentons  par 

T=0,     T'  =  0,     T"  =  0, 
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Ifs  Equations  des  trois  coniques,  T,  &c.  ^tant  des  fonctions  homog^nes  de  la  forme 
r==A^+Bv'  +  C^+2Fr)^+2G^^+2H^,  &c. 

Soient  - ,   «^  les  coordonn^es  du  point  P ;   mettons,  pour  abr^ger, 

z      z 

U=Ax'+By'  +Cz'  +  2Fyz  +  20zx  +  2Hxi/, 

(de  manifere  que   W=0  serait  I'^uation  de  la  ligne  polaire  du  point  P).     Nous  avons 

Ur-W'  =  0, 

pour  r^uation  des  deux  tangentes  menses  par  le  point  P  a  la  conique.  Cela  est 
probablement  connu.  II  est  clair  d'abord  que  cette  Equation  appartient  k  une  conique 
qui  a  un  double  contact  avec  la  conique  donn^e,  et  par  la  forme  a  laquelle  nous 
allcvis  r^uire  cette  Equation,  on  voit  ensuite  quelle  appartient  k  un  systfeme  de  deux 
droites  qui  passent  par  le  point  P.     En  ddveloppant  et  dcrivant 

BC-    F'=a,    GA-   G^^h,    AB-H'  =  c, 
GH-AF=f,    HF-BG^g,    FG-CH  =  h, 
on   trouve,   en  effet, 

« (y?  -  ^vT +biz^-  x^y +c(xf}-  y^y 

+  2f{z^-xi;){xr,-y^)  +  2g{x7,-y^){y^-zv)  +  2h{yl;-Z7,){z^-xO  =  0, 
et  de  li,  en  posant 

^  =  6^'  +  cy'^  —  2fyz,       ^  =  ayz  —  gxy  —  hxz  +fx- , 
%  =  ca?  -\-az^  —  2gxz,      CEf  =  hzx  —  hyz  —  fxy  +  gy-, 
(S'  =  ay^  +  bx-  —  2hxy,     |^  =  cxy  —fxz  —  gyz  +  hz'-, 
on  obtient 

ar  +  H^rf  +  (JT^  -  2 jPt;^  -  2(Ef f  -  2|^^7?  =  0, 

ou,  eu  transportant  I'origine  au  point  P, 

ar  +^r,'  -^Wv   =0; 
et  de  in§me,  pour  I'^quation  des  tangentes,  par  ce  meme  point  aux  deux  autres  coniques 

On  obtieut  done,  po\ir  la  condition  que  ces  lignes  forment  un  faisceau  en  involution, 

a,  83,  ?^  - 
a'.  13',  ^'   =0, 

.a",    13",    W- 


r 
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en    reprdsentant    de    cette    maniere    le    determinant    formd    avec    ces    neuf    quantit^s. 
Formons  d'abord  la  fonction 

Cela  se  reduit  a 

z[-2  (Jc)  a?y-2  (eg)  xy^  +  (ca)  fz  -  2  (fa) yz^  -  2  (hg)  xz""  +  (he)  a?z  +  ^  (fg)  xyz  +  (ha)  z'], 

oil  (/c)  =  (/'c"-/V),  &c. 

Multipliant  par  |^,  formant  ensuite  les  quantitds  analogues  et  ajoutant;  ^crivant  aussi 

o{f9)+c'(f'^)^e"(fY)  =  (efg), 
c'est-^-dire  (cfg)  pour  le  ddterminant  form^  avec  les  neuf  quantit^s 

c,f,g,     c',f',g\     c",/",  fir", 
on  obtient  d'abord  les  termes 

-^(cfg)x'fz\     +2(feg)a?fz\     +2(gfc)a?fz% 

qui  se   d^truisent ;   les  autres   termes  contiennent  z^  comme  faeteur,  et  en  dcartant  cette 
quantity,  Ton  obtient  en  demifere  analyse  I'^quation 

(cbf)  a?  +  (acg)  y  +  (bah)  2'  +  4  (fgh)  xyz 

+  [2  (agf)  +  (cah)-]  fz  +  [2  (hhg)  +  (a6/)]  ^»«  +  [  2  (efli)  +  (heg)\  a?y 
+  [2  (afh )  +  (abg)\  yz^  +  [2  (hgf)  +  (heK)\  zo?  +  [2  (chg)  +  (caf)]  xf  =  0 

(oil    Ton    peut,   si    Ton    veut,   dcrire   ^  =  1).     C'est   I'dquation   d'une   courbe   du    troisieme 
ordre. 

Observation.  Cette  m^thode  peut  Stre  utile  dans  I'investigation  d'autres  probleraes 
relatifs  aux  coniques.  Par  exemple,  la  question  de  determiner  les  centres  d'homologie 
de  deux  coniques  donn^es  revient  k  celle-ci:   satisfaire  identiquement  a  I'^quation 

a  r + 23»7'+ cc  ?^+ 2jF,?r + 2ffi  ^r+ 2|^  f,? 

k  (^T-  +  23V  +  ®'?^  +  2  jp'77r+  2©'^?  +  2-^'^r,)  =  0, 

parce  que,  en   eflfectuant  cela,  11  est   facile   de   voir  que    - ,   -    sont   les  coordonnees   du 
centre  cherche.     Ecrivons 

a  +  ka'  =  a,     c  +  kh'  =  b,    &c., 
I'on  obtient  les  six  Aquations 

b^'  +  cy^  —  2fy«  =  0,  a-yz  —  gxy  —  hxz  +  fa^  =  0, 

car*  +  a^"  —  2g^a;  =  0,  hzx  —  hyz  —  iyx  +  gy^  =  0, 

ay  +  bar*  —  2\ixy  =  0,  cxy  —  izx  —  gzy  +  hz^  =  0, 

c.  25 


I 
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(lont  lea  trois  demiferes  se  d&iuisent  des  autres.  On  peut,  de  ces  six  Equations,  Glimmer 
les  six  quantity  a?,  y*,  z",  yz,  zx,  xy,  consid^r^es  comme  independantes ;  on  obtient  ainsi, 
toute  r^uction  faite, 

(abc  -  af  -  bg»  -  ch'  +  2fgh)'  =  0, 

•Equation   qui    dAermine   la  tjuantit^   k ;    les   trois    premieres    equations   deviennent  alors 

^uivalentes  k   deux,   qui   suffisent   pour  determiner  les  rapports   - ,   - .     II   serait   facile 

z     z 

de  rapprocher  cette  solution  de  celle  que    Ton  d^uit  de   la  thdorie  des   polaires   reci- 

proques.     Par  exemple,   I'^quation   qui   vient   d'etre   obtenue   entre   les  quantit^s  a,   b, . . . 

est  pr^is^ment  celle  qui  exprime  que  la  fonction 

air-  -f  by''  +  cz^  +  liyz  +  2gx^  +  2ha.'y 

se  divise  en  facteurs  lin^aires.     Remarquons  encore  que,  dans  la  g^omdtrie  solide,  I'dquation 

appartient  au  c6ne,  ayant  le  point  P  pour  sommet,  et  circonscrit  k  une  surface  dii 
second  ordre  qui  a  pour  Equation  T  =  0.  C'est  un  cas  particulier  d'une  autre  forraule  que 
voici : 

"  En  repr^seutant  par  ^  une  fonction  lindaire  des  trois  variables  ^,  i;,  f  (ou  de 
quatre  variables  sans  terraes  constants),  et  par  P  la  meme  fonction  de  x,  y,  z,  I'^quation 

^=f/-2ppTr+pnr=o 

appartient  au  cone  ayant  pour  sommet  le  point  dont  les  coordonnees  sont  x,  y,  z,  et 
passant  par  la  courbe  d'intersection  du  plan  P  =  0,  et  de  la  surface  du  second  ordre 
T  =  0.     Et  de  meme  pour  deux  variables." 

Je  finirai  en  citant  un  th^orfeme  de  gdom^trie  d<i  k  M.  Hesse',  qui  a  quelques 
rapports  avec  le  sujet  que  je  viens  de  traiter: 

"  Le  lieu  d'un  point  P,  qui  se  meut  de  manifere  que  ses  polaires  par  rapport  k 
trois  coniques  denudes  se  rencontrent  dans  le  meme  point,  est  une  courbe  du  troisifeme 
ordre;  et  encore  cette  courbe  ne  change  pas  quand  on  remplace  les  coniques  donn^es 

U=0,     U'  =  Q,     U"  =  0, 

par  trois  nouvelles  coniques  de  la  forme 

\u+\'U'+x"U"=o" 

Cette  courbe  du  troisi^me  ordre  est  tout  a  fait  distincte  de  celle  que  j'ai  consid^re'e. 
•  Voyet  le  Journal  de  M.  Crelle,  tome  xxviii. 
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[From  the  Journal  de  Mathematiques  Fures  et  Appliquees  (Liouville),  tome  x.  (1845), 

pp.  158—168.] 


J'ai  donn^,   il   y   a    trois    ans,    dans    le    Cambridge   Mathematical   Journal,  [2],   une 
formule  assez  singuliere  pour  I'int^grale  multiple 


I  . . .  dxi  dx^ ...  <f)  (ai  —Xi,     a^  —  Xi ...), 


prise  entre  les  limites  donn^es  par  I'equation 

la  fonction  <f>  dtant  seulement  assujettie  k  la  condition  de  ne  pas  devenir  infinie  entre 
les  limites  de  I'int^gration.  L'expression  que  j'obtiens  est  une  suite  infinie,  dont  le 
terme  g^ndral  est  de  cette  forme. 


A    II,  d'       ,,  d' 


<^(a,,  a.^...). 


En  appliquant  ce  r^sultat  a  un  cas  particulier,  j'ai  obtenu  I'integrale  a  n  variables 
analogue  h.  celle  qui  exprime  le  potentiel  d'un  ellipsoide  homogene,  pour  un  point 
ext^rieur.  J'ai  depuis  cherch^  a  ^tendre  ces  rdsultats  au  cas  d'une  density  variable  et 
dgale  k  une  fonction  rationnelle  et  entiere  des  coordonn^es,  et  d'une  loi  d'attraction 
selon  une  puissance  quelconque  de  la  distance  (toujours  a  n  variables) ;  mais  quoique 
j'aie  r^ussi  b,  effectuer  cette  generalisation,  mes  formules  etaient  si  confuses  et  si 
inferieures  k  celles  que  donne  la  belle  analyse  de  M.  Lejeune-Dirichlet,  que  je  ne  les 
ai   jamais    publi^es.     Cependant,    en    revenant    il    y   a    quelques  jours    sur    ce   sujet,    en 
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me  fondant  sur  une  int^grale  plus  gdn^rale,  j'ai  trouv^  que  la  question  ^tait  k  peine 
plus  difficile  que  dans  le  cas  d'une  density  constante,  et  se  laissait  traiter  exactement 
de  la  mdme  manifere.  J'ai  rdussi  de  cette  fa^on  k  exprimer  I'int^grale  cherch^e  au 
moyen  d'une  seule  integrate  ddfinie  abelienne,  et  de  ses  coefficients  difiP^rentiels  relatifs 
aux  constantes  qui  y  entrent;  et  il  m'a  paru  que  les  formules  que  j'ai  ainsi  obtenues 
pourraient  n'Stre  pas  tout  k  fait  indignes  de  I'attention  des  gdom^tres. 

Consid^rons  I'int^grale  multiple  k  n  variables  V,  donate  par  I'^quation 

V  =\dT^  ...  as,*"'"*"'  . . .  (/  termes)  ,ay+i*V+i . . .  (n  — /  termes)  <^  (a,  -  «,<, . . . ), 

oil  les  variables  x,, ...  doivent  recevoir  des  valeurs  r^elles  quelconques,  positives  on 
negatives,  qui  satisfassent  k  la  condition 

^  ^'+      <  1  • 

et  Ton  suppose  de  plus  qu'il  est  permis  de  ddvelopper  (sous  le  signe  integral)  la 
fonction  <^  suivant  les  puissances  ascendantes  des  variables  a^,.... 

En  faisant  ce  d^veloppement,  il  est  clair  que  les  termes  qui  contiennent  des 
puissances  impaires  d'une  ou  de  plusieurs  des  variables  se  ddtruisent  par  I'int^gration  ; 
done,  en  ne  faisant  attention  qu'aux  termes  qui  contiennent  seulement  des  puissances 
paires,  on  a  ce  terme  g^n^ral, 

-     (-)/<»/■+/ /d^W      /_d_\*''/+> 

[2r.  + 1]-'+> ...  [2r^+,r^.  ...  \dj        ■"■  U/J         ••  ''^'^'  •-> 


r 


ou  p  =  r,+  ...; 

il  est  k  peine  n^cessaire  de  remarquer  que,  dans  I'expression 

[2r,+ If  ■■+■...  [2»y+,]«>+,..., 

il    faut    prendre    /    termes    tels    que    [2r,  +  1]"''+',    et    n^f  termes    de    I'autre    forme 
[2r/+,]'"'An,  et  ainsi  dans  tons  les  cas  semblables. 

L'int^grale    qui    entre    dans    cette    formule    a    4t4    trouvee,    comme    on    sait,    par 
M.  Dirichlet.     Sa  valeur  est 

r(p+k+/+^+i)         "^        .../!/+,/-  /+.   , 

oil  A;  =  a, +  .... 
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Le  terme  entier  devient,  apr^s  quelques  reductions  tr^s-simples, 

2r,+l 

\daf+ 


2=5'+*+/ r  (p + k  +f+  ^i  +  i) 

oil  Ton  &rit,  pour  un  moment, 

A     =(2/-,    +3)  (2n     +5)...  (2n     +2ai     +1), 

if/+,  =  (2r^+,  + 1)  (2r^+,  +  3)  . . .  (2ry+,  +  2ay+,  - 1) ; 
puis  on  le  transforme  en 


2^+i'+/r(p+k+f+^n  +  l) 


^■■■s.)Kr-v...v...[^(v£.)"-*(--)- 

En  efFet,  les  symboles  t—  et  Vtt-  ^taait  conversibles,  on  a 


i('.'i)-*.-(i)""=«,'— (i.r; 


et  ainsi  de  suite. 


En  prenant   la    somme  de  tous  les   termes   qui   correspondent   k    une    meme    valeur 
de  p,  on  a 

En  posant 

puis,    en    observant    que   p   doit    s'dtendre    depuis    0   jusqu'^  cc ,    on    a,    pour   I'integrale 
cherchde, 


2*+/     \da,--dayj\'  dK 
ce  qui  fait  voir  que  I'integrale  V  ddpend  de  cette  seule  expression, 


^=^»"  [2^[pyr(p+k+f+),n  +  i)  ^'  '^ ^^'  -n ■ 
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On  peut  remarquer,  en  passant,  que  cette  quantity  satisfait  k  oette  ^nation  diff^rentielle, 

M.  G.  Boole,  de  Lincoln,  a  d^uit  une  Equation  semblable  de  mes  formules  dans 
le  Mathematical  Journal.  Cast  h,  lui  qu'on  doit  I'introduction  dans  I'inti^grale  propos^e 
de  cette  quantity  t,  ce  qui,  au  reste,  n'est  pas  d'une  grande  importance  ici;  mais  j'ai 
cru  devoir  la  conserver,  k  cause  de  cette  Equation  meme,  qui  pourrait  conduire  k  des 
r^ultats  int^ressants. 

A  pr^nt,  soit 

oi  a  est  un  nombre  entier ;  je  pose,  pour  abreger, 

J^n  —  s  =  i,     k  +/+  8  =  a, 
ce  qui  doune 

r(jP  +  A:+/+in+l)  =  r(p  +  i  +  cr+l)  =  [>  +  i+o-]P+'r(i  +  (r); 

at  ainsi 

Le  cas  de  o-  =  0,  qui  est  le  plus  simple,  est,  en  effet,  celui  du  M^moire  citd,  et  a  ce 
cas  on  peut  rdduire  celui  de  o-  entier  negatif;  il  y  a  meme  deux  manieres  d'effectuer 
cette  reduction.  Repr^sentons,  en  effet,  la  valeur  de  U  par  cette  notation  plus  complete 
Ui\   on  obtient  tout  de  suite 

1  /  d"  \'' 

®*  ^*~'  =  2^11-iyii-^ny  W  +  •  •  -J  ^-" 

la  seconde  desquelles  Equations  se  ddduit  de  cette  formule  facile  a  ddmontrer. 

Nous  pouvons  done,  dans  la  suite,  ne  consid^rer  que  le  cas  de  a  entier  positif. 

Commencjons  par  op^rer  la  transformation  que  voici;  en  determinant  ^  par  I'dquation 

'         4.  —  « 
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li  =  ^.:.,      a,=  =  (l  +  y<V,..., 


je  pose 

ce  qui  donne 


t'  VI  +  IJ  dar 

ou   il   faut   remarquer  que   ce    ^,   contenu   en   V,   ne   doit  pas  etre   affecte   des   symboles 
3-  , . . .  de  V,  de  maniere  qu'il  faut  dcrire 


U= 


r(i)<«(a,^ +...)' 


-s: 


M'+...y^'{J^  S-.+.y 


^  Kl^ lj)  +  i  +  ay+-'+'  [pY ^-'   '  ■■■'       \\  +  h  da,'  '  ■  ■  V    {a/(l  +  A)  +  ■  •  • } V 
formules  qui  se  pretent  mieux  aux  r^uctions,  quoique  plus  eompliqudes  en  apparence. 


Ecrivons  d'abord 

J, dr^  _fd^ 

1+1,  da,=  '^""~Uar "*"■■■ 


+  kda,'^---}  \].+kda,'^-'l- 


En  developpant  la  p"^  puissance  de  ce  symbole  selon  les  puissances  de  A,  on  a 

^  ^  [p-qr^[q\''     \i+kda,-      )    ' 

qui  doit  s'appUquer  k  u^^i  ^^^)^__  h- 
Consid^rons  I'expression 

Kl  +  kdoL,'        ) 
et  mettons,  pour  un  moment, 

{\+l,)a,'  =  a\\..; 
cette  expression  se  trouve  rdduite  a 

/  d'  V>-<i        1 

laquelle,  par  une  formule  d^j^  cit^e,  devient 


a,»(l+iO +...)•' 


2^»«  [i  +p-q-\y-1  [i  +p-q-  h^y-O^^^,,^       y. 


tp-q  ' 
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c'ert-i-dire  2v-^[i  +p  -  9  -  !]»-«  [i  +  p  -  g  -  in>-9  [a^^(i +1;)  +  ,,,]Up-<,  ■ 

Le  t«rme  jr^n^ral  de  U,  en  faisant  abstraction  du  facteur  „  , ,  ^.  .   „ r.,  se  reduit  k 

"  I  {1}  t"  (a,-"  +  ...)• 

(-)''-' («!*+  •.•r* ri  -4-73  -  rt-  Juip-4  A9 li • 

consid^rons  la  partie  de  ce  terme  qui  est  de  I'ordre  0  en  ^i,  ...  ,  elle  devient 

(_)l>-9+»(g^a+...)P+l    c .  ^  ^       l-ie-a-q-i 

X  [^  -f  j,  -  g  -  ^]^  A^  ^  jy + ;;2I.<,  • 

Soit,  en  g^n^ral,  Q  une  fonction  homogfene  de  I'ordre  20  des  lettres  a, , . . . ;  on  a 

et  de   Ik,  en  rep^tant   toujours  I'opdration  A,  et  faisant   attention  a  ce  que  A0,  A'-0, ... 
sont  des  fonctions  homogfenes  des  ordres  26  —  1,  26  —  2,  &c.,  on  obtient 

X  [i -f  g  -  20  -  ir^r^  A-0  .  ^^^,-j-i-^, . 

depuis  \  =  0  jusqu'^  \  =  q. 

Puis,  pour  le  terme  general  de   U, 

2^  |>  -  ??-« [0]"  [\]^  [5  -  \]«-^  [^■  +  ?  +  ^  -  ^  - 1]"-'-^-' 
X  [i  +P - ? - |n?-9  [i  +  p-e-  Jn]«-A  A^ (i,a;- -f  . . .)« . ^^,^\   y-, , 
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ie  dernier  facteur  ^tant  inddpendant  de  q,  q  doit  s'dtendre  depuis  0  jusqua  p.  Mais 
a  cause  de  [q  —  \]«~*  qui  devient  infini  pour  q<\  on  peut  faire  etendre  q  depuis 
9  =  X  jusqua  q=p\   ou,  en  ecrivant 

q-X  =  q\    p-X=p', 
q'  s'etend  depuis  0  jusqu'k  p.     Le  facteur  a  sommer  est  douc 

si,  pour  un  moment,  Ton  pose 

C=i  +  p'-^n,     M=i+p-d-\n. 

Cette  somme  se  r^uit  a 


(-Y 


c'est-k-dire  a 


[C-M-p'Y-''-p" 


ie-pj-t" 

et  nous  avons  aiosi  le  terme  g^n^ral 

(-)A+p-t-a  [g  _  X]»-P  [i  +  ff  -  \    -   1  +  p]9-^A. 


Ecrivons 
cela  devient 


2^[(9p[\]^[(9-j9]«-p 

p  =  e-p'; 


^>^{W+  ...f . 


1 


(a.=  +...)''-^- 


^>^{W+  ...)» 


1 


ou 


M=e-\,   c=i+2d-\-i,   c-A  =  e-<T-\-i 


p'  doit  s'^tendre  depuis  -  oo  jusqu'^.  0.  Mais  a  cause  de  [p'Y,  qui  devient  infini,  pour 
p'  n^gatif,  on  peut  I'etendre  seulement  depuis  0  jusqua  0,  ou  meme  seulement  depuis  0 
jusqu'k  M,  k  cause  du  facteur  [My.     La  somme  se  rdduit  k 

[C  -  M]<'-''-^  [C  -A]''=[i  +  0-l  ]-'-'  [e-a-\-  l]«-\ 

et  le  terme  general  devient 

(-Y  1 

^  [i  +  6'-l]-<'-'.[0-o--\-l]»-*A*(/,a,''+...)« 


ilcrivons  eufin 


(a,^ +...)'-*■ 


e  =  \  +  K, 
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le  terme  devient 

II  faut  que  «  8oit  toujours  positif,  car  autrement  le  terme  s'dvanouit  k  cause  de 
A*(i,a,' +  ...)*"^'';  mais  pour  k  plus  grand  que  cr,  le  facteur  [k-o-—!]'  s'^vanouit, 
done  K  s'^tend  seulement  depuis  0  jusqu'^  <r. 

Soit  jfc, +  ...  =  «,  et  consid^rons  les  termes  de  A* (i,ai=  + ...)*+"  qui  contiennent  a,"*',...; 
ces  termes  seront  de  la  forme 

oil  g, +  ...  =  x, 

c'est-i-dire 

[?.?■•  •.fc  +  ^:]''+*--         ^        ■■     '     ■■■' 


ou,  en  r^uisaut, 


et  cela  donne  pour  U, 


(-)'     .        [q.  +  h-h]"'-  ^,.+t, ...[«-  '^  -If^,^' ...  1 


Soit 


uu  a 


j^j-^^^^-p=(0)  +  (l)«...+(X)u^4-...; 


(\)  =  (-)A  ^-*|^^;^' ■  ^''  •  •  •  +  &c.,     9,  +  . . .  =  X ; 


et  de  1&, 

de  manifere  que  le  terme  de   U  devient 


Prenant  la  somme  pour  \,  a  I'aide  de 

[a-y  f '  (1  -  u)"  M'+<+^-'  t/a  =  r^ —  ~-y- , 

"•   ■■  Jo  [t  +  Af  +  o- +  X]-^' 

(ce  qui  suppose  l+u>0),  on  obtient 
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2^[<Ty[K-a-l]'ai^K..       1      /      rf\*>  [■  (1  -  u)'  M'+'-'  du 


I 


h  2 
ou,  mettant  li  =  y  ,  ■•■  , 


^-yin-2.^     1     /.srf^*'       ,.         /-'(l-^Xtt^^'-'rf^. 


en  r^tablissant  le  facteur  constant  _,  ..■   ^ .,.  de  Z7,  le  terme  general  de  cette  quantity  est 

i  (t)  (^  ^' 

<-•  r  (i)       [2k,r' . . >       '^  ^, . . .  r^  rfA,j  ■•■"'•••].  {(?+  vm)  ■  ■  •)*  ' 

ou  ki ,  &c.,  sont  des  entiers  positifs  quelconques  qui  satisfont  a 

ki  +  ...  =K, 

et  K  peut  s'^tendre  depuis  0  jusqu'^  a.  II  faut  observer  qu'en  diff^rentiant  par 
it- ,  &c.,  on  ne  doit  pas  considdrer  ^  comrae  fonction  de  hi... ,  ce  qui  est  cependant 
n^cessaire  dans  I'^quation  entre  V  et  U. 
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[From  the  Journal  de  Math4matiques  Pares  et  Appliqudes  (Liouville),  tome  x.  (1845), 

pp.  242—244.] 

On   d^montre,  au   moyen  des   formules  que  j'ai  donuees  sur  ce  sujet,  [28],  une  pro- 
pri^t^  remarquable  de  I'mt^grale  multiple 

V=  j  dxi...  da;„a^*"+'  . . .  ay+i'Vi . . .  <^  (a,  -  «!<, . . .), 

prise  entre  les  limites 

En   effet,  en  supposant  toujours  que  I'Dn   peut   d^velopper   la   tbnction   <f>   selon    les   puis- 
sances entiferes  et  positives  de  t,  I'integrale  V  peut  s'exprimer  sous  la  forme 


ou 


k'  =  a,  +  ...+a„, 

u=Ov-o  [2vrip  +  i)r (p  +  k  +/+  in  +  1)    * («"■••); > 


Soit 


W=jda:,...,f>(a,-x,tT,...) 
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entre  les  memes  liniites  que   V.     On  a 

En  multipliant  par 


205 


2 


T^+'(l-T^y+/dT, 


et  integrant  depuis  7=0  jusqua  T=l,  on  obtient 

puisque  en  gdn^ral 

/     fip+n+t  n  _  TAIc+f  ilT—  (l*  +  2 ''' + -^ ) 


r(A:+/) 
On  a  done  I'equation 


(p+k+/+^n+l)' 


2^  r  r»+'  (1  -  r^)*+/  PFdr = ttJ"  /*, . . .  /<„  u. 


r(i- 

Mettons  la  valeur  de  U  qui  en  r^sulte,  dans  I'equation  entre  F  et  U;  faisons  aussi 
<  =  1,  ce  qui  ne  nuit  pas  k  la  g^n^ralitd.     On  a,   en  rassemblant  les  formules, 

V  =  I  dx^ . . .  dxn  ■ . .  *■,*''+' . . .  ay+,-°/+i ...  ^  (aj  —  a;, ,. . .), 
F  =  |da;,  ...(ir„...<^(a, -a;,r, ...), 

ce  qui  ^tablit  ce  th^orfeme:  La  suite  des  int^grales  V  s'exprime  au  moyen  des  coefficients 
diffi^rentiels  par  rapport  k  A,  ...  A„  et  a,  ...  o^  de  la  seule  intdgrale 

r  7^+>(l  -  T'Y+Adx,...  dxn---<^{(h-  a:,T, ...). 

En  supposant  que  les  indices  dans  V  soient  tous  pairs,  on  a  /=  0.  Les  symboles 
^ ,  ...  n'entrent  plus  dans  I'expression  de  V.  En  changeant  la  fonction  </>,  on  a  ces 
formules  plus  simples, 
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V  =  j  da;  ...  dXnXi*^  ...  x„^tf>(xj ir„), 

W=jda:,  ...  dx„^{Tx„  ...  ,  Tx„X 

oil  V  a'exprime  au  moyen  des  coefficients  difldrentiels  par  rapport  a  A, A„  de  Tint^grale 

£  r»+'  (1  -  r^')*|  (ia,-.  ...dx„<i>{Tx, Txn), 

de  nianiere  que  nous  avons  trouvd  des  relations  entre  des  intdgrales  ddfinies  qui  con- 
tiennent  une  fonction  inddterminde,  assujettie  k  la  seule  condition  d'etre  ddveloppable 
dans  les  limites  de  I'int^gration  selon  les  puissances  entiferes  et  positives  des  variables', 
mais  dans  lesquelles  les  limites  sont  donnees  par 

^n   =  ■ 


'  Cette  condition  est  guppos6e  dans  la  demonstration,  maia  il  me    paialt,  d'apres   la   forme    du   r^ultat, 
qa'eUe  n'est  pas  easentielle. 
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MEMOIRE  SUR  LES    COURBES    A    DOUBLE   COUBBURE    ET   LES 

SURFACES  DEVELOPPABLES. 


[From   the  Journal  de  Mathematiques  Pures  et   Appliquees   (Liouville),   tome   x.    (1845), 

pp.  245—250. 

On  trouve,  clans  la  Thiorie  des  courbes  algebriques  de  M.  Pliicker,  de  tres-belless 
recherches  sur  le  nombre  des  diff^rentes  singularit^s  (points  d'inflexion,  tangentes  doubles, 
&c.)  des  courbes  planes.  Les  mSmes  principes  peuvent  s'appliquer  au  cas  des  courbes 
k  trois  dimensions.  Pour  cela,  consid^rons  une  suite  continue  de  points  dans  I'espace, 
les  lignes  qui  passent  par  deux  points  consecutifs,  et  les  plans  qui  passent  par  trois 
points  consecutifs ;  ou,  en  envisageant  autrement  la  meme  figure,  une  suite  de  lignes 
dont  chacune  rencontre  la  ligne  consecutive,  les  points  d'intersection  de  deux  lignes 
cons^cutives,  et  les  plans  qui  contiennent  ces  lignes ;  ou  encore  de  cette  maniere :  une 
suite  de  plans,  les  lignes  d'intersection  de  deux  plans  consecutifs,  les  points  d'intersection 
de  troLs  plans  consecutifs.  C'est  ce  que  Ton  peut  nommer  un  nysteme  simple.  Ce 
systeme  est  evidemment  forme  d'une  courbe  a  double  courbure  et  d'une  surface  deve- 
loppable ;  la  courbe  est  I'arSte  de  rebroussement  de  la  surface,  la  surface  est  I'osculatrice 
developpable  de  la  courbe.  Les  points  du  systfeme  sont  des  points  dans  la  courbe,  les 
lignes  du  systeme  sont  les  tangentes  a  la  courbe,  les  plans  du  systeme  sont  les  plans 
osculateurs  de  la  courbe.  De  meme,  les  plans  sont  les  plans  tangents  de  la  surface, 
les  lignes  sont  les  generatrices  de  la  surface ;  pour  les  points,  on  peut  les  nommer  les 
points  de  rebrou.ssement  de  la  surface.  J'entendrai  dans  la  suite  par  les  termes  ligne 
par  deux  points,  ligne  dans  deux  plans,  une  ligne  raenee  par  deux  points  quelconques 
(non  consecutifs  en  general)  du  systfeme,  et  la  ligne  d'intersection  de  deux  plan.s 
quelconques  (non  coasecutifs  en  general)  du  systeme.  Enfin,  chaque  ligne  du  systeme 
est  rencontree,  en  general,  par  un  certain  nombre  d'autres  lignes  non  consecutives  du 
systeme.  Je  nommerai  le  point  de  rencontre  d'une  telle  paire  de  lignes  point  dans 
deux  lignes,  et  le  plan  qui  contient  une  telle  paire  plan  par  deux  lignes. 
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Supposons  qu'un  plan  donn^  contient,  en  gdii^ral,  m  points  du  systfeme,  qu'uue  ligne 
donntk  rencontre,  en  giniral,  r  lignes  du  systfeme,  qn'un  point  donn^  est  situ^,  en 
geniral,  dans  n  plans  du  systfeme.  Le  systfeme  est  dit  etre  de  I'ordre  m,  du  rang  r, 
de  la  classe  n.  On  voit  tout  de  suite  que  I'ordre  de  la  courbe  est  ^gal  a  I'ordre  du 
systfeme,  ou  h  m;  la  classe  de  la  courbe  au  rang  du  systfeme,  ou  k  r.  Et  de  m^rae, 
I'ordre  de  la  surface  au  rang  du  systeme,  ou  a  r;  la  classe  de  la  surface  a  la  classe  du 
systfeme,  ou  h.  n. 

Cela  pos^,  les  singularitds  proprement  dites  (ouvrage  cit^,  page  202)  sont  les  deux 
suivantes,  analogues  aux  points  d'inflexion  et  de  rebroussement  dans  les  courbes  planes: 

1.  Quand  quatre  points  cons^cutifs  sont  situ^s  dans  le  m^me  plan,  ou,  autre- 
ment  dit,  quand  trois  lignes  cons^cutives  sont  situdes  dans  le  meme  plan,  ou  quand 
deux  plans  cous(JCutifs  deviennent  identiques;  je  dirai  qu'il  y  a  alors  un  plan  staMon- 
naire,  et  je  representerai  par  la  lettre  a  le  nombre  de  ces  plans. 

^  2.  Quand  quatre  plans  cons^cutifs  se  rencontrent  dans  le  meme  point,  ou,  autre- 
nient  dit,  quand  trois  lignes  se  rencontrent  au  meme  point,  ou  quand  deux  points 
cons^cutifs  deviennent  identiques ;  je  dirai  qu'il  y  a  alors  un  point  stationnaire,  et  je 
reprdsenterai  par  S  le  nombre  de  ces  points. 

Dans  le  premier  cas,  il  y  a  un  point  d'inflexion  sphdrique  dans  la  courbe,  et  une 
ligne  d'inflexion  dans  la  surface.  On  n'a  pas  donnd  de  noms  a  ce  qui  arrive  dans  la 
courbe  et  la  surface  dans  le  second  cas;  et  puisque  la  singularite  est  suffisamment 
distingue^e  deja  en  la  nommant  point  stationnaire,  il  n'est  pas  necessaire  de  suppleer  a 
cette  omission.  On  ^peut  dire  que  ces  deux  cas  sont  les  singulaiit^s  simples  d'un 
systfeme.  II  y  a  des  singularit^s  d'un  ordre  plus  ^leve  dont  on  n'a  pas  besoin  ici. 
Ensuite,  il  y  a  des  singularitds  d'une  autre  espece,  en  quelque  sorte  analogues  aux 
points  et  tangentes  doubles,  mais  qid  ont  rapport  a  un  point  ou  plan  ind^termin^ 
(hors  du  systfeme) ;  savoir : 

3.  Un  plan  donnd  pent  contenir,  en  general,  un  nombre  g  de  lignes  dans  deux  plans. 

4.  Un  point  donnd  pent  etre  situ^,  en  general,  dans  un  nombre  /(  de  lignes  par 
deux  points. 

5.  Un  plan  donne  pent  contenir,  en  gSndral,  un  nombre  x  de  points  dans  deux  lignes. 

6.  Un  point  donnd  peut  etre  situd,  en  gdniral,  dans  un  nombre  y  de  plans  par 
deux  lignes. 

Ces  quatre  cas  sont  les  singularites  impropres  simples  du  systfeme. 

II  faut  maintenant  chercher  les  relations  qui  ont  lieu  entre  les  nombres  »i,  r,  n, 
a,  S,  g,  h,  X,  y. 

Citons  d'abord  les  formules  de  M.  Pliicker  pour  les  courbes  planes  (page  211),  en 
changeant  seulemeut  les  lettres,  pour  ^viter  la  confusion.  En  representant  par  /^  I'ordre 
d'une   courbe,  par  v  sa   classe,  par   ^  le   nombre  de   ses  points   doubles,  77   de  ses  points 


i 
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de   rebroussement,   a   de   ses   tangentes   doubles,  h   de  ses  points  d'inflexion,  I'Dn   aura  les 
six   equations 


z/  =  /i.ya-l- (2^  +  37?), 


6=3/i./A-2-(6^  +  8^), 


a  =  i /t . //.  -  2 /i=  -  9  -  ( 2 ^  +  377)  (^ .  |i  -  1  -  6 )  +  2 f .  ^  -  1  + 1 77 . -7  -  1  +  6  ^; ; 


^l.  =  v.v-\-{2a  +  36), 
77  =  31/.  ji^^- (6a +  86), 


|:=Ji/.i/-2j;2_9_(2a  +  36)(i/.i/-l-6)  +  2a.a-l+|6.6-l  +  6a6, 
dont  les  trois  demiferes  se  ddrivent  des  trois  premieres,  et  vice  versd. 

Considdrons  ensuite  un  plan  donne  quelconque  en  conjonction  avec  le  systeme.  Ce 
plan  coupe  la  surface  suivant  une  courbe  plane.  Les  points  de  cette  courbe  sont  les 
points  de  rencontre  du  plan  avec  les  lignes  du  systeme,  les  tangentes  de  cette  courbe 
sont  les  lignes  de  rencontre  du  plan  avec  les  plans  du  systeme.  II  est  clair  que  la 
courbe  est  de  I'ordre  r  et  de  la  classe  n.  Chaque  fois  que  le  plan  contient  un  point 
en  deux  lignes,  la  courbe  a  un  point  double ;  aux  points  ou  le  plan  rencontre  la 
courbe  a  double  courbure,  il  y  a  dans  la  courbe  un  rebroussement  (car,  dans  ce  cas, 
il  y  a  deux  lignes  du  systfeme  qui  coupent  le  plan  en  un  meme  point,  c'est-a-dire 
qu'il  y  a  dans  la  courbe  d'intersection  un  point  stationnaire  ou  de  rebroussement). 
Quand  le  plan  contient  une  ligne  en  deux  plans,  il  y  a  dans  la  courbe  une  tangente 
double;  et  enfin,  pour  chaque  plan  stationnaire  du  systeme,  il  y  a  dans  la  courbe  une 
tangente  stationnaire  ou  une  inflexion.  Done  nous  avons,  dans  la  courbe,  r  I'ordre, 
n  la  classe,  x  le  nombre  de  points  doubles,  m  de  points  de  rebroussement,  g  de 
tangentes  doubles,  a  de  points  d'inflexion,  ce  qui  donne  les  six  equations  (^quivalentes 
a  trois) : 


r  .r  —  l-(2x  +  3m), 


a  =  Sr.r-2-{6x  +  8m), 


g  =  ^r.r-2r'-9-(2x  +  3m)  (r.r-l-6)  +  2a;.a;-l  +  |m.TO-l  +  6x)n; 


r  =  n.n-l-(2g  +  3a), 


m  =  3n .  n  -  2  -  (6^/  +  8a), 


X  =  ^n .  n-  2n'  -i)  -  {2g  +  3a){n .  n-1  -6)  +  2g  .  g  -  1  +  '^  a  .  a  -  1  +  6ga 
{oil  Ton  pent  remarquer  la  symdtrie  k  I'dgard  des  combinaisons  n,  a,  g,  et  r,  m,  x). 

De  mSme,  en  consid^rant  un  point  donnd  quelconque  en  conjonction  avec  le  systeme, 
ce  point  determine,  avec  la  courbe  h,  double  courbure,  une  surface  conique,  et,  par 
des   raisonnements  pareils,   on   fait   voir   que,   dans   cette    surface   conique,   I'ordre   est   m, 
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la  classe  r,  le  nombre  des  lignes  doubles  n,  dea  lignes  de  rebroussement  S,  des  plans 
tangents  doubles  ij,  des  lignes  d'inflexion  h,  ce  qui  donne  les  Equations  (dont  trois 
seulement  sont  ind^pendantes) : 

r=m  .  m-l-(2h  +  3S). 


n  =  3m .m  -2  - i6h  +  8i), 


y  =  im.m-2m'-9-(2A  +  3e;(m.m-l  -6)+ 2h.h-l +^S .€-l  +  (JhS ; 
m  =  r  .  r  -I  -(2y  +  3n), 


S=3r.r-2-(6y  +  8n), 


A  =  Jr.r-2r'-9-(2y  +  3n)(r.r-l-6)  +  2y.y-l+fn.n-l+6y/i 

(dans   lesquelles  on  remarque  la  correspondance  r,   n,  y;  m,  S,  h:    et,   en  les  comparant 
Navec  les  autres  six  ^uations,  la  correspondance  m,  r,  n,  a,  €,  g,  h,  x,  y;   n,  r,  m,  §,  a,  h, 

g,  y,  1!). 

En  consid^rant  une  courbe  k  double  courbure  d'un  ordre  donn^  m,  on  pent 
attribuer  k  h,  €  des  valeurs  quelconques  (entre  certaines  limites),  et  Ton  a  alors,  pour 
determiner  les  autres  quantity,  les  equations  suivantes: 

r  =  m.m^l  -  {2h  +  3S), 


3m.m-2-{6h  +  8§], 


y  =  i  m.  m  -  a  m='  -  9  -  (2A  +  3g)  (m.  m  -  1  -  6)  +  2A.  A  - 1  + 1  g.  6'-  1  +  6/if ; 


n  =  r.r—l  —  (2x  +  3m), 


a=3r.r-2-(6a;  +  8m), 


(7  =  Jr.r-2r'-9-(2iz;  +  3m)  {r .  r  -  I  -  6)  +  2w  .  x  -  I  +  ^  m  .  m  -  I  +  6a>m. 

Au  cas  d'une  courbe  plane  les  trois  premiferes  equations  continuent  d'etre  vraies,  mais 
les  trois  autres  n'ont  pas  de  sens.  Le  cas  le  plus  simple  est  celui  d'une  courbe  du 
troisifeme  ordre  dans  I'espace.     On  a,  dans  ce  cas,  m  =  S,  w  =  1 ,  6'  =  0 ;   et  de  la  le  syst^me 

wi,     n,     r,     ct,     S,     g,     h,     x,     y; 
3,     3,     4,     0,     0,     1,     1,     0,     0; 

c'est-k-dire  I'osculatrice  d^veloppable  d'une  courbe  du  troisieme  ordre  est  une  surface 
du  quatrifeme  ordre,  &c.  On  obtient  aussi  un  systeme  trfes-simple,  en  dcrivant  m  =  4, 
A  =  2,  ^=1,  ce  qui  donne 

m,     w,     r,     a,     S,     g,     h,     x,     y ; 
■i,     4,     5,    1,     1,     2,     2,     2,     2. 
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Mais    cela    n'appartient    pas,    a    ce    que    je    crois,    aux    courbes    les    plus   gdndrales    du 
(]uatrieme    ordre. 

Le  probleme  de  classifier  les  courbes  a  double  courbure  au  moyen  des  surfaces  que 
Ton  peut  faire  passer  par  ces  courbes,  ou  de  trouver  la  nature  d'une  courbe  qui  est 
rintersection  de  deux  surfaces  donndes,  parait  appartenir  plutot  a  la  th^orie  des  surfaces 
qu'a  celle  des  courbes.  Je  n'ai  rien  de  complet  a  ofifrir  sur  cela.  Seulement  je  crois 
pouvoir  dire  que  quand  la  courbe  d'intersection  de  deux  surfaces  des  ordres  fi,  v  est 
de  I'ordre  \i.v  (ce  qui  est  le  cas  general),  on  a  toujours 


2h  =  fiv .  fjL  —  1  V  —  1, 

de  maniere  que  la  classe  de  la  courbe  est  au  plus  mn(m+n— 2).  Mais  j'espere  revenir 
une  autre  fois  sur  cette  question.  II  est  presque  inutile  de  remarquer  que  pour  un 
systeme  qui  est  r«5ciproque  polaire  d'un  systeme  donn^,  il  faut  seulement  changer 
m,  r,  n,  a,  S,  g,  k,  x,  y  en  n,  r,  m,  S,  a,  h,  g,  y,  x.  Par  exemple,  les  deux  systemes  qui 
viennent  d'etre  consid^r^s  ont  des  rdciproques  de  la  meme  forme. 


27- 


212 


[31 


31. 


DEMONSTRATION   D'UN  THEOREME  DE  M.   CHASLES. 


[From  the  Journal  de  Matheinatiqties  Pures  et  Appliqudes  (Liouville),  tome  X.  (1845), 

pp.  383—384.] 

"  Soient  P,  P"  des  poiuts  coirespondants  de  deux  figures  homographiques ;  si  la 
droite  PP"  passe  toujours  par  un  point  fixe  0,  les  points  P  sont  situ^  sur  une  courbe 
du  troisieme  degr^,  qui  passe  par  ce  mSme  point." 

/p  7*  2; 

—,,  —,,   —J   celles  de    P'.     En    supposant 
www  ^^ 

que  a;',  y\  z',  w'   sont  des   fonctions   lineaires   (sans   terme  constant)   de  x,   y,   z,   w,   les 

deux  figures  seront  homographiques. 


Soient  —  ,  —  ,   -    les   coordonn^es  de   P 
\  www 


Soient,   de   meme,  ^ ,    -^ ,    |  les   coordonn^es  de   0 ; 


les   coordonnfes  d'un 


S'    8'    S 
point  quelconque  T. 

Puisque   P,  P",  0   sont   sur    la  meme   droite,  on   peut   faire   passer  un   plan  par  les 
(juatre  points  P,  P",  0,  T.     Cela  donne  tout  de  suite  I't^quation 


a. 


M. 


V,      ar 


^ 


=  0 


a  ,     S  ,     y,     S 

X,     y,     z,     w 

\^x',     y',     z',     w' ) 

(en  representant  de  cette  maniere  le  determinant  form^  avec  les  quantites  \,  fi,  v,  &c.), 
Equation  qui  doit  etre  satisfaite  quels  que  soient  \,  /i,  v,  rs,  et  qui  ^quivaut  ainsi  aux 
deux  conditions 


0. 


Ces  deux   derniferes  ^uations  sont  du  second  degr^  par  rapport  aux  quantites  - ,  ^ ,  -  . 

Le   point   P  est  done  situ^  a  I'intersection  de  deux  surfaces  du  second  ordre.     Mais  ces 
surfaces  ont  en  commun  la  droite  representee  par  les  Equations 

ay  —  Sx=  0,     ax'  —Si/  =  0. 

Done    elles    se    coupent    de    plus    suivant    une    courbe    du    troisieme    degr^    qui    passe 
evidemment  par  le  point  0,  parce  qu'on  satisfait  aux  Equations  en  ecrivant 

X  :  a=y  :  §  =  z  :  j=w  :  S. 


'a, 

s, 

7l 

'a  , 

g, 

s 

y> 

X  , 

V' 

w 

y'. 

.«'. 

y\ 

w 
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ON    SOME    ANALYTICAL   FORMULA,   AND  THEIR    APPLICATION 
TO  THE  THEORY  OF  SPHERICAL  COORDINATES. 


[From  the  Camh-idge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  22 — 33.] 

Section  1. 

The  formulae  in  question  are  only  very  particular  cases  of  some  relating  to  the 
theory  of  the  transformation  of  functions  of  the  second  order,  which  will  be  given  in 
a  following  paper.  But  the  case  of  three  variables,  here  as  elsewhere,  admits  of 
a  symmetrical  notation  so  much  simpler  than  in  any  other  case  (on  the  principle  that 
with  three  quantities  a,  b,  c,  functions  of  &,  c ;  of  c,  a ;  and  of  a,  b,  may  symmetrically 
be  denoted  by  A,  B,  C,  which  is  not  possible  with  a  greater  number  of  variables) 
that  it  will  be  convenient  to  employ  here  a  notation  entirely  different  from  that  made 
use  of  in  the  general  case,  and  by  means  of  which  the  results  will  be  exhibited  in 
a  more  compact  form.  There  is  no  difficulty  in  verifying  by  actual  multiplication,  any 
of  the  equations  here  obtained. 

It  will  be  expedient  to  employ  the  abbreviation  of  making  a  single  letter  stand 
for  a  system  of  quantities.  Thus  for  instance,  if  ii  =  ff,  <f>,  ■^,  this  merely  means  that 
*  (»)  is  to  stand  for  *  {d,  <i>,  yjr),  kH  for  kd,  k<j>,  k^,  &c. 

Suppose   then 

o  =|.  ';.  ?.  (1). 

«  =?,  •7.   ?. 

Q  =  A,  B,  C,  F,  G,  H  (2), 

W  (CO,  co',  Q)  =  ^^f  +  Bvv'  +  C^  +  F (r,K'  +  VV  +  G-  (rr  +  ra  +  H  i^r,'  +  ^'v)  ■  ■  ■  (3), 
the  function    W  satisfies  a  remarkable   equation,  as  follows: 
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write  ^=BG-F^,  (4), 

13  =  04  -G\ 
iS,  =  AB-H\ 

jf  =  GH-AF, 
<!5  =  IIF-BG, 
^=FG  -CH. 

<a  =  a,  id,  ec,  jf,  cs,  t^ (s), 

^  =  v^'-v%    W-K'l    tv'-^v  (6;, 

we   have 

W{a>„  (o,,  Q)  W{co„  CO,,  Q)-W{w„  0)3,  Q)  W{<o„  CO,,  Q)=W{^„  ^,  ®)  ...  (7); 

of  which  we  may  notice  also  the  particular  cases 

W(co„  w,,   Q)  F(a)3,  «3,  Q)-  W{co„  CO,,  Q)  W(co„  co„  Q)=W(^,  ^„  ®)  ...  (8), 

W{co„  CO,,  Q)W{co,,  CO,,  Q)-{W{co„  CO,,  Q)]-'=W{co^,  ^,  ©)  ...  (9). 

To  these  we  may  join  the  following  formulse,  for  the  transformation  of  the  function  W. 

Suppose 

eoj  =  ajr,  +  a'yi  +  al'z, ,     bic,  +  h'yi  +  b"^i ,     Cir,  +  c'y,  +  c"zi  (10), 

CO,  =^  8^2  +  a'i/u  +  a"^2,     biTa  +  h'y,  +  b"^:a,     ex,  +  c'y^  +  c"z, , 

then,  writing  g  =a  ,     b  ,     c  (11), 

g'=&',     b',     c', 
g  =& ,    b  ,    c  , 

Pi  =  x,,  Vu  Zi   (12), 

©  =  W{g,  g,  Q),  W(g',  g',  Q),  W(g",  g",  Q),  W(ff'.  g".  Q).  W(g",  g.  Q),  W(g,  g',  Q)  (13), 

we  have 

W{co„  CO,,  Q)  =  W(p„  p,,  0) (14). 

Similarly,  \vriting 

^ = TT  (^',  71',  <a),   wifiYl,  ©),  w  ( ^,  ^',  ©) 

W{^,  ll,  dk),    wQy,  ^,  Q),    Wifg,  gY,  ©),    (15), 

we  have  W(^,a^3,  @)=  W(p^„  p^,  '^) (16), 

in  which  eciuations  ©  may  obviously  be  changed  into  Q. 
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Section  2.     Geometrical  Applications. 

Consider    any    three    axes    Ax,    Ay,   Az,    and    let    X,    //.,    v    be    the    cosines    of    the 
inclinations  of  these  lines  to  each  other. 

Let    A,  M,  N  be    the   inclinations   of  the   coordinate    planes  to    each    other ;    I,  m,  n 
the  inclination  of  the  axes  to  the  coordinate  planes.     Suppose,  besides, 

a  =  l    -X.^ (17), 

ft=l   -^=, 

t  =  1  - 1'^ 

f  =  flV  —  \, 

fi  =  Xfi—  V , 
A-  =  l  _  V  _  ^2  _  j,2  4- 2\/xi/ (18); 

we  have  the  following  systems  of  equations : 

V(bc)cosA  =  -f,     V  (bt)  sin  A  =  V  (^),     -J  {&)  sin  I  =  ^  (k) (19). 

V  (ta)  cos  M  =  -  g,     V  (ca)  sin  M  =  V  (k),     V  (b)  sin  m  =  V  (k) 
V(ab)cosN  =  -5,     V (ab) sin  N  =  V (^),     V  (C) sin  n  =  V  (A;). 

a+  v'ti  +  fi<i=k,    (20). 

va+  5  +  \g  =  0, 
Ata  +  xb  +   g  =  0. 

^+vb+  Mf=0,     (21). 

plf+  b+  \f  =  k, 
/tb  +  xb  +    f  =  0. 

g+  v{+  ,it  =  0,     (22). 

i'g+   f+  xc=0; 
/tg  +  xf  +     t  =  k. 

be-   P  =  te    (23). 

ta-  g'  =  A;6, 
ab-  i)'  =  kc, 
gb  -  af  =  A/, 
bf  -  bg  =  kg, 
fg  -  cb  =  kh, 

abc-aP-bft— cb=  +  2fgb  =  fc^ (24). 
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Imagine  now  a  line  AO,  and  let  a,  /3,  y  be   the  cosines  of  its  inclinations  to   the 

three    axes.     Suppose    also,    0,    (f),    x    heing    its    inclinations    to  the    coordinate    planes, 
we   write 

sin^         ,     sin<i  sinv  .„.. 

«  =  V(S)'      ^  =  V(b)'      '  =  V^) (20). 

If  we  consider  a  point  P  on  the  line  AO,  at  a  distance  unity  from  the  origin, 
we  see  immediately,  by  considering  the  projections  in  the  directions  perpendicular  to 
the  coordinate  planes,  that  the  coordinates  of  this  point  are  a,  b,  c.  By  projecting  on 
the  three  axes  and  on  the  line  AO,  we  then  obtain  the  equations 

0=    a+  vb+fic (26), 

0=  va+    b  +  \c, 

7  =  /ia  +  \6  +    c, 

^  1  =aa+fib  +  yc (27), 

from  which  we  obtain 

i-a  =  aa  +  t^  +  g7    (28), 

kb  =  fia+b^  +  ty, 
Ac  =  ga  +  fyS  +  £7, 

l=aa+^b  +  yc    (29), 

and   hence 

l-=a'  +  b^  +  c^  +  2\bc+2fjLac  +  2vab (30), 

k  =  aa'  +  b^  +  trf  +  2i^y  +  2Qaiy  +  2'ifa^ (31). 

Hence  writing 

a,  b,  c  =  t (32), 

a,  /3,  7  =  T (33). 

1,  1,  1,  \,  /x,  v  =  q  (34), 

a,  b,  t,  t,  8,  fi  =  q (35), 

we  have  the  equations 

l  =  W(t,  t,  q)   (36), 

k^W{T,  T,  q)   (37). 

Let  AO'  he  any  other  line,  and  8  its  inclination  to  -40:   a',  /3',  y',  a',  b',  c,  the  quantities 
corresponding  to  o,  /8,  y,  a,  b,  c,  and  similarly  t',  t    to  t,  t.     We  have  of  course 

1  =  W{t',  t',  q) (38), 

k=W(r',  t'.  q)  (39). 
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We  have  besides,  by  projecting  on  the  line  AO',  the  equation 

cosB  =  a'a+^'b+y'c  (40), 

or  the  analogous  one 

cos  8  =  a'a  +  /Q'6  +  7'c  (41). 

From  either  of  which  we  deduce 

cos  B  =  aa'  +  bb'  +  cc'  +\  (be'  +  b'c)  +  /x  (ca'  +  c'a)  +  v  (ab'  +  a'b) (42), 

A; cos 5  =  aaa'  +  'b^^'  +  CtV  +  f  {^^  +  yS^)  +  g (7a'  +  7'a')  +  J)  (a/3  +  a'/3) (43) ; 

which  may  otherwise  be  written 

cosS=Tr(<,  t',  q)   (44), 

kcosh=W{r,  t',  q)  (45); 

or  again,  observing  the  equations  which  connect  the  quantities  (,  t, 

.                   W(t,  if,  q) 
cosS=     7,^..    .^^  ir^,..    .. — ^   (46), 


V{F(<,  t,  q)  W{t',  if,  q)!    

cos  S  -  ^(•^-    •^'-     ^)  f.<7^ 


forms  which,  though  more   complicated,  have   certain  advantages ;   for  instance,  we  derive 
immediately  from  them  the  new  equations 

•           v{Tr(g  g,  (I)}  ■ 

\  ^'''^-^{Wit,t.q)W{tf.t'.^)} (*8)' 

t"           "°^=VlH^(T,r,^F(T',r',q)}  <^9)- 
written  more  simply  thus 
sinS=      W(Ki^,(l)  (50). 
P                                      ^/kBmS  =  ^{W(W.^.q)}    (51); 
to  these  we  may  join 
'o^^-^Z-M^:,, (»2). 


^/{W (tt',  tt^,  q)} 

VA:cot8=        ^^Zl^''J>       (53). 

V{Tr(TT',  tt',  q)} 


Section  3.     On  Spherical  Coordinates. 


Consider  the  points  X,  Y,  Z,  on  the  surface  of  a  sphere,  as  the  intersections  of 
the  three  axes  of  the  preceding  section,  with  a  sphere  having  its  centre  in  the  origin. 
It  is  evident  that  \,  /i,  v  are   the   cosines   of  the   sides   of  the   spherical   triangle   XYZ, 

C.  28 
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A  M,  N  are  its  sides,  I,  m,  n  are  the  perpendiculars  from  the  angles  upon  the 
opposite  aidea  Let  P  be  the  point  where  the  line  AO  intersects  the  sphere:  the 
position  of  the  point  P  may  be  determined  by  means  of  the  ratios  f  :  i;  :  ?,  supposing 
f  17,  f  denote  quantities  proportional  to  the  a,  /3,  7  of  the  preceding  section,  i.e. 

f  :  7?  :  ?=cosPZ  :  cos  PF  :  cos  PZ  (54); 

or  again,  by  means  of  the  ratios  x  :  y  :  z,  supposing  x,  y,  z  denote  quantities  proportional 
to  the  a,  h,  c  of  the  preceding  section,  i.e. 

sin  Px     sin Py     sin  Pz  .... 

X  :  y  :  z  =  —. — tf"  :  —■ — ^  :  — • — ^ (po), 

"  sm  A       sm  r       sm  Z 

(Px,  Py,  Pz  are  the  perpendiculars  from  P  on  the  sides  of  the  spherical  triangle  XYZ). 

These  last  equations  may  be  otherwise  written, 

a;  sin  X_  sin  PZY  ,.  . 

JlmTY'^nPZX  '■^^''■ 

^  sin  Y  _  sin  PXZ 
z^^~^^TTY' 

zsm.Z  ^smPYX 
a;sinX     sin  PFZ  ' 

The  ratios  ^  :  t]  :  ^,  or  x  :  y  :  z,  are  termed  the  spherical  coordinate  ratios  of  the 
point  P.  The  two  together  may  be  termed  conjoint  systems :  the  first  may  be  termed 
the  cosine  system,  "and  the  second  the  sine  system.  The  coordinates  of  the  two 
systems  are  evidently  connected  by 

^  ■  V  ■  ^=x   +vy  +  ^z  :  vx  +  y   +\z  :  fix  +  Xy  +  z  (57), 

or  X  :  y  :  z  =  n^  +  \)r)  +  q^  :  f)f +  b7?  +(?■  :  gf  +  f^?  +tf (58). 

The  systems  may  conveniently  be  represented  by  the  single  letters 

a)  =  f  V,  ?  (59), 

P  =  a;,  y,  z   (60). 

Fundamental  formula  of  spherical  coordinates ;    distance  of  two  points. 

Let  P,  P'  be  the  points,  8  their  distance,  to,  p  the  conjoint  coordinate  system.s 
of  the  first  point,  w',  p'  of  the  second ;   we  have  obviously 

cots-  W{p,p',ii) 

'°*'-V{TF(i,,p,  q)>r(p',^',  q)l  ^^'^' 

.  V{Tr(^',  ^',  q)} 

''^'^      -j[W{p,p,cow[p',p',(^)y 

cot  5=       W{p^p',q)       . 
AW{pp',  pp'  ti)\' 
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or 


t  _  ^  (».  «'.  9) 

'^*''^-V{F(«,  o,,  q)Fla,',  «',  q)} ^^^^• 

^   .     .^  VfTf  (W,  ^,  q)} 

VA;^'''    ~  V{TF(«,  «,  q)  F(«',  «',  q)}' 

Vl^Cwftj',  (HO)',  q)j 

Equation  of  a  great  Circle. 

Let  the  conjoint  coordinate  systems  of  the  pole  be 

e  =  a,  b,  c  (63), 

e  =  a,  A  7  (64), 

then,  expressing  that   the   distance   of  any  point  P  in  the  locus  from  the  pole  is  equal 
to  90',  we  have  immediately  the  equations 

W(p,  e,  q)  =  0  (65), 

W{co,  e,  q)  =  0 (66), 

which  may  otherwise  be  written  in  the  forms 

a^  +  bri  +c^  =  0  (67), 

ax  +  0y  +  y^=O  (68), 


or  the   equation    of   a    great    circle    is    linear   in    either   coordinate    system.     Conversely, 
any  linear  equation  belongs  to  a  great  circle. 


I^B     or 


Suppose  the  equation  given  in  the  form 

A^+Br,  +  G^=0 (69); 

or  by  an   equation  between  cosine   coordinate    ratios : — the   sine   system    for   the   pole   is 
given  by 

e=A,  B,  C (70), 

and  the  cosine  system  by 

€  =  A  +  vB  +  ,jiC,     vA  +  B  +  \G,     ^A  +  XB+C (71). 

Suppose  the  circle  given  by  an  equation  between  sine  coordinates,  or  in  the  form 

Aa;+B2/  +  Cir=0 (72), 

the  cosine  system  of  coordinates  for  the  pole  is  given  by 

6  =  A,  B,  C  (73), 

and  the  sine  system  by 

e  =  aA  +  i)B  +  8C,    6A  +  bB  +  fC,     gA  +  fB  +  tC  (74). 

28—2 
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It  is  hardly  necessary  to  observe,  that  if 

A^  +  Bv+C^  =  0 (75), 

Ax  +  By+Cz  =  0 (76). 

represent  the  same  great  circle, 

A  :  B  :  C=   A  +  vB+fjiC  :  vA+  B  +  \C  :  fiA+\B+  C (77), 

A  :  B  :  C=aA  +  6B  +  gC  :  l)A  +  bB+  fC  :  gA  +fB+tC (78). 

Inclination  of  two  great  Circles. 

Let  the  equations  of  these  be 

f      A^  +  Bri  +  C^  =  0 (79), 

[or  Ax+By  +  Cz=0 (80), 

A'^  +  B'v  +  C^=0 (81), 

or  A'x  +  B'y+C'z=0  (82), 

and  let  e,  e,  have  the  same  values  as  above,  and  e',  e',  corresponding  ones.  To  obtain 
the  inclination  of  the  two  circles,  we  have  only,  in  the  formulae  given  above  for  the 
distance  of  two  points,  to  change  p,  p',  &>,  w',  into  e,  e',  e,  e'. 

The  distance  of  a  point  from  a  given  circle  may  be  found  with  equal  facility;  for 
this  is  evidently  the  complement  of  the  distance  of  the  point  from  the  pole  of  the 
circle.  In  like  manner  we  may  find  the  condition  that  two  great  circles  intersect  at 
right  angles,   &c. 

There  are  evidently  a  whole  class  of  formulae,  not  by  any  means  peculiar  to  the 
present  system  of  coordinates,  such  as 

Ax  +  By+Cz-s{A'x-it  B'y  +  C'z)   (83), 

for  the  equation  of  a  great  circle  subjected  to  pass  through  the  points  of  inter- 
section  of 

Ax  +  By  +  Cz  =  0,     A'x  +  B'y+C'z  =  0. 


Again, 


X, 

V' 

z 

a. 

b, 

c 

a\ 

h\ 

c' 

=  0 (84), 


for  the  equation  of  the  great  circle  which  passes  through  the  points  given  by  the  sine 
systems  a  :  b  :  c  and  a'  :  V  :  c',  &c.,  and  which  are  obtained  so  easily  that  it  is  not 
worth  while  writing  down  any  more  of  them. 

Transformation  of  Coordinates. 

Let  Xi,  F,,  Zi,  be  the  new  points  of  reference,  and  suppose  X^  is  given  by  the 
conjoint  systems  e  =  a,  b,  c,  e  =  a,  /3,  7;  and  similarly  F,,  Z,,  by  the  analogous  systems 
e,  e  ;  e  ,  e  . 


32]  TO   THE   THEORY  OF  SPHERICAL   COORDINATES.  221 

Suppose,  as  before,  P  is  given  by  one  of  the  systems  w,  p;  and  let  tuj,  ju,  be 
the  new  systems  which  determine  the  position  of  P  with  reference  to  X,,   F,,  Z^. 

In  the  first  place,  Xi,  /a,,  Vi,  are  given  by  the  formulae 

W  (e'y  e",  q)                                  W  (e',  e"    Q) 
^^>^{W(e\  ef.  q)  W(e",  e",  q)}  =  V{F(e',  e',  q)  W{e",  e",  q)j ^^^^^' 

^  W(e",  e,  q) ^  F(6",  6,  (t) 

''^     V{Tr(e",  e",  q)W{e,  e,  q)}      ^{^^(e",  e",  q)  F(e,  e,  q)}  ' 

W(e,  e',  q)  ^ Z(^j_l'' 5) 

•^^     V{Tr(e,  e,  q)  r(e',  e',  q)]      V{TF  (e,  e,  q)  F(e',  e',  q)} " 

The  system  w,  is  evidently  given  immediately  by 

>:   ■  „    .  >         W(e,  p.  q)     .      W{e',  p,  q)      .      Tf  (e'-,  p,  q) 

?.■'?.•  ^•-^{Tr(e,  e,  q)}   •  ^{>f(e',  e',  q)j   ■  ^^W(e",  e",  q)} ^^''' 

__     Wje,  0,,  q)     .      F(6-,  0,,  q)      .      W(e",  a,,  q) 
VlTr(6,  6,  q)l  ■  V{fl"(6',  e',  q)}  ■  ^\W(,",  e",  q)} ^'"'' 

and  from  these  we  may  obtain  the  system  p^ ,  by  means  of  the  formulae 

«i   :  y.   :  ^.=  a,f, +  |),7;,  +  g,f,   :   l)i?. +b,»;,  +  f,?,   :   Qif,  +  (jt;,  +  C,?, (88). 

This  requires  some  further  development  however.  We  must  in  the  first  place  form 
the  system  Hi,  bi,  Ci,  fi,  gi,  j[)i:  this  is  done  immediately  from  the  formulae  of  Sect.  2, 
and  we  have 

W(7¥',^,q)          _        kW(€7^,7?\q) 
^'-|F(e',  e',  q)#"(e".  e",  q)=  F(e'.  e',  q)lr(6",  e",  q)  ^^^^' 

Tr(7i,  /e,  q)         _        ^-T^(?7.  ?5,  q) 
'''  =  W(^'W\^yW(e",  e,  q)  "  F  (e",  e",  q)  W  (e,  e,Y) ' 

W(^,  ^',  q)  ^-Tf  («',  ^',  q) 

^' "  'Tr(e,  e,  q)  W(e',  e\'q) "  Tf  (e,  e,  q)  TF(6',  e',  q) ' 

'■  -  W{e.  e,  q)^/{W(e',  e',  q)  Wie",  e".  q)}  ~  17(6,  e,  q)V{Tr(6',  e'Tq)  Tf  (e",  e",  q)j  ' 

Tr(^,  ??',  q) kWj'^,  g,  q) 

*  -  FFT^Tq)  VT^ (TWVqpf  (T^Tq)]  ~  Tr(e',  e',  q)V{^(e".  e",  q)  T7(6,  e,  q))  ' 

^^  F(e",  e",  q)  V{Tf  (e,  e,  q)  F(e',  e',  q)j  ~  F(6",  e",  q)  V  (Tf  (e.  e.  q)  F  (e',  e',  q)]  " 
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X,  :  y.  :  z,  =  ^{W(e.  e.  q)}  x   (90), 

1  W(e.  p.q)W(  ?£,  71,  q)  +  W{e\  p,  ({)W{  11\  e^  q)  +  W{e",  p,(OW{  7^,  17  q)! 

:  V{^(«'.  e'.  q)}x 
{■W(e,  p,  q)  W(77,  77,  q)+  F(e',  p,  q)  W (77,   71  q)+  TF(e",  p,  q)  F(^  i?,  q)l 

:  ^{W(e",  e",  q)}  x 

{W(e,  p,  q)  Tr(^,    ^,  q)  +  W{e',  p,  q)  Tr(^,    e^,  q)+  ir(e",  p.  q)  TTC^,  ^  q)] ; 

these   may   be   reduced   to   the   very   simple   form 

a:,  :  y,  :  ^,  =  V{F(e,  e,  q)}W(77,  m,  q)  (91), 

:  ^[Wie',  e,  q))  ^(7^,  m,  q). 

:  V{l^(e".  e",  q)}  If  (i?,    «.  q). 

fwd   in   like   manner   we   obtain 

x,:y,:  z,  =  ^{W{e  ,  e,  q)\W(7?,p,q) (92), 

:  ^lW(e'.e',(l)}W(7e,p,q), 

:  ^{Wie",  e",  q)}  W ('^,  p,  q). 

It  will  be  as  well  to  indicate  the  steps  of  this  reduction.  Consider  the  quantity 
in  {  }  in  the  first  line  of  the  equation  which  gives  the  ratios  Xi  :  yi  :  Zi;  and  suppose 
for  a  moment  e'e"  =  I,  m,  n,  &c. :  then,  selecting  the  portion  of  the  expression  whicli  is 
multiplied   by   a,   this^is 

=  al  {I  (af  +  bv  +  cO  +  I'  (a'l  +  b'v  +  c'O  + 1"  {a"^  +  b"v  +  c"?)l, 

or,  since 

la  +  l'a'  +  l"a"  =  '^,     lb  +  I'b' +  l"b"  =  0,     Ic  +  l'c' +  l"c"  ==0, 

this  reduces  itself  to  ee'e".  rI^,  which  is  a  term  of 

e7e"  W(  77\  (o,  q) ; 

and    by   comparing  the   remaining   terms    in    the   same   manner,   it   would   be   seen   that 
the  whole  reduces  itself  to 

^'  W(  eV^,  (o,  q) ; 

whence  the  formuliE  in  question. 

The  formulas  (86),  (87),  (91),  (92),  completely  resolve  the  problem  of  the  transfor- 
mation of  coordinates ;    they  determine  respectively  pi  from  p  or  to,  w,  from  p  or  w. 

To  complete  the  present  part  of  the  subject  we  may  add  the  following  formulse. 

Suppose  Xi  :  y,  :  ^^i  =  aa^  +  a'y,  +  a''^, (93), 

:  hx,  +  h'y,  +  h"y,, 
:  cz;,  +  c'y,  +  c"  z, , 
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which  we  see  from  the  preceding  formulae  is  the  form  of  the  relation  between  the 
systems  p^  and  p.  And  suppose,  as  before,  Xj,  /^i,  i/,  are  the  cosines  of  the  distances 
of  the  new  points  of  reference  Xi,  Yj,  Zj. 

We  can  immediately  determine  the  relations  that  must  exist  between  these 
coefficients,  in  order  that  they  may  actually  denote  such  a  transformation.  For  this 
purpose  write 

a  ,     b  ,     c  =j  (94), 

a%    b',     c'=/, 
a",     b",     c"=j". 

Then  the  distance  between  the  point  P  and  any  other  point  P'  is  given  by  the  formula 

coss= ^^^'P-q) >r(P.  PL  e) 

■where 

0=Tr(j,j,(,),     Tr(/,/,q),     >r(/',/',q),     Tf(/,j",q),     Tr(j",J,q),     Tf  (j,/,  q).  ..(96). 
But   we   must  evidently  have 


cos  8=^^,      ^(-P'V^^H- 


(97), 


V{Tr(i).,j.„  q.)F(K,  f/,  q.)}  

or  the  quantities  0  must  be  proportional  to  the  quantities  q,  i.e. 

y^ij,h  q)   :    ^{j',3',  q)  :    TT  (/',/',  q)   :    TF  (/, /',  q)  :    W  [J" ,  j,  q)  :   If  (/',  j,  q) 

=  1:1  :  1  :  \,  :  Ml  :       i',  ...(98). 

And  in  precisely  the  same  manner,  if  instead  of  x,  y,  z,  x^,  y^,  z^,  in  the  above 
formulae,  we  had  had  ^,  ■»;,  ^  :  f,,  77, ,  f,,  the  result  would  have  been 

W(j,  j,  q)  :  W{j',  j',  q)  :  ir(j",  /',  q)  :  Tr(/,  j".  q)  :  F(/',  j,  q)  :  W(j",  j,  q) 

=  a:b:C  :f  :g:i)     ...(99). 

It  is  hardly  necessary  to  remark,  that  throughout  the  preceding  formulse  an 
expression,  such  as   W{p,  p',  q),  is  proportional  to  either  of  the  quantities 

«f  +  yv' + ^K  or  «'f  +  y'^  +  ^'t 

and  may  be  changed  into  one  of  these  multiplied  by  an  arbitrary  constant,  which 
may  be  always  made  to  disappear  by  a  corresponding  change  in  another  quantity  of 
the  same  form :    thus,  for  instance, 

W  {p,  p',  q)  ^  on'^  +  y'r,  +  zX  J.^QQ^. 

W{p,p,(\)    x^  +  yn  +  zi; 

but  these  forms  being  unsymmetrical,  it  is  better  in  general  not  to  introduce  them. 

All  the  preceding  expressions  simplify  exceedingly,  reducing  themselves  in  fact  to 
the  ordinary  formulae  for  the  transformation  of  rectangular  coordinates  in  Geometry  of 
three  dimensions,  for  the  case  where  the  triangle  XYZ  has  its  sides  and  angles  right 
angles.     As  this  presents  no  difficulty,  I  shall  not  enter  upon  it  at  present. 
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>0N    THE    REDUCTION    OF    -^,    WHEN    U   IS   A    FUNCTION    OF 

THE    FOURTH    ORDER. 


[From  the  Cambndge   and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  70 — 73.] 

It  is  well  known  that  the  transformation  of  this  differential  expression  into  a  similar 
one,  in  which  the  function  in  the   denominator  contains  only  even   powers   of  the  corre- 

^  r  /111 

spending  •  variable,  is  the  first  step  in  the  process  of  reducing    1    „  to   elliptic   integrals. 

And,  accordingly,  the  different  modes  of  effecting  this  have  been  examined,  more  or 
less,  by  most  of  those  who  have  written  on  the  subject.  The  simplest  supposition, 
that  adopted  by  Legendre,  and  likewise  discussed  in  some  detail  by  Gudermann,  is  that 
M  is  a  fraction,  the  numerator  and  denominator  of  which  are  linear  functions  of  the 
new  variable.  But  the  theory  of  this  transformation  admits  of  being  developed  further 
than  it  has  yet  been  done,  as  regards  the  equation  which  determines  the  modulus  of 
the  elliptic  function.     This  may  be  effected   most  easily  as  follows. 

Suppose 

U=a      +46m      +Gcm=       +4dM'      +eu*, 

P  =ax*   +  ibaPi/    +  %ca?y-    +  ^dxy^    +  ey*. 

Also  let 

F  =  a'x'*  +  46  Vy  +  6c'x'y''  +  id'x'y''  +  e'y'* 

be  what  P  becomes  after  writing 

X  =  \x'  +  fiy'  , 

y  =  \x'  +  ii.y' : 

and  let 

U'  =  a'     +46V     +6c'u''      +4ci'M'»     +e'u'*. 


33] 

Suppose,  moreover, 


we  have  evidently 


or 


Hence  writing 


and  therefore 


we  obtain 


ON    THE   REDUCTION   OF  du^JU,    &C. 


'k   =  X/i^    —  X^/x, 

I  =ae     -'^hd  +  3cS 

I'  =  a'e'    -46'd'  +  3c'», 

J  =  ace    —  ad-   —  be"   —  c'  +  2bcd , 
[  J'  =  a'c'e'  -  a'd"-  -  b'e'-  -  c''  +  2b'c'd' ; 

"'dy  ~  ydoc  =  k  {x'dy'  —  y'dx'), 
xdy  —  ydx  _  ,  x'dy'  —  y'dx' 

,.  =  y      ,.'-y'. 


xdy  —  ydx  _  du         x'dy'  —  y'dx'     du' 
pi       ~Ui'  Fi         "  (P"i 
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du  _  ,   du' 


the  equation  between  u  and  u'  being 


u  = 


X  +  li,u' 


Next,  to  determine  the  relations  between  the  coefficients  of  U  and  U'.  Since  P,  P' 
are  obtained  from  each  other  by  linear  transformations  (Math.  Journal,  vol.  I\'.  p.  208), 
[13,  p.  94],  we  have  between  the  coefficients  of  these  functions  and  of  the  transforming 
equations,  the  relations 

r  =  k*i, 

J'  =  k^J: 


Suppose  now 

or 

whence  also 

C. 


J'^  _  J_» 

J'z  -  /a  • 


U' =  a' {I  +  im'')  (l  +  qu'% 
b'  =  0,    d'=0,     6e'  =  a'(p  +  (j),     e'  =  a'pq; 

r  =^a''(p'  +  q'+14,pq), 

J'  =  ^6  a''  ip  +  ?)  i^^Pi  -p'-  <f) ; 


2!) 
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[33 


k* 


P'  +  q*  +  l*pq=l2^J, 


kf 


therefore 


whence  also 


(p  +  3)(34pg-^-g^)  =  216^,J; 


(p+qnS^pq-p'-fy  ^  27J"' 
(f+q'  +  lipqy  /'    ' 


I08pq(j)-qy'  _  J  _  27  J' 
y +  02  +  1400)"  /'    ' 


(y  +  9"  +  UpqY 

which  determines  the  relation  between  p  and  g-.     Also 

k_  _  /ja°  +  g^  +  14pgY 
^  Va'~V         12/         /  ' 

so  that 


dM  _  fp'+q''  +  l4!pq\i 


du' 


^U~\         12/        J    V{(H-F*")(l  +  9«"); 


'!1\'    ■ 


If  in  particular  p  =  -I,  writing  also  —  q  for  q, 


du' 


du  _  /q^+l4:q  +  l\i  

^      ^u-\      12/      ;    V{(1 -«'")(! -?"'*)}' 


where 


108g  (1  -  qY  ^     _  27J^ 
(q^+Uq  +  iy  I'    ■ 


Suppose,  for  shortness, 


then 


I.e. 


1  /        27/^        1 

V      P  ) 

(^  +  14^  +  1)'  -  UMq  {q  -  ly  =  0, 


q  +  l  +  uX  -  16M 


i^-hh 


0. 


Let 


qi-q-i  = 


then  e'-M(d-l)  =  0, 

which  determines  6.     And  then 

7  +  e  +  4  (3  +  6l)i 

«?  = e^ 
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Suppose  q  =  ais  one  of  the  values  of  q;  the  equation  becomes 
(f+14q+iy  ^  (a"  +  14a  +  1)3      _  (^8  +  14^4  +  1)3 

which  values  satisfy  the  above  equation:   hence  also,  identically, 

^'^  ^  ^4(^4_l)4 

or  the  values  of  q  take  the  form 
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Now  if 
then 


9- 


1+^ 


^'  ^'  (^^■.  (^•.  r^'^' 


'■+^ij 


(Comp.  Abel.  (Euv.  tom.  i.  p.  310  [Ed.  2,  p.  459].) 
The  equation  6^  -  ilf (9  +  if  =  0 

has  its  three  roots  real  if  27  -  4if  is  negative,  and  only  a  single  real  root  if  27  -  4J/  is 
positive.     Wntmg  the  equation  under  the  form 

I(^  +  ;3)'-9(^  +  3)^  +  (27-i/)(^  +  3)-(27-4ilf)  =  0, 
reLThan''*3"  WritfTh    ""  f-  '"   ^7  T'""  ^^^*^^   ^^^'^  "  ^'  -'^  ^  -^^e  value 
less  tnan  -,i.     Writing  the  equation  under  the  form 
4.1, 


(^-l)>+3(^-l)=  +  (3-J/)(^_l)  +  l  =  0,  (3-#is  negative) 


the   positive   roots  are   both   greater  than   1.      Hence,   in   this   case,   q   has   four   positive 

iref  ll    l~f  ''  ^''^   \.  ^^'J""'  ^  ^"^  *""  "^g^ti^*^  ^^1^^^  ^d  four  imaginary 

ones.     In   the   former    case,   7»-27/=  is   positive,   and    the    function    U  has   either   four 

hmagmary  factors  or   four  real   ones.     In   the   second   case,   I^-27J^-  is   negative    or   the 

[function  U  has  two  real  and  two  imaginary  factors  negative,   or   the 
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^    NOTE    ON    THE    MAXIMA    AND    MINIMA    OF    FUNCTIONS    OF 

THREE    VARIABLES. 

t 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  74,  75.] 

If  a,  B,  G,  F,  G,  H,  be  any  real  quantities,  such  that 

-   BC+CA+AB-F^-G--H-, 

and  {A+B-\-C){ABC-AF^-BG^-Cm  +  '2.FGH) 

are  positive;   the  six  quantities 

BG-F\  GA-G\  AB-H\  AK,  BK,  CK, 

(where  K  =  ABG-AF^-BG''-GH-  +  1FGH)  are  all  of  them  positive.     It  is  unnecessary 
fo  point  out  the  connection  of  this  property  with  the  theory  of  maxima  and  minima. 

To  demonstrate  this,  writing  as  usual 

BG-F"-  =  A',  GH-AF=F, 

CA-G-  =B\  HF-BG  =  G', 

AB-H^  =  G',  FG  -CH  =  IT, 

and  K  as  above:  then  if  A",  B",  G",  F',  G",  H",  A"  be  formed  from  A',  B',  G\  F,  G',  IF, 
as  these  and  K  are  from  A,  B,  G,  F,  G,  H,  we  have  the  well-known  formulae 

A"=  KA ,    F'  =KF,    K'  =  K'. 
B"  =  KB,     G"  =  KG  , 
G"  =KG,    H'=KH, 


34]     NOTE  ON  THE  MAXIMA  ANB  MINIMA  OF  FUNCTIONS  OF  THREE  VARIABLES.    229 

It  is  required  to  show  that  if  A' +  B' +  C  and  A"  +  B"  +  0"  are  positive,  A',  B',  C, 
A",  B",  C"  are  so  likewise. 

Consider  the  cubic  equation 

(A'  -  k)  {B'  -  k)  (C  -k)-(A'-  k)  F' -  (fi'  -  k)  G'-'  -  {C  -  k)  H'^  +  IFG'W  =  0, 

the  roots  of  which  are  all  real.     By  the  formulae  just  given  this  may  be  written 

P  -  k^  (^'  4-  fi'  +  (7)  +  i  (^"  +  B"  +  C")  -  ^'^  =  0 ; 

and  the  terms  of  this  equation  are  alternately  positive  and  negative ;  i.  e.  the  roots  are 
all  positive.     Hence  the  roots  of  the  limiting  equation 

{B'-k){G'-k)-F-  =  (i 

are  positive,  i.  e.  5'  +  C"  and  B'C  are  positive :  but  from  the  second  condition  B' ,  C  are 
of  the  same  sign :  consequently  they  are  of  the  same  sign  with  B'  +  C",  or  positive. 
Also  A"  =  B'C  —  F-  is  positive.  Similarly,  considering  the  other  limiting  equations, 
A',  B',  C,  A",  R',  G"  are  all  of  them  positive. 

In  connection  with  the  above  I  may  notice  the  following  theorem.     The  roots  of  the 
equation 

{A  -  ka)  (B  -  kb)  (C  -  ck)  -(A-  ka)  (F  -  k/y  -(B-kb)(G-  kg)"-  -  (C  -  kc)  (H  -  khf 

+  2  (F-kf)  (G  -  kg)  (H  -  kh)  =  0, 

are  all  of  them  real,  if  either  of  the  functions 

Ax''  +  Bf  +  Cz-  +  2F;/2  +  'iGscz  +  2Hxy, 
a-a^  +  bf  +  cz^  +  2fyz  +  2gxz  +  ihxy, 

preserve  constantly  the  same  sign.  The  above  form  parts  of  a  general  system  of  proper- 
ties of  functions  of  the  second  order. 
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35. 


ON  HOMOGENEOUS  FUNCTIONS  OF  THE   THIRD   ORDER  WITH 
N  THREE  VARIABLES. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  97 — 104.] 

The  following  problem  corresponds  to  the  geometrical  question  of  determining  the 
polar  reciprocal  of  a  plane  curve  of  the  third  order:  the  solution  of  it  is  also  important, 
with  reference  to  the  linear  transformations  of  homogeneous  functions  of  three  variables 
of  the  third  order;  reasons  for  which  it  has  appeared  to  me  worth  while  to  obtain  the 
completely  developed  result. 

Let 

W=aa?-\-hf  +  cz^  +  Siy'^z  +  Sjz'x  +  Skafy  +  Si^yz"  +  Sjizx'  +  Sk^xf  +  6lxyz  (1). 

It  is  required  to  eliminate  x,  y,  z,  X  from  the  equations 

^=0 (2), 


dy 

dU 
dz 


+  \77  =  0, 


(3). 


f 


From  the  equations  (2),  (3),  we  obtain  immediately 

%  =  ^x  +  r)y  +  ^z  =0.... 


and  thence 


0a;  =  0,     0y  =  0,     e^  =  0 


(4); 
(5); 
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so  that  a  single  equation  more,  such  as 

*  =  0 (6), 

where  ^  is  homogeneous  and  of  the  second  order  in  x,  y,  z,  would,  in  conjunction  with 
the  equations  (3)  and  (5),  enable  us  to  eliminate  linearly  the  seven  quantities  a?,  y",  z'\ 
yz,  zx,  xy,  \.     Such  an  equation  may  be  thus  obtained. 

Let  L,  M,  N,   R,  S,  T,   be   the   second   differential  coeflBcients   of   U,   each   of  them 
divided  by  two.     The   equations  (3)  may  be  written 

Lx+Ty  +&  +\f  =0, (7). 

Tx  +  My  +  Rz-\-\i)  =  0, 
Sx+Ry+JS'z  +  \^=0. 

And  joining  to  these  the  equation  (4), 

^x  +  7)y  +^z  =0, 

we  have,  by  the  elimination  of  x,  y,  z,  in  so  far  as  they  explicitly  appear,  and  X,  an 
equation  4>  =  0  of  the  required  form.     Hence  we  may  write 


4>  =  - 


(8); 


L,     T,    S,    ? 
T,    M,    R,    V 

S,    R,    N,    ? 

^.    V  ,    ^. 
or  substituting  for  L,  M,  N,  R,  S,  T,  and  expanding, 

<S?=Asd'JrBy^-\-Cz^  +  2Fyz  +  '2.Gzx-{-2Hxy  (9), 

where  the  values  of  A,  B,  C,  F,  G,  H  are     (10). 

[I  omit  these  values  (10),  and  the  values  in  the  subsequent  equations  (13),  (14), 
(20) :  the  values  (10)  and  (13)  serve  for  the  calculation  of  (14),  FU,  the  expression 
for  which  with  the  letters  (a,  b,  c,  f,  g,  h,  i,  j,  k,  I)  in  place  of  (a,  b,  c,  i,  j,  k,  ii,  ji,  k^,  I) 
is  reproduced  in  my  "Third  Memoir  on  Quantics,"  Phil.  Trans,  vol.  cxLvi.  (1856) 
pp.  627—647:  the  values  (20)  .serve  for  finding  that  of  (21),  K (U),  but  the  developed 
expression  of  this  has  not  been  calculated.] 

Performing  the  elimination  indicated,  the  result  may  be  represented  by 


FU  = 


a  , 

k,, 

j' 

I, 

h' 

k. 

k  , 

h, 

ii, 

i, 

I, 

h, 

h  • 

i  , 

c, 

h, 

j' 

I  , 

n. 

■ 

■ 

• 

r> 

V 

2v 

• 

? 

• 

i 

. 

2? 

V 

^ 

A 

B 

G 

F 

G 

H 

^    =0 


.(11). 


Partially  expanding. 


F[^  =  ^a  +  £b  +  Cc  +  2^+2Gg  +  2Zfh    (12). 
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The  values  of  the  coe6Bcient8  a,  b,  c,  f,  g,  h  may  be  useful  on  other  occasions:  they 

are  as  follows.  (13). 

Substitutiug  these  values  the  result  after  all  reductions  becomes 

0  =  F(U)=  (14). 

It  would  be  desirable,  in  conjunction  with  the  above,  to  obtain  the  equation 

K(U)  =  0, 
which  results  from  the  elimination  of  x,  y,  z  from  the  equations 


dx 


"'     dy        •     dz      " 


.(15), 


(Le.  the  condition  of  a  curve  of  the  third  order  having  a  multiple   point),  but   to   effect 

this  would  be  exceedingly  laborious.     The  following  is  the  process  of  the  elimination   as 

given  by  Dr  Hesse,  Crelle,  t.  xxviil.  (and  which   applies   also  to  the   case   of  any  three 

equations  of  the  second  order).     Forming  the  function  W,  of  the  third  order  in  x,  y,  z, 

by  means  of  the  equation 

Vf7=    Z,     T,    8 (16), 

\t,m,r 

S,    R,    N 
(L,  M,  N,  R,  8,  T,  the  same  as  before). 

Then,  in  consequence  of  the  equations  (15),  we  have  not  only 

Vf/'=0 (17), 

which  is  very  easily  proved  to  be  the  case,  but  also 


.(18), 


^vu=o,    4-'^u=o,    ^-VU=0 

ax  ay  dz 

as  will   be    shown    in    a    subsequent    paper    "  On   Points    of  Inflection."     [I    think   never 
written.] 

And   from   the   six  equations  (15),  (18),  the  six  quantities  a?,  y'\  z',  yz,  zx,  xy,   may 
be  linearly  eliminated :   we  have 

V  C/"  =  4ic»  +  JSy-  +  C^»  +  ^ly-z  +  SJ^^a  +  "iKid'y  +  M^z^  +  oJxZx"  +  %K^xf  +  <oSjiyyz. .  .(19), 


where   the   values   of  the   coeflScients  A,  B, 
and  the  result  of  the  elimination  is 
K(U)  = 


A   are 


a  , 

k, 

i  . 

I    , 

ii . 

k 

k, 

b    , 

h. , 

i  , 

I  , 

k. 

ji' 

i    , 

c  , 

ii  , 

j  ' 

I 

A, 

K,, 

J, 

L, 

J., 

K 

K, 

B  , 

lu 

I , 

L, 

K 

.(20), 
(21). 


J„     I  ,     C,     I„    J ,     L 

[K{V)   is  consequently,  as  is   well   known,  a  function   of  the   twelfth   order  in   a,   b,   c, 
i,  j,  fc,  i,,  ji.  A-,,  I}. 
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The  equation 


ORDER   WITH   THREE   VARIABLES. 

vu=o, 
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combined  with  that  of  the  curve,  determine,  as  Dr  Hesse  has  demonstrated  in  the  paper 
quoted,  the  points  of  inflection  of  the  curve.  It  may  be  inferred  from  this,  that  if  U 
reduce  itself  to  the  form 


U=(aa^  +  l3y^  +  yz''  +  2iyz  +  Ikxz  +  2Xxy)  P=VP. 
P  a  linear  function  of  x,  y,  z:   then  Vf/"  takes  the  form 

"^  U  =  P  {pV  +  aP')     


•(22), 


.(23), 


where  p   is  of   the  second    order  in   the   coefiicients   of  P,   and   also   in   the   coefficients 
a,  /8,  7,  I,  K,  X:    and   cr  is  equal  to  the  determinant 


a,     X,     K 
\     /3,     t 

multiplied  by  a  numerical  factor.     If  ZJ  is  of  the  form 

U  =  PQR 

then  VU=pPQR  =  pV  .... 


■(24), 


.(25), 
.(26), 


and  this  equation   is  consequently  the  condition  of  the  function   U  being  resolvable  into 
linear  factors.     The  equation  in  question  resolves  itself  into 


a      h      c      i     j      k      ii      ji       ki       I 


.-(27); 


a  system  which  must  contain  three  independent  equations  only.     It  would  be  interesting 
to  verify  this  d  posteriori. 
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36. 


ON  THE  GEOMETRICAL  REPRESENTATION   OF  THE  MOTION 
^  OF  A   SOLID  BODY. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  164 — 167.] 

Let  P,  Q,  It be  consecutive  generating  lines   of  a  skew  surface,  and   on   these 

take   points  p',  p;  4'  ?!  **'»  ^  sa<:h.   that  pgi',   qr'  are   the    shortest    distances 

between  P  and  Q,  Q  and  iJ,  &c.  Then  for  the  generating  line  P,  the  ratio  of  the 
inclination  of  the  iines  P,  Q  to  the  distance  pc^  is  said  to  be  "the  torsion,"  the  angle 
g^pg  is  said  to  be  the  deviation,  and  the  ratio  of  the  inclination  of  the  planes  Q/jg'  and 
Qg/  to  the  inclination  of  P  and  Q  is  said  to  be  the  "skew  curvature."  And  similarly 
for  any  other  generating  line ;  so  that  the  torsion  and  deviation  depend  on  the  position 
of  the  consecutive   line,  and  the  skew  curvature  on  the   position  of  the  two  consecutive 

lines.     The    curve    pqr is    said    to    be    the    minimum    distance   curve    [or    curve   of 

striction].  {When  the  skew  surface  degenerates  into  a  developable  surface,  the  torsion 
is  infinite,  the  deviation  a  right  angle,  the  skew  curvature  proportional  to  the  curva- 
ture of  the  principal  section,  i.e.  it  is  the  distance  of  a  point  from  the  edge  of  re- 
gression, multiplied  into  the  reciprocal  of  the  radius  of  curvature,  a  product  which  is 
evidently  constant  along  a  generating  line.  Also  the  curve  of  minimum  distance  becomes 
the  edge  of  regression.}  A  skew  surface,  considered  independently  of  its  position  in 
space,  is  determined  when  for  each  generating  line  we  know  the  torsion,  deviation, 
and  skew  curvature.  For,  assuming  arbitrarily  the  line  P  and  the  point  p,  also  the 
plane  in  which  ^g'  lies,  the  position  of  Q  is  completely  determined  from  the  given 
torsion  and  deviation;  and  then  Q  being  known,  the  position  of  R  is  completely  de- 
termined from  the  skew  curvature  for  P,  and  the  torsion  and  deviation  for  Q;  and 
similarly  the  consecutive  generating  lines  are  to  be  determined. 

Two  skew  surfaces  are  said  to  be  "  deformations  "  of  each  other,  when  for  correspond- 
ing generating  lines  the  torsion  is  always  the  same.  Thus  a  surface  will  be  deformed  if 
considering  the  elements  between  the  successive  generating  lines  P,  Q as  rigid,  these 


I 
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elements   be   made   to   revolve    round    the    successive   generating    lines  P,  Q and   to 

slide  along  them.  {They  are  "  transformations",  when  not  only  the  torsions  but  also  the 
deviations    are    equal    at    corresponding    generating    lines:    thus,    if    the    sliding    of    the 

elements   along  P,  Q be   omitted,   the   new   surface   will   be,   not  a  deformation,  but 

a  transformation  of  the  other.}  No  two  skew  surfaces  can  be  made  to  roll  and  slide 
one  upon  the  other,  so  that  their  successive  generating  lines  coincide,  unless  one  of 
them  is  a  deformation  of  the  other :  and  when  this  is  the  case,  the  rolling  and  sliding 
motions  are  completely  determined.  In  fact  the  angular  velocity  of  the  generating  line 
is  the  angular  velocity  round  this  line,  into  the  difference  of  the  skew  curvatures  of 
the  two  surfaces ;  the  velocity  of  translation  of  the  generating  line  in  its  own  direction 
is  to  the  angular  velocity  of  the  generating  line,  as  the  difference  of  the  deviations 
is  to  the  torsion.  {This  includes  also  the  case  in  which  one  surface  is  a  transforma- 
tion of  the  other,  where  the  motion  is  evidently  a  rolling  one.)  A  skew  surface  moving 
in  this  manner  upon  another  of  which  it  is  the  deformation,  may  be  said  to  "  glide " 
upon   it.     We   may   now   state   the   kinematical   theorem : 

"Any  motion  whatever  of  a  solid  body  in  space  may  be  represented  as  the  'gliding' 
motion  of  one  skew  surface  upon  another  fixed  in  space,  and  of  which  it  is  the  defor- 
mation." 

a  theorem  which  is  to  be  considered  as  the  generalization  of  the  well-known  one — 

"Any  motion  of  a  solid  body  round  a  fixed  point  may  be  represented  as  the  rolling 
motion  of  a  conical  surface  upon  a  second  conical  surface  fixed  in  space." 

and  of  the  supplementary  theorem — 

"The  angular  velocity  round  the  line  of  contact  (the  instantaneous  axis)  is  to  the 
angular  velocity  of  this  line  as  the  difference  of  curvatures  of  the  two  cones  at  any 
point  in  the  same  line,  to  the  reciprocal  of  the  distance  of  the  point  from  the  vertex." 

The  analytical  demonstration  of  this  last  theorem  is  rather  interesting:  it  depends 
on  the  following  formula?.  Forming  two  determinants,  the  first  with  the  angular  velo- 
cities round  three  axes  fixed  in  space,  and  the  first  and  second  derived  coefficients 
of  these  velocities  with  respect  to  the  time ;  the  other  in  the  same  way  with  the 
angular  velocities  round  axes  fixed  in  the  body ;  the  difference  of  these  determinants 
is  equal  to  the  fourth  power  of  the  angular  velocity  into  the  square  of  the  angular 
velocity  of  the  instantaneous  axis. 

To  show  this,  let  p,  q,  r  be  the  angular  velocities  round  the  axes  fixed  in  the  body ; 
u,  V,  w  those  roimd  axes  fixed  in  space ;  «  the  angular  velocity  round  the  instantaneous 
axis;   V,  fi  the  two  determinants:   the  theorem  comes  to 

V  -  n  =  il/, 

where  if  =  m»  (p'»  +  3'"  +  r''' -  w'^),  or  03"  {u- +  v''' +  iv'- -  u)''). 

Here 

V   =(/p  +  ^  q  +7'r  , 

w  =  a"p  +  ^"q  +  7"r  ; 

30—2 
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whence  u'^ap'+^cf+'^r', 

«/  =  a'y  +  /9'V  +  '/V, 

(the  remaming  terms  vanishing  as  is  well  known);  and  therefore 

w/  —ifw  =a  (qr'-^r)  +  ^  {rp'-r'p)  +  y  (pq'—p'q), 
wu'  —  v/u  =  a'  {qf  —  c(r)  +  ^  (rp'  —  r'p)  +  7'  {pc(  —  p'q), 
uv'  -  u'v  =  a"  (qr'  -  gfr)  +  ff'  {rp'  -  r'p)  +  7"  (pgf  -  p'q). 

Hence 

yjtf"  -  i/'w  =  a  (qr''  -  q"r)  +  /8  (rp"  -  r"p)  +  7  (pj"  -p"q)  +  u'<o-  -  vmxo'  , 

wu"  -  w"u  =ol  (y-  i'r)  +  ^  (rp"  -  r"p)  +  7'  (p^'  -  p"q)  +  v'to""  -  vaxo' , 
uv"  -  M"t;  =  a"  (gr"  -  g-'V)  +  /3"  (r^'  -  r"p)  +  7"  (p^'  -  p"q)  +  wV  -  www', 

and  multiplying  these  by   u',  v',  w',  and  adding,  the  required  equation   is  immediately 
obtained. 

In  fact,  if  r  be  the  distance  of  a  point  in  the   instantaneous  axis   from  the   vertex, 
and  p,  <r  the  radii  of  curvature  of  the  two  cones  at  that  point,  then 

P     i¥*     '     °"     if*     ' 
as  may  be  shown  Without   difficulty :  and  the  angular  velocity  of  the  instantaneous  axis 
is  given  by  the  equation  ct  =  — ;,  ;   hence   the   relation    between    the   two    angular   veloci- 


ties is 


1      1      1 

o)  :  w  = :  -  . 

par 


% 
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37. 


ON  THE  ROTATION  OF  A  SOLID  BODY  ROUND  A  FIXED 

POINT. 


[From    the   Cambridge   and   Dublin   Mathematical  Journal,    vol.    i.    (1846),   pp.    167 — 173 

and   264—274] 

The  difficulty  of  completing  elegantly  the  solution  of  this  problem,  in  the  case 
where  no  forces  act  upon  the  body,  arises  from  the  complexity  and  want  of  symmetry 
of  the  ordinary  formulae  for  determining  the  position  of  one  set  of  rectangular  axes 
with  respect  to  another  set ;  in  consequence  of  which  it  has  hitherto  been  considered 
necessary  to  make  a  particular  supposition  relative  to  the  position  of  the  fixed  axes  in 
space,  viz.  that  one  of  them  shall  be  perpendicular  to  the  "  invariable  plane "  of  the 
rotating  body.  But  some  formulae  for  the  above  purpose,  given  also  by  Euler,  are 
entirely  free  from  these  objections.  Imagine  two  sets  of  axes  Ax,  Ay,  Az,  Ax,,  Ay,,  Az,. 
The  former  set  can  be  made  to  coincide  with  the  second  set,  by  a  rotation  Q  round  a 
certain  axis  AR,  inclined  to  Ax,  Ay,  Az  at  angles  f,  g,  h.  (As  usual  /,  g,  h  are  the 
angles  RAx,  RAy,  RAz  considered  as  positive,  and  the  rotation  is  in  the  same  direction 
as  a  rotation  round  Az  from  x  towards  y.)  This  axis  may  be  termed  the  resultant  axis, 
and  the  angle  6  the  resultant  rotation.  The  formula;  of  Euler  express  the  coefficients 
of  the  transformation  in  terms  of  the  resultant  rotation  and  of  the  position  of  the 
resultant  axis,  i.e.  in  terms  of  6  and  of  the  angles  /,  g,  h,  whose  cosines  are  connected 
by  the  equation 

cos'/+  cos^  g  +  cos''  h=l. 

This  idea  was  improved  upon  by  M.  Rodrigues  (Liouv.  tom.  v.  p.  404),  who  intro- 
duced the  quantities 

tan  ^  6  cos/,     tan  ^  6  cos  g,     tan  ^  d  cos  h, 
(quantities  which  will   be   represented   by  X,  yu.,  v)  by  means   of  which  he   expressed   the 
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coefficients  as  fractions,  the  numerators  of  which  are  very  simple  rational  functions  of 
the  second  order  of  X,  /i,  v,  and  which  have  the  common  denominator  (1  +  X'  +  /*»  + 1^). 
These  quantities  may  conveniently  be  termed  the  "coordinates  of  the  resultant  rotation," 
and  the  denominator  or  the  square  of  the  secant  of  the  semi-angle  of  resultant  rotation 
will  be  the  "modulus"  of  the  rotation.  The  elegance  of  these  results  led  me  to  apply 
them  to  the  mechanical  question,  and  I  gave  in  the  Journal  (vol.  ill.  p.  224),  [6],  the  diffe- 
rential equations  of  motion  obtained  in  terms  of  X,  /*,  v.  which  I  integrated  as  in  the 
common  theory,  by  supposing  one  of  the  fixed  axes  to  be  perpendicular  to  the  invariable 
plane.  Though  my  attention  was  again  called  to  the  subject,  by  the  connexion  of  some 
of  these  formulaj  with  Sir  William  Hamilton's  theory  of  quaternions,  no  other  way  of 
performing  the  integration  occurred  to  me.  The  grand  discovery  however  of  Jacobi,  of 
the  possibility  of  reducing  to  quadratures  the  two  final  differential  equations  of  any 
mechanical  problem,  when  the  remaining  integrals  are  known,  induced  me  to  resume  the 
problem,  and  at  least  attempt  to  bring  it  so  far  as  to  obtain  a  differential  equation  of 
the  first  order  between  two  variables  only,  the  multiplier  of  which  could  be  obtained 
^theoretically  by  Jacobi's  discovery.  The  choice  of  two  new  variables  to  which  the  equa- 
tions of  the  problem  led  me,  enabled  me  to  effect  this  with  the  greatest  simplicity; 
and  the  differential  equation  which  I  finally  obtained,  turned  out  to  be  integrable  per 
se,  so  that  the  laborious  process  of  finding  the  multiplier  became  unnecessary.  The  new 
variables  il,  v  have  the  following  geometrical  interpretations,  fi  =  i  tan  ^  6  cos  /,  where  k 
is  the  principal  moment,  6  as  before  the  angle  of  resultant  rotation,  and  /  is  the  incli- 
nation of  the  resultant  axis  to  the  perpendicular  upon  the  invariable  plane,  and 
v  =  i-*cos'^/;  where,  if  we  imagine  a  line  AQ  having  the  same  position  relatively  to 
the  axes  in  fixed  space  that  the  perpendicular  upon  the  invariable  plane  has  to  the 
principal  axes  of  the*  rotating  body,  then  J  is  the  inclination  of  this  line  to  the  above 
perpendicular.  To  the  choice  of  these  variables  I  was  led  by  the  analysis  only.  It  will 
be  seen  that  p,  q,  r  are  functions  of  v  only,  while  X,  /x,  v  contain  besides  the  variable 
XI.  In  obtaining  these  relations  a  singular  equation  D,'  =  Kv  —  Jtf'  occurs  (equation  13), 
which  may  also  be  written  1  +  tan^  ^  6  cos°  /  =  sec^  ^  0  cos^  ^  J,  in  which  form  the  inter- 
pretation of  the  quantities  /,  J  has  just  been  given.  The  equation  (17),  it  may  be 
remarked,  is  self-evident:  it  expresses  that  the  inclination  of  the  resultant  axis  to  the 
normal  of  the  invariable  plane,  is  equal  to  the  inclination  of  the  same  axis  to  the  line 
A  Q.  Now  the  resultant  axis  having  the  same  inclination  to  the  axes  fixed  in  space  as 
it  has  to  the  principal  axes,  and  the  line  AQ  the  same  inclinations  to  these  fixed  axes 
that  the  normal  to  the  invariable  plane  has  to  the  principal  axes,  the  truth  of  the 
proposition  becomes  manifest.  The  correspondence  in  form  between  the  systems  (10) 
and  (14)  Ls  also  worth  remarking.  The  final  results  at  which  I  arrive  are,  that  the 
time  and  the  arc  whose  tangent  is  O  -f-  k,  are  each  of  them  expressible  as  the  integrals 
of  certain  algebraical  functions  of  v.  The  notation  throughout  is  the  same  as  that  made 
use  of  in   the   paper  already   quoted. 

The   equations   of  rotatory   motion   are 

J      dp  _dq  _dr  _d\  _dfi  _di'  . 


37]  ON    THE    ROTATION   OF    A    SOLID    BODY    ROUND    A    FIXED    POINT.  239 

where 


P-- 

1 
"A 

Q- 

1 

R-- 

1 

~C 

f. 


dV 


dV 


(^-5)M+i|(^^+M)  i+CM"-^)  5;+(i  +-)2} 


(2). 


A=-|{(1  +X=)j^  +  (\/.-i;)g'  +  (Xr  +  /x)rp 

M  =  i{C/i\  +  r)  p  +  (l   +fi')q  +  (fj,v-\)r},  !- (3). 

N  =  -^  {(vX  -/i)  2}  +  (/xv+X)  q  +  {l  +  v") r], ) 

[whence  also  XA  +  fiM  +  i/N  =  ^K{Xp  +  fiq  +  vr) (3  bis)]. 

In  the  case  where  the  forces  vanish,  the  first  three  equations  become  simply 


P  =  j(fi-C)gr,  j 
Q  =  ^(C-A)rp, 
R  =  l(A-£)pq, 


(4)- 


and  here  the  usual  four  integrals  of  the  system  are 

Af  +  Bq^  + €'7^  =  11 (o) 

Ap  (1  4-  X-  -  /A-  -  v^)  +  2Bq  (X/x  -v)  +  2Cr  (vX  + fi)  =  a(l +X'  +  /i-  +  v"),  ^ 
2Ap{Xtj.  +  v)  +  Bq  {1  +  fjP  -  v'  -XP)  +  2Cr  (fiv  -X)  =  h{l  +X-  +  fi'  +  i^%  !- (6), 

(I  2Ap  (vX  -  (u)  +  2Bq  (fiv  +  X)  4-  Cr  (1  +  p-  -  X=  -  ^■-)  =  c  ( 1  +  X-  +  /i-  + 1-). 

ur  as  they  may  also  be  written, 
a (1  +  X- -  /i-  -  V-)  +  2b(X/t  +  v)  +  2c{vX-  fj,)  =  Ap{l  +  X-  +  /x-  +  v"), '] 


2a  (X/A  - 1/)  +  b  (1  +  ^»  - 1.=  -  X^)  +  2c  (/ij'  +  X)  =  %  (1  +  X^  +  /x"  + 1'-),  > 
2a  (i/X  +  )u)  +  2b  (/AK  -  X)  +  c  ( 1  + 1'-  -  X^  -  m')  =  Gr  (1+X'  +  fi'  +  v% 

to  which  we  may  add, 


.(6  his)  ; 


where 


k'  =  a-  +  b-  +  c-  ... 


(7); 

.(8). 


Introducing  the  quantities  k,  fi,  (the   former   of  which    has   been    already    made    use 
of)  given  by  the  equations 

K    =     1     +  X-  +  /i-  +  J^-,      ] 

D.  =  XAp  +  fiBq  +  vCr,\ 


.(9)- 
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The  equations  (6)  may  be  written  under  the  form 

2Xn   +  2fiCr  -  2vBq  =  ic  (Ap  +  a)  -  2Ap,  '\ 

-2XCr  +  2/iIi    +2i'Ap  =  K(Bq  +h)-2Bq,y   (10), 

2\Bq  -  2/iAp  +  2j/fi    =  «  (Cr  +  c)  -  2Cr  ,  J 

whence  also,  multiplying  by  Ap,  Bq,  Cr,  and  adding, 

2n,'=K[lc'  +  {Apa,  +  Bqh  +  Crc)}-2k' .....(11), 

or  writing 

k'  +  (Ap&  +  Bqh  +  Crc)  =  2v  (12), 

this  becomes 

£V  =  Kv-k> (13); 

an  equation,  the  geometrical  interpretation  of  which  has  already  been  given. 

From  the  equations  (10)  we  deduce  the  inverse  system 

"^  an  -  bCr  +  cBq  =  2\v  -  nAp,  ^ 

aCr +bn    -  cAp  =  2fj.v  -  D,Bq ,  ^■ (14), 

-  a,Bq  +  hAp  +  cfl    =  2vv  -  D.Cr  ,  j 

which  are  easily  verified  by  multiplying  by  O,  Cr,  —  Bq;  or  by  —  Cr,  £1,  Ap ;  or  Bq,  —  Ap,  Q, : 
iidding  and  reducing,  by  which  means  the  equations  (10)  are  re-obtained.  Hence  also 
if  for  shortness 

<P  =  ap  +  hq  +  cr,  a 

^V  =  &qr(B-C)  +  hrp(C-A)+cpq(A-B),)  

we  have,  multiplying  by  p,  q,  r,  and  adding, 

n^ -'^  =  2v (\p  +  fuj  +  vr) -  nh (16). 

To  these  may  be  added  the  equation 

n^&X  +  hfi  +  cv   (17), 

which  follows  immediately  from  either  of  the  systems  (10)  or  (14). 
We  may  also  put  the  equations  (10)  under  this  other  form, 

2\n.-2fjLC  +2i^b  =  K (Ap  +  a)  -  2a,," 

2Xc  +  2fiD.  -  2z/a  =  k  {Bq  +  h)  -  2h,  "-     {10  bis). 

-  2\b  +  2/ia  +  2vn  =  K{Cr  +  c)  -  2c,^ 

It  may  be  remarked  now,  that  p,  q,  r  are  functions  of  v ;   since  we  have  to  deter- 
mine these  quantities,  the  three  equations 

Af  +  Bq^  +Cf'  =h, 

Ay  +  B'q' +  C)'' =  kf,  i   (18). 

Apa  +  Bqh  +  CVc  =  2i»  -  ^,  ^ 
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Also  \,  fi,  V  are  given  by  the  equations  (14)  as  functions  of  p,  q,  r,  12,  i.e.  of  v,  12 ; 
so  that  every  thing  is  prepared  for  the  investigation  of  the  differential  equation  between 
V,  f2.     To  find  this  we  have  immediately 

dv  =  \{AB.dp  +  Bhdq  +  Ccdr)  =  \Vdt (19), 

from  the  equations  (4)   and  (15).     V   is   of  course  to   be   considered  as  a  given   function 
of  V.     Again, 

12dQ  =  |(«dv  +  vd/c)  (20), 

where  dK  =  2  (\d\  +  fidfi  +  vdv)  (21) ; 

or  from  the  equations  (1),  (3),  [and  (3  hisj\, 


dK  =  K  (\p  +nq  +  vr)dt (22). 


Hence,  from  (16), 


I 


2vdK  =  K{n(h  +  ^)-V]dt (23); 

2{vdK  +  Kdv)  =  Ka(h  +  ^)dt (24), 

whence  dn  =  ^  k  {h  +  *)  dt, 


and  therefore,  from  (19), 


02  4-  t2 

=  l^±±^(h  +  ^)dt (25), 


2^"       ^  +  *du (26), 


f2=  +  k''        uV 


the  required  differential  equation,  in  which  4>,  V  are  given  functions  of  v,  i.e.  they  are 
functions  of  p,  q,  r  by  the  equations  (15),  and  these  quantities  are  functions  of  v  by 
(18).     The  variables  in  (26)   are  therefore  separated,  and  we  have  the  integral  equation 


2 


tan-'^  =B  +  kr ^- —    (27), 


where  S  is  the  constant  of  integration.     The  equation  (19)  gives  also 


lb 


«-e=2/^ (28); 

J  V 


and  thus  the  solution  of  the  problem  is  completely  effected.  The  integrals  may  be  taken 
from  any  particular  value  Vo  of  v.  The  variable  il  may  be  exhibited  as  the  integral  of 
an  explicit  algebraical  function,  by  recurring  to  the  variable  if>  of  the  paper  quoted. 

Thus  if 

Ap^'  +  Bq''  +  Gro"  =  h, 

A'p,"  +  B'q,"  +  Ou^  =  k', 

ApjA.  +  Bq^  +  Crfi  =  iv^-k^\ 
c.  31 
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theu  the  values  of  p,  q,  r  aie  respectively 

^{^-1(^-5)4'    a/{?''-2<^-^>^}'    \/{''«'-e<^-^>*}' 

where 


,  d<fc      2dv  dv      ,  d6 


Hud  then 


A.     -.^     «c>  .  ,.f      ih  +  a,p  +  hq  +  cr)d<l> 
4  tan    J  =  ^(>+'']^^i^  +  Apa  +  Bqh  +  Crc)pqr  ' 

in  which  form  it  is  exactly  analogoiis  to  the  equation  there  obtained,  p.  230,  [6,  p.  34] 

4  tan-  .  =  f  (^^^)i'^ 
4  tan     ''o-)^f^^Cr)pqr- 

On  Hie  Variation  of  the  Constanta,  when  the  body  is  acted  upon  by  Forces. 

The  dynamical  equations  of  a  problem  being  expressed  in  the  form 

ddT_dT^dV 
dt  d\'     d\      d\  ' 

ddT^_dT^dy 

dt  dfi!     dfi      dfi  ' 

ddT  _dj[^dV 
dt  dv'      dv      dv  ' 

suppose  the  equations  obtained  from  these  by  neglecting  the  function   V,  are  integrated ; 
each  of  the  six  integrals  may  be  expressed  in  the  form 

a=f{\  fJL,  V,  \',  fi,  v,  t), 

whore  a  denotes  any  one  of  the  arbitrary  constants.     Assume 

dT  dT  dT 

then  \',  fi',  v    may  be  expressed  in  terms  of  \  /x,  v,  u,  v,  w,   and  the  integrals   may   be 
reduced  to  the  form 

a  =  F(\,  fi,  V,  u,  V,  w,  t). 

These  equations  may  be  considered  as   the  integrals  of  the  proposed   system,  taking 
into  account  the  terms  involving  V,  provided  the  constants   [say  a,  b,  c,  d,  e,  /  ]   be  sup- 
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posed  to  become  variable.     We  have,  in  this    case,  by  Lagrange's   theory  of  the   variation 
of  the  arbitrary  constants,  the  formulae 

^  =  (a,6)^^+(a,c)^  +  (a,d)^+(«,e)^  +  (a,/)^; 


where 


,     , ,  _  fda  db      da  db\      /da  db      da  db\      /da  db     da  db\ 
'    '^      \du  d\     d\  duj      \dv  d/x,     d/i  dvj      \dw  dv     dv  dw)  ' 


and  in  which  V  is  supposed  to  be  expressed  as  a  function  of  a,  b,  c,  d,  e,  f,  t. 

Thus  the  solution  of  the  problem  requires  the  calculation  of  thirty  coefficients  (a,  b), 
or  rather  of  fifteen  only,  since  evidently  (a,  b)  =  —  {b,  a).  It  is  known  that  these  coeffi- 
cients are  functions  of  a,  b,  c,  d,  e,  f,  without  t ;  so  that,  in  calculating  them,  any  assumed 
arbitrary  value,  e.g.  ^  =  0,  may  be  given  to  the  time. 

In  practice,  it  often  happens  that  one  of  the  arbitrary  constants,  e.g.  a,  may  be 
expressed  in  the  form 

a  =  F  (\,  fjL,  V,  u,  V,  w,  t,  b,  c,  d,  e,  /), 

where   b,  c,  d,  e,  f  are   given   functions   of  X,  fi,  v,  u,  v,  w,  t.     In  this  case,  it   is   easily 
seen  that  we  may  write 

(a,  b)=[{a,  6)1  -f-(c,  h/£  +  {d,  6)~ +(e,  &)  J  +  (/  &)^.> 

where,  in  the   calculation   of  {(a,  b)],  the   differentiations   upon    a  are   performed    without 
taking  into  account  the  variability  of  b,  c 

In  the  particular  problem  in  question,  the  following  are  the  values  of  the  new 
variables  m,  v,  w  (Math.  Journal,  memoir  already  quoted,  [6]), 

u  =  -(       Ap  -  vBq  +  fiCr),    (29), 

2 

V  =     (     vAp  +    Bq  -  \Cr), 

2 
w  =  -  (—  fiAp  +  \Bq  +    Or) ; 

equations  which  may  also  be  expressed  in  the  form 

2Ap  =  (  l  +  X")  n  +  (\fjL  +  v)  V  +  (v\  -  fi)  w    (30), 

2Bq  =  (Xfji,  -  v)  u  +  (1  +  fx.'')  V  +  (fj.v  +  \)  w, 
2Cr  =  {v\  +  fi)u  +  (fjt,v-X)v  +  (l  +  V-)  w, 

or  putting  for  shortness 

Xu  +  /xv  +  mv  =  ts (31), 

31—2 
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these  become  2Ap  =  \w+   u+w  —  fiw, (32). 

2Bq  =  finr  —  VU+   v  +  \w, 

2Cr  =  i»!r+fiu  —  \v+    w, 

whence  also 

2n  =  «tJ (33). 

Substituting  the  values  of  Ap,  Bq,  Cr,  given  by  (30)  in  the  equations  (6),  we  deduce 

2a  =  Xtir  +   M  —  w+  ijiw (34), 

2b  =  /liw  +  I'M  +    V  —  \w, 
2c  =  l/or  —  fJM  +  \v  +    w, 

whence  also 

2  (aX  +  b/A  +  01-)  =  «or  (35), 

which  in  fact  follows  from  (33)  and  (17).     And  likewise  the  inverse  system, 

'^  2 

M=-(      a  +  j/b  — ytic)    (36j. 

2 

t)  =  -  (—  i/a  +   b  +  Xc), 

K 

2 

w  =  -  (    ^a  —  Xb  +    c). 

It  is  easy  to  deduce 

Ar'  =  i«[M»  +  v=  +  «;=  +  w=]    (37), 

''  =  H("''  +  ^'  +  M^)  +  (l+«)^']     (38). 

Again,  from  the  equations  (10  bis), 

K  (bCr  -  cBq)  =  -  2X  (a=  +  b''  +  c')  +  2a  (Xa  +  A*b  +  vc)  +  2  (bi/  -  c/i)  fi 
=  -  2Xit2  +  2  (a  +  bi/  -  c/i)  n 
=  -  2\k-  +      KuH ; 

and,   forming  also   the   similar  expressions   for  k  (cAp  —  aCr),  and  k  (a,Bq  —  hAp),  we  thus 
obtain 

nu--ifX  =  hCr-cBq  (39),      • 

nv--l(^fi  =  cAp  -  hCr, 

2 
ilw  —  k''v  =  a,Bq  —  cAp ; 

to  which  many  others  might  probably  be  joined. 

The   constants   of  the   problem   are   a,  b,  c,  h,  e,  S.     Of  these   a,   b,   c   are  given   <as 
functions  of  X,  /t,  v,  ii,  v,  w,  by  the   equations  (34) ;   in  which  to-  is  to  be  considered   as 


;  ! 
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standing  for  Xit  +  /xv  +  vw.     (These  determine  k",  which  is  however  given    immediately  by 
(37).}     As  for  h,  we  have 

where  Ap,  Bq,  Or  are   given   as    functions  of  X,  fi,  v,  u,  v,  w   by   (32),   in   which    also    to- 
stands  for  Xu  +  fiv  +  mv.     Again, 

8  =  2tan-«^-U'"^^^  +  ^)^'^ 


2Ar      *    J        vV 

in  each  of  which  V,  <I>  are  functions  of  v,  and  of  a,  b,  c,  h,  partly  as  entering  explicitly 

I  into  these  functions,  partly  as  contained  implicitly  in  p,  q,  r,  which  enter  into  V,  <l>,  and 
are  functions  of  v,  h,  k  given  by  (18).  After  the  integration  v  is  to  be  considered  a 
function  of  \,  fi,  v,  m,  v,  w  given  by  (38).  Both  of  the  integrals  may  be  supposed  taken 
from  a  certain  value  u„  of  v,  which  may  be  considered  as  an  absolutely  invariable  arbi- 
trary constant,  since  without  it  we  have  the  right  number,  six,  of  arbitrary  constants. 
First  to  find  (a,  b),  (b,  c),  and  (c,  a).  From  (34)  we  have 
K  (a,  b)  =  i(     (  1  +\»)(/iM-    w)-(\M-|-i3-)(V+  x/) 

+  {Xfi-v)  {fiv  +  ct)  -  (\w  +  w)  (  1  +  fj?) 
+  (kX  +  m)  (  M  +  iJiw)  —  [Xw  —  v)  (fiv  -  X)} 
I  =  ^  (/aw  —  Xv  —  w  —  i/ct)  =  —  J  2c  =  —  c  ; 


whence  the  system 


(b,  c)  =  -a,     (c,  a)  =  — b,     (a,  b)  =  -c (40). 


Also  we  may  add  {k,  a)  =  t  (a,  a)  +  7  (b,  a)  +  7  (c,  a)  =  0, 


W^m  (k,a.)  =  0,       (k,h)=0,        (^•,c)  =  0  (41), 

W^g    which  will  be  useful  in  calculating  some  of  the  following  coefficients. 

I^B  Proceeding  to  calculate  (a,  h),  (b,  h),  (c,  h).     It  is  seen  immediately  that 

I^H  (ii,h)=2{p(ai,Ap)+q{a,Bq)+r{a,Cr)}, 

where  Ap,  Bq,  Cr,  are  given  by  the  equations  (32),  so  that 

(a.,Ap)  =  i[  (l+X'){Xu+  ct)-(1  -|-X^)(\?«+  07) 
+  (X/x  —  v){Xv—  w)—  {Xfi  +  v)  {Xv  +  w) 
+  {vX  +  fj.){   V +  Xw)  -  (vX  -  ix)  {- V +  Xiu)] 

i.e.  (a,  il;>)=0 (42). 
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Similarly      (a,  B(j)  =  l\     (  1  +  X»)  (fiu  +w)-{\u+  w)  (X/*  -  v  ) 

+  (X/t  -  1/  )  ifiv  +«r)  -  (  Xd  +  w)  (  1  +fi') 
+  (v\  +  /i)  (fiw  -«)  —  (-»+  \w)  (fiv  +  X )  j 

i.e.  {&,  Bq)  =  0,  (43), 

and  similarly  (a,  Or)  =  0  ; 

whence  (a,  h  )  =  0,  and  therefore  (b,  h)=0,  (c,  h)  =  0 (44); 

also  (i,  A)=0,  (45). 

Next   we    have    to    determine    (a,   e),    (b,   e),    (c,    e).     Here    e    being  a    function    of 
II,  V,  w,  X,  n,  V,  a,  b,  c,  h,  we  must  write 

(a,  e)  =  {(a,  e)}  +  (a,  b)  ^  +  (a,  c)  ^  +  (a,  h)  J^ , 

,,       M      ,  de        de 
(a.  e)={(a,  e)}+b^^-c^. 

'dv  ,    ,,  „       .,  2 


But 


€=t-2  j^  ;    and  thence   {(a,  e)}  =  -  =  (a,  v), 


and   V  is  given   immediately   as   a   function   of  X,   fi,    v,   u,   v,   w,   by   the   equation    (38). 
Hence 

(a,  V)  =  i  [  (  1  +  X^)  {(1  +  /c)  MCT  +  \zt'']  -  (  \u  +  or)  [u  +  X  (1  +  «)  or] 
+  (X/it  —  V  )  {(1  +  k)  VST  +  /iCT-j  —  (  X^  +  w)  [v  +  fj,  (1  +  k)  Tsr] 
+  (j/X  +  /i)  {(1  +  «)  WCT  +  vvT-)]  -(-V  +  Xw)  {w  +v  (I  +  k)  ro-j] 

=  i  {(1  +  k)  vtu  -  X  (1  +  «)  ct^  +  X«  -  X  (it''  +  t;=  +  w'-*)  -  »ra-! 

=  J  (kmbt  —  Xor-  —  X  (u^  +  V^  +  W-)] 


=  iKM^-—=^(nu-^]  {by  (37)  and  (33)}, 


K  \  K     J 

=  i(hCr-c]iq)      (46); 

whence  {(a,  e))  =  —  ^  {hCr—  cBq), 

,       ^  1  ^1  ^         T^  \      1  de        de 

(a,  e)   =-^(bCr-cfi^)+b^^-c^. 

The  terms  b  j-  -Ctt  are  evidently  of  the  form  F{v)  —  F(vo). 
If  therefore  we  suppose  v  =  Vo,  we  have 

(a,  6)  =  -^(bC'r„-c%) (47), 

'0 
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i{  po,  qn,  »'o,  ^0  refer  to  the  value  w,  of  v,  i.e.  if 

Apo'  +  Bq,'  +  Cro'=h (48), 

Ap^  +  Bq^  +  (7r„c  =  2uo  -  !<?. 
{This  implies  evidently 

an  equation  which  it  is  interesting  to  verify.     In  fact,  from  the  value  of  e 
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do        db 
or  we  have  to  show  that 
d    1 


-'H'i-'^iyw\^^k.[' 


dV        dV 


dc 


dh    ' 


dV       dV 


if  for  shortness 


^-^^(bO.-c5,)  =  ^,^b^;-c-^^J=^,8V; 


S  — h—  —      ^ 

dc       db' 


Now   V  containing  a,  b,  c  explicitly,  and  also  as  involved  in  p,  q,  r,  we  have 

dr 


8V  =  hpq{A-  B)-crp  {C -  A)  +  ^  Sp  +  '^  8q  +  ^  8r  =  hpq  {A  - B)  ~  crp  iC-A)  +  S'V 


suppose.     The  equation  to  be  verified  becomes 
1 


V{hC^^-cBpJ-(hCr-oBq)f^  =  2{hpq{A-B)-crpiC-A)  +  B'V\ 

Now,  observing  that  Bk  =  0,  we  have 

A  pB])  +  B  qSq  +  C  rSr  =  0, 
A'pBp  +  R-qhq  +  C'VSr  =  0, 
A&Bp  +  B  Uq  +  C  c8r  =  -  (hCr  -  cBij). 


Llso, 


^p'l.-^Bq'£  +  Crt  =  0, 


dv 


'dv 


dv 


^  dv         ^  dv  dv 

Aaf  +  Bh^  +  Cc'^J^  =  2, 
av  av  av 
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whence  evidently 

dp  -2 


J.        dq -2        .        dr_       -2 


dv     hCr-cBq^'     dv     hCr-cBq^'     dv     hCr-cBq 


Sr, 


or 


dV 


-2 


S'V; 


rfi;      hCr  —  cBq 
or  the  equation  to  be  verified  is  siinply 

which  follows  immediately  from  the  three  equations  just  given   for   the   determination  of 
dp     dq     dr  , 
di,'   di)'   dl^- 


From  these  values  also 


Next,  to  calculate  (h,  e), 


(k,  6)=0 


(49;. 


{h,  e)={(h,  e)\+{h,  a)g  +  (/<,  b)^+(A,  c)  | ; 

but   the   three  last  terms   being   evidently  such   as  to  vanish  for   v=v^,,  we   may  neglect 
them,  and  consider  {h,  e)  as  the  value  which  {{h,  e)]  assumes  for  this  value  of  v. 


Now 
where 


^      {{h,  e)j  =  ^  {{Ap,  e)]  +  ^  {(Bq,  e)}  +  2r  {{Cr,  e)), 
{(Ap,,)]  =  -^(Ap,v), 


and 


(Al),  v)=\[      (  1   +  X=)   {(1  +  k)  um  +  Xnr'-}  -  (\«  +    bt)  [u  +\  (1  +  k)  or] 
+  (X/i+    V)  {{I  +   k)  WT  +  /u.w"]  -   {\v  -     w)    [v    +  p.  {I   +  k)  zs] 

+   (l/\    —    p)     '(1    +    k)    WST    +    WT-]    —    {    V   +    \W)    {W    +  K    (1     +   k)    or]] 

=  I  ((1  +  k)  ctm  +  Xkct-  —  \  (1  +  k)  «r-  —  \  (w-  +  «-  +  W-)  —  Tsru]  =  (a,   v) 

=  i(hCr-cBq),    (50), 


whence 

and  therefore 


{{Ap.  e)]  =  -  ^  {hCr  -  cBq) . 
{{Bq,  e)}  =  -~{cAp-aCr). 


•(51), 


|(Cr,  e))=-^(aB7-b^^), 
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whence  {(A,  e)j  =  —  2, 

and  therefore 

(h,  e)  =  -2 (52). 


Next,  to  find  (a,  S),  (b,  S),  (c,  S),  (h,  8), 

8  =  2tan-^-A.f^-^±|)A", 
2k        J         vV        ' 

=  8'  +  8"  suppose, 

(a,  8)  =  (a,  8')  + (a,  8"), 

(a,  8')  =  ^(a,  «^)  +  (a,  A;)g, 


^H     [observing  k^s^^  +  4^-=  =  4  (11=  +  ^'=)  =  4/icv} 

^^1    where 

^H  (a,  /«ir)  =  J  {      (  1    +  X=)  («u  +  2Xor)  -  (  Xm  +  or)  «\ 

^^H  +  (Xfi  —  v)  (kv  +  2/X13-)  —  (  Xi;  +  w)  K/i 

^^  +  (I'X  +  fi)  {kw  +  2ws-)  —  {—v  +  Xw)  /«/  } 

=  I  K(M  +  Xtir)  =  .4/)-i'%  +  /iCr  +  XX2  =  |(a  +  .4p)  «  (53), 

by  equations  (29),  (33),  and  (10) ; 


k 
that  is  (a,  8')  =  —  (a  +  Ap). 


2v 


b 


Also  (a,  8")  =  -  i  ^^  (a,  v)  +  (a,  b)  ^'  +  &c. 


whence 


lb 


or  putting  t/  =  i/j 


: -i  A^^  (bCr-c^g)  +  Fv-Fvo 


(a,  8)  =  1^  (a  +  ^;)  -  ^-^  (bCr  -  cBq)]  +Fv-  Fv,. 


(a,  8)  =  A[a  +  ^;.„-^-^(bCro-c%)j     (-54), 


and  therefore  also  (b,  8)  =  ^  {b  +  %  -  -^-"  (c^p,  -  aCr,)}, 

(c,  8)  =  2^  {c  +  Cr,  -  'i-^  (a5?,  -  6^2,„)1. 


32 
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Again,  (    A,  «)  =  ^  (Ap,  S)  +  2q  {Bq,  8)  +  2r  {Cr,  S). 

(Ap,  S)^{Ap,  Br)  +  (Ap,  n 

{Ap.S')=^^^{Ap,Kr^)  +  {Ap,k)^ 
(Ap,  /ew)  =  i  {     (  1  +  \=)  (*«  +  2X«-)  -  (Xm  +   w)  k\ 

+  (\fl+V  )  (kV  +  2fl'ST)  -  (XV  —     W)  Kfl 

+  {v\  +  fi)  {kw+ 2i>vt) —(v   +\w)kv} 
=  ^k{u  +  Xht)  =  -^  « (a  +  Ap) (55) ; 

(Ap.  S')  =  ^(^  +  Ap)  (56), 

{Ap,S")  =  -k'^(Ap,  v)  +  &c. 


therefore 


=  -P 


vV 


{hCr-cBq)  +  Fv-Fv„ 


(Ap,  B)=^[a-Ap-  ^^  (bOr  -  cBq)}  +  Fv  -  Fv, , 

and  similarly  for  (Bq,  8),   (Or,   8).     Substituting,  and  neglecting   the  terms  which  vanish 
for    1/  =  i»o, 


A; 


^  +  h 


(h,  B)=^i^^  +  h-^^v). 

ie.  (h,  8)  =  0    (57). 

Lastly,  to  find  (e,  8), 

(e,S)  =  {(e,8)l  +  (a,S)|+(b,8)|  +  (c.8)|. 

where,   in    {(e,  8)},  the   differentiations  upon   e  are  supposed   not   to   affect   the   constants 
a,  b,  c.     Neglecting  the  terms  which  vanish  for  i/  =  i;o, 

(e,  8)  ={(e,  8)}, 

{(6,  8)}  =  {(e,  S')}  +  {(e,  8")}, 

((.,  8')1  =  [{(6,  8'))]  +  (6,  ^)^  =  [{(6,  8')}]; 
where,  in  [((e,  8'))],  the  differentiations  upon  e  and  8  do  not  affect  the  constants. 

((6,  8")!=[{(e,  8")}]  +  (6,  a)^'+&c. 
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neglecting  the  terms  which  vanish  for  v  =  Vo. 

therefore  (e,  S)  =  [{(e,  B')}]  +  [{{e,  S"))] 

=  [{(^,50}]; 


since 


Hence 


k 
^''  ^^^'^K^v^"'  ""^^    (58). 

(v,  >cm)=^  r      [u  +{1  +  k)  \zt}  (2\m  +  ku)  -  (Xct^  +  (1  +  a:)  ztu]  kX  \ 

^  +  {w  +  {\+k)vut}  (2v7sr  +Kw)-  {i/tsr^  +(!  +  «)  zjw]  kv  , 

=  i  [2m'  +  k(u'  +  v'  +  w'')  +  2  {1  +  k)  {K-l)vr^  +  K  (1  +  k)  ^'- 

-  K  (k  -  1)  t:t- -  K  {k  +  1) 'sr"] 
=  ^K{{K  +  l)isy'+{ii'+'ifi  +  n^)]  =  :^4iKv  =  2Kv  (59), 


therefore 


(e,  S)  =  - 


k_ 
V, 


Hence,  recapitulating, 

(b,  c)  =  -  a,     (c,  a)  =  -  b,     (a,  b)  =  -  c, 
(a,  A)  =  0,        (b,A)  =  0,        (c,h)  =  0, 

(a,  e)=-i(b(7r„-c%), 

(b,  e)  =  -  ^  {cAp,  -  aCr„), 

(c,  e)  =  -  ^  (a^g-o  -  hApo), 

(A,  €)  =  -  2, 

(a,  8)  =  Afa+^^„_i+^»(bCr„-c%)j, 

(b,  8)  =  4 1^  +  ^^» -"^T  ^'''*^° ~  ''^'■"^' ' 
(c,  8)  =  s^  [c  +  Cr„  -  ^^  (a%  -  b^pO;. 
(A,  S)  =  0. 
(e.  S)=-|- 


.(60). 


(61). 


32—2 
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and  therefore 

dc       ,dV       dV      1  ,   o       ,   ,    .dV      i  ,     ,    ^       A+*,,   „       ,   -    X,  dF 
di  =  -^  d^  +*  rfb  -  v/*^*»-^^^»)  ^7  +  2^-^*=+  Gr.--^^(^Bq.-hAp,)}^, 

dh__^dV 
dt  de' 


dt 


dr-2i7oL    (a  +  ^i'o— .^(bOn-c^)). 


da 


+  (b  +  %  -    '^—  {cAp,  -aCV„)}  ^ 


+  (c  +  Pro  - 


to  which  we  may  join 


/i  +  *, 


'»(a%-b^;;„)}^ 


+ 


V„  de  ' 


di^dF 
dt      dS' 


(62), 


.(63). 


We  have  thus  the  complete  system  of  formulae. 
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38. 


NOTE  ON   A  GEOMETRICAL  THEOREM  CONTAINED   IN  A 
PAPER  BY  SIR  W.   THOMSON. 

[[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  207,  208.] 

It  is  easily  shown  that  if  three  confocal  surfaces  of  the  second  order  pass  through 
a  point  P,  then  the  square  of  the  distance  of  this  point  from  the  origin  is  equal  to  the 
sum  of  the  squares  of  three  of  the  axes,  no  two  of  which  are  parallel  or  belong  to  the 
same  surface  (the  squares  of  one  or  two  of  the  axes  of  the  hjrperboloids  being  considered 
negative) ;   i.e.  if 

a?  y'  z- 


a*  +  h     1^  +  h     d'  +  h 

a?  y'  z" 

a'  +  k'^  b'  +  k  "*"  c'  +  k 


=  1, 
=  1, 


«'  z" 


a^  +  l     b^  +  1     (f  +  1 
then  x'  +  y^  +  z'  =  a''  +  b'  +  (f  +  h  +  k  +  l. 

In  fact  these  equations  give 

{a'  +  h)(a^  +  k)(a'  +  l) 


«!»=' 


(a^-b')(a^-c^) 


,._ib'  +  h)(b'  +  k)(¥+l) 
*~       (6»-o')(6»-cO      ' 

,     (c'  +  A)(c'  +  ^)(c'  +  0 
^-       (c'-a')((^-b')       ' 

and  adding  these  and  reducing,  we  have   the   relation  in  question ;   which  is  also  imme- 
diately obtained  by  forming  the  cubic  whose  roots  are  h,  k,  I. 
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From  this  property  may  be  deduced  the  theorem  given  by  Mr  Thomson  in  the 
preceding  memoir  ["On  the  Principal  Axes  of  a  Solid  Body,"  pp.  127—133  and  195—206, 
see  p.  205].     In  fact,  writing 

r»  =  a;*  +  y»  +  ^», 
and  k  =  -a''-b'-d'  +  h, 

we  see  that  in  consettuence  of  these  relations  the  equations 

ar'  y'  2'  , 

a»        ^        6'^       ^        c= 

a?  y"  ■^'        _  1 

a'  +  k     "*"    b^k     ■•"     ^Tk     ~    ' 

are  equivalent  to  two  independent  equations,  i.e.  the  third  can  be  deduced  from  the 
two  first.  Now  the  first  equation  is  that  of  an  ellipsoid  (or  generally  a  surface  of  the 
second  order,  since  a,  b,  c  are  not  necessarily  real).  The  second  is  that  of  what  may  be 
called  a  conjugate  equimomental  surface,  defining   the  term  as  follows:    "The   conjugate 

equimomental  surfaces  of  an  ellipsoid  (or  surface  of  the  second  order)  -^  +  ^  +  ;5  =  1 ,  are 

the  equimomental  surfaces  derived  in  the  usual  manner  from  any  surface  of  the   second 

x^            ifi            z^  a?     ifi     z^ 

order  ^ ^  +  ,    -tj  +  r „  =  1,  which  is  confocal  with  the  conjugate  surface  -i  +  f;  +  -^  =  — 1 

ft  ~~  (t        ft  —  0         ft       C  (X         0"        c 

of  the  given  ellipsoid,"  viz.  by  measuring  along  any  line  through  the  centre  distances 
equal  to  the  axes  of-.,  the  section  by  a  plane  through  the  centre  perpendicular  to  this 
line,  and  taking  the  locus  of  the  points  so  determined  for  the  equimomental  surface. 
The  third  equation  is  that  of  a  surface  confocal  with  the  given  ellipsoid;  hence  the 
theorem,  "The  curves  of  curvature  of  a  given  ellipsoid  lie  upon  a  system  of  conjugate 
equimomental  surfaces." 

But  since  the  first  and  second  equations  are  evidently  satisfied  by  the  combination 
of  the  first  equation  with  the  relation  r^  =  h,  which  is  that  of  a  sphere,  we  have  also, 
"The  curve  of  intersection  of  the  ellipsoid  with  any  one  of  the  conjugate  equimomental 
surfaces,  is  composed  of  the  line  of  curvature  and  a  spherical  conic."  And  these  two 
curves  being  each  of  them  of  the  fourth  order  make  up  the  complete  curve  of  intersec- 
tion, which  should  obviously  be  of  the  eighth  order. 

It  would  be  an  interesting  question  to  determine  the  relations  existing  between  the 
curve  of  curvature  and  the  spherical  conic,  which  have  been  thus  brought  into  connec- 
tion by  means  of  the  conjugate  equimomental  surfaces;  i.e.  between  the  two  curves 
obtained  by  combining  the  equation  of  the  ellipsoid  with 

a?  y'  z- 

a"  +  i "^  W+k  "•" d'  +  k ~    ' 

ir'  =  a?  +  b^-\-d'  +  k, 

respectively:  but  it  will  be  sufficient  at  present  to  have  suggested  the  problem. 
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39. 


i 

■   ON  THE  DIAMETRAL  PLANES  OF  A  SURFACE  OF  THE  SECOND 
^^L^  ORDER. 

r 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  274 — 278.] 


Let  U  =  Ax'+ Bf  +  Gz^+2Fyz+2Gxz+2Hx!/  =  0,  be  the  equation  of  a  surface  of 
the  second  order  referred  to  its  centre,  and  let  oa;  +  a'y  +  a"z  =  0  be  the  equation  of 
one  of  its  diametral  planes ;   then,  as  usual 


I 


{A-u)a+  Ha.'+  Ga"  =  0, 

Ha+{B-u)a'+  Fcl"  =  0, 

Oa+  Fa:  +  iC-i(,)a"  =  0, 

which  are  equivalent  to  two  independent  equations,  and  consequently  capable  of  deter- 
mining the  ratios  a  :  a*  :  a",  provided  that  u  satisfy  the  cubic  equation  that  is  obtained 
by  eliminating  or,  a',  a"  from  the  three  equations. 

We   have   from  the   second   and   third,  from   the   third   and   first,  and  from  the  first 
and  second  equations  respectively, 

a  :  a'  :  a"  =  ^,:  ^,  :  (5,=  ^,  ■■  33.  :  JF,  =  ®,  '  S,  ^  «P.; 

where,  if 

^  =  BC  -F'  , 

^  =  CA  -G'  , 

<B  =  AB-H'-, 

§  =  GH-AF, 
(S  =  HF-BG, 
^,=FG  -CH, 

^,,   18<,    CC,,   :§,,   as,,   ^,    are   what    these    become    when    A,   B,   C   are    changed    into 
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A  —II,  B  —  u,  C  —  u,  80  that 

i8,=38-(C+^)M  +  M», 
(JP^  =  ®  _  (4  +  J5;  u  +  «». 

Hence  the  equation  ca;  +  c^y  +  oi'z  =  0  may  be  written  in  the  three  forms 

^r,  what  comes  to  the  same  thing,  as  follows, 

^x+T^y  +  fSz  +  u  (Ax  +  Hy+Qz)  +  vx  =  0, 
^x  +  d3y  +jfz  +  u  (Hx  +  By  +  Fz)  +  vy  =  0, 
(Six+:ffy  +(Bz  +  u(Gx  +Fy+  Cz)  +  vz^O, 

in  which  for  shortness  v  has  been  written  instead  of 

u''-(A+B  +  C)u. 

The  elimination  of  u,  v  from  these  equations  gives  a  result  @  =  0,  where  0  is  a 
homogeneous  function  of  the  third  order  in  x,  y,  z;  and  this  equation,  it  is  evident, 
must  belong  to  the  three  diametral  planes  jointly,  i.e.  0  must  be  the  product  of  three 
linear  factors,  each  of  which  equated  to  zero  would  correspond  to  a  diametral  plane. 
Thus  the  system  of  diametral  pianos  is  given  by 


0  = 


=  0, 


^x  +'^y  +  <}5z,     Ax+Hy  +  Oz,     x 
^x  +  my+jfz,    Hx  +  By +Fz,    y 
(SiX  +  §y  +  <S>z,     Gx+Fy+Cz,    z 
or  developing  the  determinant,  as  follows, 

0  =  (G|^  -  H&)  x>  +  {H§  -F^)f  +  {F(&  -  Gjf)  ^' 

+  {  G{(S^-^)-(S(C-B)-{H§-  F^)}  yz' 
+  {  H{^-<S.)-'^(A-C,-{Fi&  -G$)]za? 
+  1    F  {^-^)-§(B-A)-{G-^-H(&)]xy? 

+  [-  H  {(&  -^)  +  '^  {C  -  B)  +  {F(&  -  G$)]  fz 
+  [-Fm -(£,)+§  {A-C)  +  {G-^  -  H(&)]  z'x 
+  {-G(23-a)+Cr   {B-A)+  {H$-F^)]a?y 

+  ((723  -  i?gt  +  a®  -  Ca  +  ^Sa  -  .413)  xyz; 
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or  reducing 

e=  {F  {&>  -  H')  -  GH  (C  -  B)]  w' 
+  {G(H'-F')-HF{A-C)}y' 
f{H{F^-G'-)-FG{B-A)]z' 

+  {G(iA-B)iB-C)  +  Fff(A+B-2Cr)  +  G(F'+G'-2H')}yz' 
+  {H  {B-C)  {C  -  A)  +  GF{B+  C  -2A)  +  H  {G'+  H'  -2F')}  zc^ 
+  {F{C-A)  {A-B)  +  GH{C+A  -  2B)  +  F{H'  +  F'  -  2G')}  xf 

+  [H{B-C){C-A)  +  FG{G  +  A-2B)  +  H{H^+F'-2G^)]y^z 
+  [F{G-A) {A-B)  +  GH{A  +  B-2Cj  +  F{F'  +  G'- 2^)]  ^x 
+  [0{A-B)  {B-  C)  +HF{B  +  C-2A)  +  G{G'  +  H'-2F^] a?y 

-{(A-B)  {B-C)  {C  -  A)  +  {B  -C)  r-  +  (C  -  A)  G'  +  iA-B)H'}  xyz. 

In  the  case  of  curves  of  the  second  order,  the  result  is  much  more  simple ;    we  have 


e= 


=  0, 


Ax  +  Hy,     X 

Hx+By,    y 

i.e.  %  =  H{f-a?)^{A-B)xy  =  ^, 

for  the  equation  of  the  two  diameters.  • 

The  above   formulae  may  be  applied  to  the  question  of  finding  the  diametral  planes 

of  the   cone  circumscribed  about   a  given   surface   of  the   second   order,    (or  of  the   lines 

bisecting  the  angles  made  by  two  tangents  of  a  curve  of  the  second  order).     Considering 

the  latter  question  first :  if 

a?     3/2 


-,» "^  7,2 


1=0 


I 


be  the   equation  of  the  curve,  and   a,  ff  the   coordinates  of  the  point  of  intersection   of 
the  two  tangents,  the  equation  of  the  pair  of  tangents  is 

or  making  the  point  of  intersection  the  origin, 

i.  e.  (^x  -ayy-(b'x'  +  ay)  =  0 ; 

whence   A  =  ^ -b-,  B  =  a?- a',  H=-i0,   and   the    equation    to  the   lines  bisecting   the 
angles  formed  by  the  tangents  is 

a^isc'-  f)-{a'-^- («=  - ¥)}  xy  =  0, 

which  is  the  same  for  all  confocal  ellipses;  whence  the  known  theorem, 

"If  there  be  two  confocal  ellipses,  and  tangents  be  drawn  to  the  second  from  any 
point  P  of  the  first,  the  tangent  and  normal  of  the  first  conic  at  the  point  F,  bisect 
the  angles  formed  by  the  two  tangents  in  question." 

c.  33 
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In   the   case   of   surfaces,   the    equation    of   the    circumscribing    cone   referred   to   its 
vertex  as  origin,  is 

whence 

A=^c'  +  'fb'-b'(f, 

B  =  'fa^  +  aV  -  d'c', 
G  =  -b^tt, 


\ 


Hence,  omitting  the  factor  b'c^a.' +  a'a'^  +  a'b'y' -  a-'b'c',  we  have 


C  =  7=  -  c* , 

(5  =  ya, 

and  the  equation  of  the  system  of  diametral  planes  becomes 

0  =  0=  a«/37  (c"  -  6=)  a?  +  ^yix  {a!'  -c^)y'+  7=a/3  (¥  -  a')  z> 

+  ya.  [a?  (c*  -  6")  +  /S'  (fr"  +  tf"  -  2a»)  -  7=  (6»  -  a')  f  {¥  -  a»)  {<f  -  1^)]  yz* 
+  a/8  {-  a»  (c»  -  6")  +  /S'  (a'  -  c")  +  7=  (c=  +  a^  -  26')  +  (c=  -  fr")  (a»  -  c»)  j  ^a^ 
+    7a  }a'  (a''  +  IP-  20")  -  /S''  {a?  -  c=)  +  7=  {b-  -  a')  +  (a'  -  c')  (6'  -  a"))  xy^ 

-  a/3  {a»  (j^-b')-^  (a'  -c')-'f  (6»  +  c''  -  2a')  -  (a-  -  c')  (c'  -  6»))  y»^ 

-  /37  {-  a'  (c'  +  a»  -  26»)  +  /S'  (a'  -  c')  -  7"  (6=  -  a')  -  (6»  -  a')  (a»  -  c»)j  «'a: 

-  7a  { -  tf  (c'  -b')-  ^  (a'  +  ¥-  2c')  +  y  (6»  -  a")  -  (c»  -  6»)  (6»  -  a»)}  a^y 

4  {(a»  -  6")  (&•  -  c»)  (c'  -  a')  + 

(««  +  /3Y)  (6»  -  c»)  -  (/S*  +  7V)  (c'  -  a')  -  (y  +  a'/30  («'  -  6-)  + 

a^  (b'  -  c')  (2a^  -  b' -  <f)  +  &•  (c"  -  a")  {2b'  -c'-a')+rf  {a"  -  6')  (2c*  -  a=  -  6^)  j  jryz  ; 

and  since  this  is  a  function  of  a-  —  b",  b'  —  c',  and  c-  —  a=,  the  equation  is  the  same 
for  all  confocal  ellipsoids ;  whence  the  known  theorem,  "  The  axes  of  the  circumscribing 
cone  having  its  vertex  in  a  given  point  P,  are  tangents  to  the  curves  of  intersection 
of  the  three  surfaces,  confocal  with  the  given  surface,  which  pass  through  the  point  P." 
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40. 

ON    THE    THEORY    OF    INVOLUTION    IN    GEOMETRY. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  52 — 61.] 


When  three  conies  have  the  same  points  of  intersection,  any  transversal  intersects 
the  system  in  six  points,  which  are  said  to  be  in  involution.  It  appears  natural  to 
apply  the  term  to  the  conies  themselves;  and  then  it  is  easy  to  generalize  the  notion  of 
involution  so  as  to  apply  it  to  functions  of  any  number  of  variables.  Thus,  if  IT,  V... 
be  homogeneous  functions  of  the  same  order  of  any  number  of  variables  x,  y  ... ,  a 
function  0,  which  is  a  linear  function  of  U,  V ... ,  is  said  to  be  in  involution  with 
these  functions.  More  generally  0  may  be  said  to  be  in  involution  with  any  system  of 
factors  of  these  functions :  or  if  f/,  y  ...  be  given  functions  of  a^,  y,  z  ... ,  homogeneous 
of  the  degrees  m,  n  ... ,  and  u,  v,  ...  arbitrary  homogeneous  functions  of  the  degrees 
r  —  m,  r  —  n...;  then,  if  S  =  uU+vV+...,  0  is  a  function  of  the  degree  r,  which  is 
in  involution  with  U,  V...  .  The  question  which  immediately  arises,  is  to  find  the 
degree  of  generality  of  0,  or  the  number  of  arbitrary  constants  which  it  contains. 
And  this  is  a  question  which,  from  the  variety  and  interest  of  its  geometrical  inter- 
pretations, has  very  frequently  been  treated  of  by  geometers,  though  never,  I 
believe,  in  quite  so  general  a  form,  (the  number  r  has  almost  always  had  particular 
values  given  to  it,  except  in  a  short  paper  of  my  own,  on  the  particular  case  of  two 
curves,  in  the  Journal,  vol.  III.  p.  211   [5]).'     There   is   also  an   analytical   application   of 

'  The  first  suggestion  of  the  problem  is  contained  in  a  memoir  of  Euler's — "  Sur  une  contradiction  apparente 
dans  la  doctrine  des  lignes  courbes,"  M4m.  de  Berlin,  t.  rv.  [1748]  p.  219.  It  is  noticed  also  in  Cramer's 
Introduction  a  I'analyse  da  lignes  courbes  [1750].  The  following  memoirs  also  have  been  published  on  the  subject: 
Plueker,  "  Recherchea  snr  les  courbes  algSbriques  de  tous  les  degr^s,"  Gerg.  Ann.  t.  xix.  [1828^29]  p.  97 ; 
'•Recherches  snr  les  surfaces  algebriques  de  tous  les  degres,"  p.  129;  (a  great  number  of  memoirs  on  particular 
applications  of  the  theory  are  contained  in  Gergonne ;)  Jacobi,  "De  relationibus  quaj  locum  habere  debent  inter 
puncta  intersectionis  duarum  curvarum  vel  trium  superficierum  dati  ordinis,  simul  cum  cnodatione  paradoxi 
algebraici,"  Crelle,  t.  xv.  [1836];  Plueker,  "  Tht-ortimes  g^niraux  eoncernant  les  Equations  d'un  degr6  quelconque 
entre  nn  nombre  quelconque  d'ineonnnes,"  Crelle,  t.  xvi.  [1837],  (but  this  last  must  be  read  with  caution,  as 
several  of  the  theorems  are  incorrect,  or  at  least  stated  without  the  proper  limitations);  and  the  Einleitendf 
lietraclitungen,  in  Pliicker's  "  Theorie  der  algebraischen  Curven "  [1839].  The  following  memoirs  of  Hesse,  con- 
taining developments  relative  to  the  case  of  three  surfaces  of  the  second  order,  may  likewise  be  mentioned, 
"De  cnrvis  et  superficiebus  secundi  gradus,"  Crelle,  t.  xx.  [1810]  p.  285;  and  "  Ueber  die  liueare  Construction 
des  achten  Schnitt-punctes  dreier  Oberfliichen  zweiter  Ordnung,  wenn  sieben  Schnitt-puncte  derselben  gegeben 
»ind,"  Crelle,  t.  xxvi.  [1843]  p.   147. 

33—2 
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the  theory,  of  considerable  interest,  to  the  problem  of  elimination  between  any  number 
of  equations  containing  the  same  number  of  variables.  Suppose,  for  instance,  two  equa- 
tions, U  =  0,  V=0,  when  U,  V  are  homogeneous  functions  of  x,  y  of  the  degrees  m,  n 
respectively.  To  eliminate  the  variables  it  is  sufficient  to  multiply  the  first  equation  by 
«"~',  3^~hj...,  y"~',  and  the  second  by  a;""'...,  y™~^,  and  from  the  equations  so  obtained 
to  eliminate  linearly  the  {m  +  n)  quantities  aJ»+»-',  a^^+^-'y...,  y»»+n-J.  But  in  the  case 
of  a  greater  number  of  equations  it  is  not  at  first  obvious  how  many  new  equations 
should  be  obtained ;  and  when  a  number  apparently  sufficiently  great  have  been  found, 
it  may  happen  that  the  equations  so  obtained  are  not  independent,  and  that  the  elimi- 
nation cannot  be  performed.  But  in  showing  the  connexion  that  exists  between  these 
different  equations,  the  theory  of  involution  explains  in  what  manner  a  system  is  to  be 
formed,  which  includes  all  the  really  independent  equations,  and  gives  the  means  of 
detecting  the  extraneous  factors  which  appear  in  the  result  of  the  linear  elimination  of 
the  different  terms;  but  I  do  not  see  at  present  any  mode  of  obtaining  the  final  result 
at  once  in  its  reduced  form  free  from  any  extraneous  factors. 

Let  X,  F,  ...  be  given  homogeneous  functions  of  the  same  degree  of  any  number  of 
variables,  and  suppose 

0  =  aZ  +  y3F-h..., 

o,  /8 . . .  being  constants,  and  the  number  of  terms  in  the  series  being  g ;  0  contains 
therefore  g  arbitrary  constants.  If  however,  by  giving  to  a,  /S  ...  particular  values 
a,,  y8,  ...,  or  Oj,  /Sj  ...,  and  representing  by  ©i,  0j  ...  the  corresponding  values  of  0,  we 
have  identically 

<«  0]  =  0,     02  =  0,  ...  (A  equations) ; 

then  the  constants  in  0  group  themselves  together  into  a  smaller  number  g  —  h  of 
arbitrary  constants.  This  supposes,  however,  that  the  last  mentioned  equations  are  linearly 
independent;   if  there  are  a  certain  number  k  of  equations 

*i  =  0,     $,  =  0..., 

(where  ^i,  ^j,  ...  are  linear  functions  of  0,,  02...)  which  are  identically  satisfied,  inde- 
pendently of  the  h  equations,  then  the  equations  in  question  are  equivalent  to  h  —  k 
equations,  and  the  function  0  contains  g  —  {h  —  k)  or  g  —  h  +  k,  arbitrary  constants. 
Similarly  if  the  functions  <t>  are  not  independent;  so  that  the  number  of  arbitrary 
constants  really  contained  in  0  is  always 

N'  =  g-h  +  k  —  &cc.  ... 

Consider  now  the  case  of  a  function  0,  homogeneous  of  the  ?•"'  degree  in  the  variables 
X,  y...{{0+l)  in  number).     Let  V,  V...  be  functions  of  the  degrees  m,  ?i...,  and  suppose 

0  =  uU'+vV+  ... 

where  u,  v  ...  are  arbitrary  functions  of  the  degrees  r—m,  r  —  n,  ...  {r  is  ' supposed 
throughout  greater  than  m,  n  ...}.     Suppose  for  shortness   that  the   number  of  terms   in 

the   complete   function   of  d   variables,  and   of  the  order  p,  i.e.    the   quotient       i^^t*     >  ^^ 
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represented  by  [p,  0]  ;    then  the  function  @  contains  apparently  a  number 

([r-m,  e]  +  [r-n,  0]  +  ...) 
of  arbitrary  constants. 

But  since  we  should  have  identically  @  =  0  by  assuming  u  =  LV,  v=  —  LIT,  w  =  0,  &c.. . . 
(Z  the  general  function  of  the  order  r  —  m  —  n),  or  u  =  MW,  v  =  0,  w  =  —  MU  (M  the 
general  function  of  the  order  r—m—p)  &c.,  the  number  N  must  be  diminished  by 

[r  —  m-n,  0]  +  [r  —  m  -  p,  d]  +  [r-  n—p,  0]  +  ...; 

but  the    equations  just    obtained  are    themselves  not   linearly  independent,  and  in  conse- 

Iquence  of  this  the  number  of  arbitrary  constants  has  to  be  increased  by 
[j —  m  —  n—p,  0]+  ...  ; 
and  so  on.     Hence  finally  the  whole  number  of  arbitrary  constants  in  the  function  0  is 
N=[r-m,  0]  +  [r-n,  0]  +  [r-p,  d]  +  ... 
—  [r  —  m  —  n,  0]  —  [r  —  m—p,  6]  —  [r  —  n—p,  ff]  —  ... 
B  +[r-m-n-p,  0]+  ...  ±  &c.  &c (A). 

■  This  however  supposes  that  all  the  numbers  r  —  m,  r  —  n...,  r  —  m  —  n...,  are  positive: 
whenever  this  is  not  the  case  for  any  one  of  them,  the  corresponding  term  is  obviously 
to  be  omitted.  With  this  convention  the  equation  (A)  gives  always  the  correct  number 
of  arbitrary  constants  in  0:  it  will  be  convenient  to  represent  it  in  the  abbreviated 
form 

N=[r  :  m,  n,  p,  ...  :  0}. 

An  expression  analogous  to  this,  for  the  particular  case  of  r  —  m,  but  incorrect  on 
account  of  the  omission  of  all  the  terms  after  the  second  line,  has  been  given  by 
M.  Pliicker  {Crelle,  torn.  XVI.  p.  55),  and  even  some  of  his  particular  formulije  are  incorrect. 
But  proceeding  to  examine  some  particular  cases:  if  r>m  +  n+p+...  —  0  —  l,  then  in 
the  expression  (A)  either  no  terms  are  to  be  omitted,  or  else  the  terms  to  be  omitted 
reduce  themselves  to  zero,  so  that  N  is  given  by  this  formula  continued  to  its  last 
term.     It  will  be  subsequently  shown  that  in  this  case 

{r  :  m,  n,  p  ...  :  0}  =  [r,  0]—  mnp  ...  ; 

or  in  the  case  of  two  or  three  variables,  we  have  the  theorem,  "  If  a  curve  or  surface 
of  the  order  r  be  determined  to  pass  through  the  mn  points  of  intersection  of  two 
curves  of  the  orders  m  and  n,  or  the  mn^;  points  of  intersection  of  three  surfaces  of  the 
orders  m,  n,  p;  then  if  r>m  +  n  —  3,  or  r>m  +  n+p  —  4,  the  curve  or  surface  contains 
precisely  the  same  number  of  arbitrary  constants  as  if  the  mn  or  mnp  points  were 
perfectly  arbitrary." 

This  is  natural  enough ;  the  peculiarity  is  in  the  case  where  r  :^  to  +  n  —  3,  or 
r'^m  +  n+p  —  4!.     For  instance,  for  two  curves,  r^TO  +  n  — 3,  we  have 

(r  :  m,  n  :  2}=  [r  —  m,  2]  + [r  —  n,  2]  =  [r,  2]  —  wn +  [r  —  m  — n,  2], 
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or  the  new  curve  contains  ^[m  +  }i  —  r—1]*  more  arbitrary  constants  than  it  would 
do  if  the  mn  points,  through  which  it  was  made  to  pass,  had  been  perfectly  arbitrary ; 
a  result  given  before  in  the  Journal,  [5]. 

In  the  case  of  surfaces,  if  r>-  m  +  n+p  —  4!.     Then  assuming  r>m  +  n  — 4,  m+p  —  i, 
or  n  +  /)  — 4,  we  have 

{r  :  m,  n,  j»  :  3}  =  [r  -  /»,  3]  +  [r  -n,  3]  +  [r  -p,  3] 

—  [r  —  m  —  n,  3]  — [r  — m— p,  3]  —  [r  —  n—p,  3] 

—  ['■'  ^]  ~  ""'/^  —  [r  —  m  —  n -p,  3]  ; 

or  the  surface  contains  ^[m  +  n+p  —  r  —  lf  more  arbitrary  constants  than  it  would  do  if 
the  mnp  points,  through  which  it  was  made  to  pass,  had  been  perfectly  arbitrary. 
Similarly,  in  the  case  where  ?•  is  not  greater  than  one  or  more  of  the  quantities 
m  +  n  —  i,  m+p  —  4i,  n+p  —  i.  Thus  in  particular,  if  r  be  not  greater  than  the  least  of 
these  quantities 

X  [r  :  m,  n,  j)  :  S]=  [r,  3]  —  )nnp  +  [r  ~  n  —  p,  3]  +  [r  -  m  —p,  3] 

+  [?■  — j?i  — ?i,  3]  — [r—m  —  n— J),  3]; 

or  the  surface  contains 

^[m  +  n+p  —  r  —  l]'  —  ^[n+p  —  r—l]'  —  ^[m  +p  —  r  —  1]'  —  ^  [m  +  n  —  r  —  1]' 

more  arbitrary  constants  than  it  would  otherwise  have  done.  Again,  for  a  surface  of  the 
»•"■  order,  subjected  to  pass  through  the  curve  of  intersection  of  two  surfaces  of  the 
orders  m,  n, 

fr  :  VI,  n,  3j  =  [r  -  to,  3]  +  ['•  —  n,  S]-[r  —  m—  n,  3]  ; 
in  which  the  last  term,  or  l[m  +  n  —  r—  1]^  is  to  be  omitted  when  r1^m  +  n  —  4. 

The  function  of  the  r*^  order,  which  is  satisfied  by  the  systems  of  values  which 
satisfy  the  equations  of  the  orders  m,  n...  contains,  we  have  seen,  [r,  m,  n,  p...0] 
arbitrary'  constants;  hence  it  may  be  determined  so  as  to  pass  through  this  number, 
diminished  by  unity,  of  arbitrary  points.  But  the  equation  being  determined  in  general 
by  the  condition  of  being  satisfied  by  [r,  ^]  —  1  systems  of  variables,  it  will  be  com- 
pletely determined  if,  in  addition  to  the  above  number  of  arbitrary  systems,  we  suppose 
it  to  be  satisfied  by  a  number  JV=[r,  6]  —  [r;  m,  n,  p...  :6\  of  systems  satisfying  the 
equations  above.     Hence  the  theorem 

"The  equation  of  the   r""   order   which  is  satisfied  by  a  number 

N=[r,e]-[r-m,n,p...:e] 

of  systems  satisfying  the  equations  of  the  orders  m,  n,  p...  is  satisfied  by  any  systems 
whatever   which   satisfy   these   equations." 

In   particular — "The   surface   of  the   r""   order   which   passes   through   a  number 

[r,  e]-[r:  m,  n  :  6] 
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of  points  in  the  curve  of  intersection  of  two  surfaces  of  the  orders  m,  n, — or  through 
[r,  6]  —  [r  :  m,  n,  p  :  6}  of  the  rmip  points  of  intersection  of  three  surfaces  of  the  orders 
m,  n,  p, — passes  through  the  curve  of  intersection,  or  through  the  mnp  points  of  inter- 
section." 

Thus  a  surface  of  the  second  order  which  passes  through  eight  points  of  the  curve 
of  intersection  of  two  surfaces  of  the  second  order  passes  through  this  curve ;  and  any 
surface  of  the  second  order  which  passes  through  seven  of  the  points  of  intersection 
of  three  surfaces  of  the  second  order  passes  through  the  eighth  point.  (The  first 
theorem  obviously  fails  if  the  eight  points  have  the  relation  in  question,  i.e.  if  they 
are  the  eight  points  of  intersection  of  three  surfaces  of  the  second  order.) 

Again — "The   curve   of  the   r"'    order   which    passes    through    [r,  6]  —  [r:m,  n  :  6]    of 

the  points  of  intersection  of  two  curves   of  the  orders  mn,  passes  through   the  remaining 

points   of  intersection."     e.g.    "Any  curve  of  the  third  order  which  passes  through  eight 

^    of  the  points  of   intersection   of   two   curves    of    the    third    order,   passes    also    through 

■the  ninth  point." 
Consider  next   the  following  question,  which   [as  regards   particular  cases]  has  been 
treated   of  by   Jacobi  in   the   memoir   already   quoted  (Crelle,    tom.    xv.).     "To   find   the 
number  of  relations   which   must    exist  between   K(6  +  l)   variables,  forming  K  systems, 
j  each    of  which   satisfies   simultaneously   equations   of  the    orders   m,   n,  p...    respectively ; 

the  number   0    of  these  equations  being  anything  less   than    6;   or   ^   being  equal  to  6, 
\         provided  at  the   same   time   K=mnp  ...." 

Suppose  m  <i;i  n,  w  -4;  j9...  and  write 

[m,  0]  —  [m  :  m,  n,  p  ...  :  6}  =  N , 

[n,  e]-{n  :«,  p  ■.e]=N', 

&c. 

Imagine  the  equations  of  the  orders  n,  p...  given.  Any  function  of  the  w""  order 
which  is  satisfied  by  N"  of  the  systems  of  values  which  satisfy  the  given  equations, 
and  any  particular  equation  of  the  m"'  order,  is  satisfied  by  the  remaining  K  —  N 
systems  of  values.  Hence  assuming  N  systems,  satisfying  the  equations  of  the  orders 
n,  p  ...  but  otherwise  arbitrary,  the  remaining  systems  must  satisfy  these  equations, 
and  a  completely  determinate  equation  of  the  m"'  order;  i.e.  there  must  be  0  rela- 
tions between  the  variables  of  each  system,  and  consequently  (/>  {K  —  iV)  relations  in 
all.  Similarly,  if  the  equations  of  the  orders  p  ...  were  given,  N'  systems  of  variables 
might  be  aasumed  satisfying  these  equations,  but  otherwise  arbitrary ;  the  remaining 
N  —  N'  systems  satisfy  (<^  —  1)  determinate  equations,  or  the  number  of  relations 
between  the  variables  is  {<^  —  \){N  —  N')...;  continuing  in  the  same  manner  the  total 
number  of  relations  between   the   variables   is 

</)  (A- -  iVT) -t- (,^  -  1)  (A^  -  A^')  +  (<^  -  2)  (iV'' -  iV") -I- . . . 

in  which   however  any   term   (<^  — 1)  (A'  — A'^')  or   {^  —  2)[N—N')...  &c.,   which   becomes 
negative,  must   he   omitted.     It   is   obvious   that   we   may  write   more   simply 

N  =[m,  e]-l-[m;  n,  p. ..6}  , 

N':=[n,   ^]-l-(w  ;  p. ..6]  ,  &c. 
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In  particular,  to  find  the  relations  which  must  exist  between  the  coordinates  of  mn 
points  in  order  that  they  may  be  the  points  of  intersection  of  two  curves  of  the 
orders  m,  n  respectively:  here  ir=  mn,  iV=  J  [m  + 2]'-^  [m-n +  2]'=  ^  (2nin-n'  +  3»), 
JV^' =  ^  (n' +  3n  +  2),  so  that  N—N'  =  m{m  —  n)  —  l  which  becomes  negative  when  m  =  n; 
hence  in  general  the  required  number  of  conditions  is  mn—2n  +  l,  but  when  m  =  n, 
the   number  in  question  becomes   (n  —  1)  (n  —  2). 

Passing  to  the  case  of  surfaces;  to  determine  the  number  of  relations  which  must 
exist  between  the  coordinates  of  mnp  points,  in  order  that  they  may  be  the  points 
of  intersection   of  surfaces   of  the   orders  m,  n,  p  respectively.     The   number  required  is 

3  {mnp -N)  +  2(N-N')  +  {N'- N"), 

where 

N  =  [m,  3]  -  1  -  [m - n,  3]  -  [m -p,  3]  +  [7/1  -n-p,  3] 

(this  last  term  to  be  omitted  when  m  <  n  +p  —  3), 

N'  =[«,  2,}-! -[n-p,  3], 

N"  =  {p,2,-\-\. 

If,  for  instance,  m>n+p—2,  so  as  to  retain  the  term  \in  —  n—p,  3],  and  n>p, 
so  as  to  retain  the  terra  N'  —  N",  the  number  becomes,  after  all  reductions, 

2mnp  +  np--4'np-  2p^  -  ^(p-l){p-2){p-  3), 

a  formula  given  by  Jacobi.  If,  however,  n  =  p,  this  number  must  be  augmented  by 
unity.     Again,  for  ?*i  <  »  +p  —  3,  the  required  number  is 

2m7ip  +  np'  -  4np  -2p'-^(p-  1)  (p  -2)(p-  3) 

—  J  (n  +p  —  m  —  1)  {n+p  —  m—2)(n  +p  —  711  —  3), 

which  however  must  be  augmented  by  imity  if  m=n  or  n=p,  and  by  3  H  m  =  n=p. 
But  without  entering  into  further  details  about  this  part  of  the  subject,  which  has  been 
sufficiently  illustrated  by  the  examples  that  have  been  given,  I  pass  on  to  notice  the 
application  of  the  above  theory  to  the  problem  of  elimination.  Imagine  (^+1)  equations 
between  the  (^+1)  variables,  the  first  sides  of  these  being,  as  before,  rational  and 
integral  homogeneous  functions  of  the  variables  of  the  orders  m,  n,  p  ...  respectively. 
Writing  m  +  n+p  ...  —  6  =  r,  and  multiplying  the  first  equation  by  all  the  terms  of  the 
form  x'y^...  of  the  degree  r  —  ni,  the  second  equation  by  all  the  terms  of  the  same  form, 
of  the  degree  r  —  n,  and  so  on,  there  result  a  certain  number  of  equations,  containing 
all  the  terms  a^y^. . .  of  the  degree  r.  But  these  equations  are  not  independent ;  and 
the  reasoning  in  the  former  part  of  the  present  paper  shows  that  the  number  of  inde- 
pendent equations  is  given  by  the  symbol  {r  :  m,  n,  p...  :  0};  the  number  of  terms  xf^... 
is  evidently  [r,  0] ;   and  it  will  be  shown  immediately  that  for  the  actual  value  of  r, 

[r,  0]-[r;  m,  n,p...:0]=O  (B) ; 

80  that  the  number  of  quantities  to  be  linearly  eliminated  is  precisely  equal  to  the 
number  of  equations,  or   the   elimination   is   always  possible.     I   may  mention  also   thi 
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supposing  the  coefficients  of  all  the  equations  to  be  of  the  order  unity,  the  order  of  the 
result,  free  from  extraneous  factors,  may  be  shown  to  be 

[r-m,  e]  +  ...-2{[r-m-n,  0]  + ...} +3{[r-m-n-p,  ^]  +  ...J-&c. 

=  mn. . .  +  mp. . .  +  wp . . .  +  &c (C), 

(the  equality  of  which  will  be  presently  proved)  a  result  which  agrees  with  that  deduced 
from  the  theory  of  symmetrical  functions;  but  I  am  not  in  possession  of  any  mode  of 
directly  obtaining  the  final  result  in  this  its  most  simplified  form.  My  method,  which 
it  is  not  necessary  to  explain  here  more  particularly,  leads  me  to  the  formation  of  a  set 
of  functions 

P,  Q,  X,  Y,  Z, 

6  in  number,  such  that  Z  divides  F,  this  quotient  divides  X,  and  so  on  until  we  have 
a  certain  quotient  which  divides  P,  and  this  quotient  equated  to  zero  is  the  result  of 
the  elimination  freed  from  extraneous  factors.  It  only  remains  to  demonstrate  the 
formulae  (A),  (B),  and  (C).  Suppose  in  general  that  {k)  denotes  the  sum  of  all  the 
terms  of  the  form  wi^w*...,  which  can  be  formed  with  a  given  combination  of  k  letters 
out  of  the  ^  letters  m,  n,  p  ...;  and  let  2  {k)  denote  the  sum  of  all  the  series  {k) 
obtained  by  taking  all  the  possible  diiferent  combinations  of  k  letters.  It  is  evident 
that  S  {k)  is  a  multiple  of  (^),  {(^)  denoting  of  course  the  sum  of  all  the  terms 
m"?!*...,  m,  n...  being  any  letters  whatever  out  of  the  series  m,  n,  p...].  Let  g  be  the 
number  of  exponents  a,  b,  ... ,  then  (<f>)  contains  [^]»  terms,  also  (k)  contains  [k}'  terms, 
and  the  number  of  terms  such  as  {k)  in  the  sum  2  (k)  is  [0]*~*  -^  [^  -  A;]*~*.  Hence 
evidently 

or,  what  comes  to  the  same  thing. 

Let  A   be   an   indeterminate   coefficient,   a  a  summatory   sign   referring   to   different 
systems  of  exponents ;   then 

X<rA(<t>-k)  =  a^^^A{4>l 

or,  giving  to  k  the  values  1,  2  ...  <^,  multiplying  each  equation  by  an  arbitrary  coeffi- 
cient, and  adding,  putting  also  for  shortness  aA  {(f)  —  k)  =  U^-k,  we  have 

a^U^  +  a^-^tU^i  +  . . .  =  o-  (or*  +  «*_,  ^fi  +  . .  ]  ^  ((/>) ; 
whence  in  particular, 

XU^,-2lU^+...=a  ((</.  -  g)  0*-^-'^  m, 
C.  34 
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which  are  still  equations  of  considerable  generality.  If  now  <f>  =  0  and  Ug  is  a  function 
of  m  +  n+p+  ...  of  the  order  6,  the  quantity  <r  {0*"'' A  {6}}  reduces  itself  to  the  single 
term  of  Ut  which  contains  the  product  mnp —     Hence,  if 

Ug  =  [a  +  7n  +  n+p  ...,  0] 

in  which  afterwards  a  =  r  -m  —  n—p—  ...  we  have  the  formula  (A).  Again,  if  <f>  =  6+l, 
and  Ut+i  is  a  function  of  m  +  n+p  ...  of  the  order  6,  the  sum  a-  {0*t'-f  ^1  (<^)}  vanishes; 
whence  writing  Ue^.i  =  [m  +  n+p ...  -0,  0],  we  have  the  formula  (B).  Similarly,  if  in  the 
second  formula  <f>  =  0+l,  and   f/j+j  is  a  function  of  m  + «+;>...  of  the  degree  0,  then 

a{(0+l-g)O'-^A(0+l)}. 

reduces  itself  to  the  term  which  contains  mn  ...  +np  ...  +  mp  ...  +  &c. ;    whence,  if 

Ue+,  =  [m+,i+p+  ...-0,  0], 

we  have  the  formula  (C). 
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41. 

H  ON  CERTAIN    FORMULA  FOR   DIFFERENTIATION  WITH  APPLI- 
H       CATIONS  TO  THE  EVALUATION  OF  DEFINITE  INTEGRALS. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  122 — 128.] 


In  attempting  to  investigate  a  formula  in  the  theory  of  multiple  definite  integrals 
(which  will  be  noticed  in  the  sequel),  I  was  led  to  the  question  of  determining  the 
(i  +  l)"'  differential  coefficient  of  the  2i"'  power  of  'J{x -{-X)  — \/(x  + fi);  the  only  wa}' 
that  occurred  for  effecting  this  was  to  find  the  successive  differential  coefficients  of 
this  quantity,   which   may   be   effected  as   follows.     Assume 

Uk.i  =  {(«  +  \){x  +  ^))J*  y{x  +  \)  -  V(«  +  ii)\-\ 
then 

J^d^jj     _,r.     2x  +  \  +  fi i 

Ut,i  dx  ^*-''      *    {x  +  X)(x  +  ii)      >J[{x  +  \){x  +  fl)} 


=  JAr 


\sj{x  +  X)  +  V(a;  +  n)Y  -  2v/j(a;  +  \)  (a;  +  /t)} 


{x  +  X){x  +  fi.)  >J{{x  +  X){x+fi)] 


^  y{x  +  X)  -  V(«  +  iJi-)Y  (^  +  'x){x  +  /jl)    V((a;  +  x)(x  +  m))  ' 


or,  attending  to  the  signification  of  1/*,-, 


^  f/'t.i  =  p (X  -  fif  Ut-.,i-^  -{k  +  i)  Ut-,,i. 


Hence  -  -  -j-  f/o  j  =  U-i  ,• 

I  ax     ' 


&c. 

34—2 
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from  which  the  law  is  easily  seen  to  be  of  the  form 

(where  the  extreme  values  of  6  are  0  and  (r  - 1)  respectively)  and  Krj  is  determined  by 
^r+i..+.  =  (r-i-m  KrM^  +  ii - 3r  +  2  +  26) K^,,. 


This  equation  is  satisfied  by 

T{r-i^-e)T{2r-\-0)T{i-r  +  e  +  \) 
T'^r(^+l)r(2r-l-2(9)r(t-r+l)    ' 


Kr.i  =  ■ 


for  in  the  first  place  this  gives 

,       ^      La^Jr  (r-l-jg)  r(r-§-g)  r(2r-2  -  g)  r(t -r  +  (^  +  2) 

^  (r-l-iitf)tir,B+,-j,^Y{d+2)  r(2r-3-2^)r(i-r+l) 

T(r-\-e)V{1r-l-6)V{i-r+e  +  2) 
and  hence  the  second  side  of  the  equation  reduces  itself  to 

where  the  quantity  within  brackets  reduces  itself  to  (t  —  r)  (2r  —  1  —  ^),  so  that  the  above 
value  reduces  itself  to  /Tr+i.e+i.  which  verifies  the  equation  in  question.  Also  by  com- 
paring the  first  few  terms,  it  is  immediately  seen  that  the  above  is  the  correct  value 
of  Kr,e>  so  that 

~T  [di)  ^"-^ - ^'  r(i)r(0+l)r(2r-l-^)r(i-r  +  l)  ^^     f"^  t/_,+,+e. ._,+«+.  ...(I). 

6  extending  as  before  from  0  to   (r— 1).     In  particular  if  i  be  integer  and  r  =  i+l, 

(since  the  factor  r(i—r  +  d  +  l)^T(i  —  r  +  l)  vanishes  except  for  8  =  0  on  account  of 
r(i  — r-|-l)=  3o).     Thus  also,  if  r  be  greater  than  {i+l),=i+l  +  s  suppose,  then 


_     r(i+8+i-e)T(2i+2s+i-e)r(d-s)  ,,  . 


i 
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where  6  extends  only  from  ^  =  0  to  Q  =  s,  on  account  of  the  factor  F  (^  —  s)  4-  F  (—  s), 
which  vanishes  for  greater  values  of  ^:  a  rather  better  form  is  obtained  by  replacing 
this  factor  by 

,     y       r(l+5) 

^   '  F(l  +  s-6i)' 

The   above   formulae   have   been  deduced   on   the   supposition  of  i  being  an  integer; 
Assuming  that  they  hold  generally,  the  equation  (2)  gives,  by  writing  (t  —  ^)   for  i, 

<■—¥+* /rfN'+i  Vi  1 


%x  integrating  (i  + 1)  times  by  means  of  the  formula 

/;.M/,rf,.r(i+^(/_,,yv  .=0; 

this  gives 

r          <^dx         ^  F^F(t-i)           1  ,.. , 

],   {{x^X)(x  +  ii)Y  Vi        (V>.  +  V/t)^-' ^  '' 

whence  also 

r          x^-^dx           _F^F(z  +  i)             1 
J,(a;  +  \)»+'(a;  +  /iy         F(i+1)     (VX  +  Vm)"V>. ^'' 

and  from  these,  by  simple  transformations, 

p (g - ^)'W  (a; - ^)'-i dxJ^\V{i^\)    {a-^y 
jp   \(a-x)  +  m{x-^)Y  r(i+l)     (Vm  +  1)»' ^  ^' 

f  •  (g  -  xy-i  (x  -  ^y-i  dx^r^Tji-^)    (g  -  /8)^-'  ,„. 

jp    {(g-a;)  +  m(a;-/3))'  Fi  (V»i+1)^-'   ^  '^^ 

These  last  two  formulae  are  connected  also  by  the  following  general  property: 

"If  (a  b  i)_[^i^-^r-H^-0r'dx 

then  (a,  6,  {)  =  j^y-^^^^-r-^  (a- ^^^  (a  +  b-i,  i,  ^)" (8), 

which  I  have  proved  by  means  of  a  multiple^  integral.     From  (6)  we  may  obtain  for  7<  1, 

j_,(l-27«  +  77'  F(i+1)        ^  ^' 

'  This  is  immediately  transformed  into 

r"     x*-^dx      _rir(i-i)  1  ■ 

Jo  {ax'  +  6z  +  c)'~  rt  {6  +  2V(ac)}*~*' 

which  is  a  particular  case  of  a  formula  which  w01  be  demonstrated  in  a  subsequent  paper.     [I  am  not  sure  to 
what  this  refers.] 

'  [The  triple  integral   ||  |«'-1  x"-! /"^  e"'"""^*"**""*"*  <'x<*2/*'-] 
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which  however  is  only  a  particular  case  of 

which  supposes  7  and  -  each  less  than  unity.    This  formula  was   obtained  in  the  case  ot 

(i  +  J)  an  integer,  from  a  theorem,  Leg.  Cal.  Int.,  tom.  11.  p.  258,  but  there  iis  no  doubt 
that  it  is  generally  true. 

From  (9),  by  writing  x  =  cos  6,  we  have 

J,  {l-2ycosd  +  'f)(         r(i+l)       '■^^''• 

which  may  also  be  demonstrated  by  the  common  equation  in  the-  theory  of  elliptic 
hinctions  sin  (<^  -  5)  =  7  sin  ^,  as  was  pointed  out  to  me  by  Mr  [Sii-  W.]  Thomson.  It 
may  be  compared  with  the  following  formula  of  Jacobi's,  Grelle,  tom.  xv.  [1836]  p.  7, 

f'        sin^-'gdg        ^        1            f'     cos  {i-^)ed0 
j,  (1- 27 cos  ^  +  7')'     r(i  +  J)     Jo  V(l-27Cos6'  +  7^j    ^^^'■ 

Consider  the  multiple  integral 

the  number  of  variables  being  (2i  + 1)  (not  necessarily  odd),  and  the  equation  of  the 
limits   being 

x'  +  y'...  =  ^; 

then,  as  will  presently  be  shown,   W  may  be  expanded  in  the  form 

where  A  =  a'  +  b-  + and  \  extends  from  0  to  x  .     Suppose  next 

V=[ dxdy... 

J  {{x-a)K..+u^Y{ar'  +  ...  v»)«+'  ^     '  ■ 

the  number  of  variables  as  before,  and  the  limits  for  each  variable  being  —  « ,  x .  We 
have  immediately 

Jo  (^+^y+'  d^""^' 

W  as  before,  i.e. 


""  2"  r  (\  + 1)  r  (i  +  \  +  i)  \du)  j  „  (f + u'Y  (^  +  rf^r^ ' 
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But  writing  u-,  if  for  X,  fi   in   the   formula  (5)   (u   and  v  being  supposed  positive),  the 
integral  in  this  formula  is 

V7rr(z  +  |)         1 
r  (i  +1)     v{u  +  vy' ' 
hence,  after  a  slight  reduction, 

y^       7r'+'       ^  H^r(t  +  \  +  l)  A^ 


,2U' 


vr{i  +  i)    r{i+i)r{\+i){{u  +  vy 

•7r'+*  1 

""'  ^^'^""y  ^=  i>TT)  .{(u  +  .)'  +  ^}'-  (1^)' 

a  remarkable  formula,  the  discovery  of  which  is  due  to  Mr  Thomson.  It  only  remains 
to  prove  the  formula  for  W.  Out  of  the  variety  of  ways  in  which  this  may  be  accom- 
plished, the  following  is  a  tolerably  simple  one.  In  the  first  place,  by  a  linear  trans- 
formation corresponding  to  that  between  two  sets  of  rectangular  axes,  we  have 


^^forma 

^Hor  expanding  in   powers   of  A ,  and  putting  for  shortness  R  =  af  +y^ ...+io',   the   general 
^Hterm  of  W  is 


W-  f  dxdy... 

}  {(x-^Ay  +  y'...  +  u'Y' 


(-y-^'Trr^^rh^y^^h'^'-'-''^''^--- 


the  limits  being  as  before  af  +  y'+...=^.  To  effect  the  integrations,  write  V? V*'. 
VfVy.  &c.  for  X,  y  ...  so  that  the  equation  of  the  limits  becomes  w  +  y  +  ...  =  I. 
Also  restricting  the  integral  to  positive  values,  we  must  multiply  it  by  2^+' :  the 
integral   thus  becomes 

f '+'+l  jx'-i y~^  ...\H^  +  y  ■••)  +  M''!"'"^"' dxdy  ... 
!_ equivalent  to 

t,+,+i  ^j^  +  i)"^'  f '  ^<+.-i  (^^  +  M=)-.-^-<r  de  ; 

1  (l+ff+i)  Jo 

h  e.  to  r(o-  +  i)7r'    r     .^^j  ,^     Mn-.-A-.r  d^. 

Hence,  after  a  slight  reduction,  the  general  term  of  W  is 

W<->"'^'r(..i)r'/i:'t;i^(.>.^i)/.f"-'«^-">-'-'-'^?' 

where  cr  may  be  considered  as  extending  from  0  to  \  inclusively,  and  then  X  from 
0  to  » .     But  by  a  formula  easily  proved 
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where  a  extends  from  0  to  \.     Hence,  substituting  and  prefixing  the  summatory  sign, 

where  X  extends  from  0  to  oo,  the  formula  required. 

[I  annex  the  following  Note  added  in   MS.   in  my  copy  of   the   Journal,   and   referring   to    the   formnla, 
ante  p.  267;  o  is  written  to  denote  X-m- 

N.B. It  would  be  worth  while  to  find  the  general  differential  coefEcient  of  V^  ^. 

^xf^i.<=  -<*  +  *)  ^i-l.i+i*«'^t-2,*-l' 
from  which  it  is  easy  to  see  that 

+  {-)'""    -^^r.fl"      ^i-r-«,t-» 


K.  .  a-"-  U, 


k-'2r,  t-r* 


The  general  term  of  3Jj**  U/^  ^  is 


which  mast  be  equal  to 

therefore 
In  particular 


[-{k  +  i-2e-2-r)U^_^_g_2-_g_^], 


■^r+l.S+l"' 


29+2  1 


-'k-r-e-i.i-e-V 


K. 


r+l,9+l  =  (*  +  '-''-2»-2)^r.9+l  +  i(*-'"-*)^r,«- 


ir,.+l,0      -(k  +  i-r)      K^^^  =  0, 

^r+1,1      -{''  +  i-r-2)K^.^  =  Hk-r)K,.„, 


K. 


■(hk-r) 


A'      =0, 


whence 


r+l,r+l 
AV,i  =kr{k^  +  (i-r)k-i(r-l)i}[k  +  i-2Y-\ 


which  appears  to  indicate  a  complicated  general  law. 

Even  the  verification  of  K^  ^  is  long,  thus  the  equation  becomes 

7+l[ft  +  i-2]'-»{k2+(j_r-l)t-Jri}-(i  +  i-r-2)r{it'+(i-r)*:-J(r-l)i[[i-  +  t-2]'-2  =  (<-r)[i  +  »f, 
or 

7+1(1  + t-r)  {l^  +  {i-r-l)k-{ri]  -r{k  +  i-r-2)  {fc=  +  (i- r)  fc  -  4  (r- 1)  i}  =  (l- r)  (fc  +  0  (A  +  i  -  1), 

which  is  identical,  as  may  be  most  easily  seen   by  taking  first   the   coefficient  of  k',    and   then   writing  k  =  r 
k=-i,  k=-i-l.] 
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42. 

ON    THE    CAUSTIC    BY    REFLECTION    AT    A    CIRCLE. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  128 — 130.] 

The  following  solution  of  the  problem  is  that  given  by  M.  de  St-Laurent  (Annates 
de  Gergonne,  t.  xvii.  [1826]  pp.  128 — 134) ;  the  process  of  elimination  is  somewhat 
different. 

The  centre  of  the  circle  being  taken  for  the  origin,  let  k  be  its  radius;  a,  b  the 
coordinates  of  the  luminous  point ;  ^,  17  those  of  the  point  at  which  the  reflection  takes 
place;  x,  y  those  of  any  point  in  the  reflected  ray:    we  have  in  the  first  place 

r  +  '?=  =  i^     (1)- 

There  is  no  difficulty  in  finding  the  equation  of  the  reflected  ray';    this  is 

Q>^-av){^x  +  7,y-k')  +  {y^-xri){a^-^b7,-k-')=Q  (2), 

'  To  do  this  in  the  simplest  way,  write 

l!'=(i-xY  +  (r,-y)\    <r'=(f-aP+(,,-6)», 

then,  by  the  condition  of  reflection, 

p  +  (r=niin., 

f,  a  being  considered  as  functions  of  the  variables  |,  1;,  which  are  connected  by  the  equation  (1).    Hence 


or,  eliminating  X, 


P  " 

whence  (,x  -  |y)=  [(|  -  af  +  (>,  -  6)']  =  (r,a  - 16)'  [(f  -  xf  +  (,  -  yf\. 

Thi.s  may  be  written  {(t,*-^!/)  (f-<.)-(i)a-{6)  «-x)}  [(i,x-fj/)(|-o)  +  ()ja-{i)  (|-x)] 

+  { (71  -  fy)  (1  -  6)  -  (';«  - 1»)  (7  -  2/) }  [('?•>' -  f 2/)  (>;  -  »)  +  (la  -  f 6)  (>!  -  2/)]  =  0 ; 
the  factors  in    {  }    reduce  themselves  respectively  to  fP  and  i)P,   where  P=^(i-2/)-ij  (a-s) +a^-6a: ;  omitting 
the   factor   P,   (which  equated   to   zero,    is   the   equation   of  the  line   through   (a,  h)   and   (J,  77),)   and  replacing 
{  (f-a)  +  7;{7)-i)  and  f  (|-a;)  +  i;(i)-y)  by  k^-a^-brj  and   k^-^x-riy,  respectively,  we  have  the  equation  given 
above. 

C.  35 
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or,  arranging  the  terms  in  a  more  convenient  order, 

(6a:  +  ay)  (f»  -  ij')  +  2  (6y  -  oo;)  ^;  -  ^•»  (6 +  y)f  +  A:' (a  +  a;)  77  =  0 (2'). 

Hence,  considering  f  17  as  indeterminate  parameters  connected  by  the  equation  (1),  the 
locus  of  the  curve  generated  by  the  continued  intersections  of  the  lines  (2)  will  be  found 
by  eliminating  f,  t),  \  from  these  equations  and  the  system 

f[\  +  2(6a;  +  ay)]  +  77[2(6y-ax)]-i-»(6  +  y)  =  0 (3), 

f  [2(6y-aa;)]+7;[\-2(6a;  +  ay)]  +  Ar'(a  +  a;)  =  0 (4), 

and  from  these,  multiplying  by  ^,  17,  adding  and  reducing  by  (2),  we  have 

- f  (^ +  2/) +'?(«  +  «) -^^  =  0 (5), 

which  replaces  the  equation  (2)  or  (2').  Thus  the  equations  from  which  f,  rj,  \  are  to 
be  eliminated  are  (1),  (3),  (4),  (5). 

From  (3),  (4),  (5),  by  the  elimination  of  ^,  r),  we  have 

-  X  {V  -  4  (bx  +  ayf]  -  'it  (by  -aa;)(a  +  x)  (b  +  y) 
-  k'  (a  +  xf  [X  +  2  {bx  +  ay)] 
-l<?{b  +  yy\X-2{bx  +  ay)] 
+  ^X{by-ajx;'f  =  0  (C), 

or,  reducing, 

-  X' +  X,  {4  (a' +  6»)  (a:^  +  2/»)  -  Ar' [(a  +  a;)^  +  (6  +  J/)^]) 

-WQ>x-ay){a?  +  y^-a?-h')  =  (i    (7); 

which  may  be  represented  by 

-X=  +  XQ-2ii  =  0    (7'). 

Again,    from    the    equations    (4),   (3),    transposing    the    last    terms    and    adding   the 
squares,  also  reducing  by  (1), 

h*  [(a  +  xy  +  (b  +  yY]  =  Ar-X"  +  4i»  («» +  6")  («*  +  y') 

+  ^\[{^'^-rf){bx+ay)  +  ^r,{by-ax)-\   (8); 

but  from  the  same  equations,  multiplying  by  f,  17  and  adding,  also  reducing  by  (1), 

A:^  +  2  (6a;  +  oy)  (f»  - 17^  +  4fi7  (6y  -  aa;) +  i»[-f  (6 +  y)  + 77  (a  +  a;)]  =  0 (9), 

or  reducing  by  (5)  and  dividing  by  two, 

Aj'X  +  (6a;  +  ay)  (^->7')  + 2^1?  (6y-aa:)  =  0 (10). 


I 
I 
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Using  this  to  reduce  (8), 

}<^[(a  +  xy  +  (b  +  yy]  =  i(a'  +  b')(a^  +  f)  +  SX' (11), 

or,  from  the  value  of  P, 

-3\'+Q  =  0    (12), 

which    singularly  enough   is   the    derived    equation   of  (7')  with    respect   to  X:    so  that 

I  the  equation   of  the   curve   is   obtained    by   expressing    that    two    of    the    roots    of    the 
equation  (7')  are   equal.     Multiplying  (12)  by  \  and  reducing  by  (7'), 
-\Q  +  3R  =  0, 
or,  combining  this  with  (12), 
whence,  replacing  R,  Q  by  their  values,  we  find 
27}t*{bx-ayy{x'  +  y^-a'-bJ-{'i(a^  +  h?)(aP  +  f)-}c'[{a  +  xy  +  (b  +  yy]\'  =  0, 
the  equation  of  M.  de  St-Laurent. 
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43. 


ON    THE    DIFFERENTIAL    EQUATIONS    WHICH    OCCUR  IN 
X  DYNAMICAL    PROBLEMS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  il.  (1847),  pp.  210 — 219.] 

Jacobi,  in  a  very  elaborate  memoir,  "  Theoria  novi  multiplicatoris  systemati  aequa- 
tionum  differentialium  vulgarium  applicandi"('),  has  demonstrated  a  remarkable  property 
of  an  extensive  class  of  differential  equations,  namely,  that  when  all  the  integrals  of 
the  system  except  a  single  one  are  known,  the  remaining  integral  can  always  be  deter- 
mined by  a  quadrature.  Included  in  the  class  in  question  are,  as  Jacobi  proceeds  to 
.show,  the  differential  equations  corresponding  to  any  dynamical  problem  in  which 
neither  the  forces  nor  the  equations  of  condition  involve  the  velocities;  i.e.  in  all 
ordinary  dynamical  problems,  when  all  the  integrals  but  one  are  known,  the  remaining 
integral  can  be  determined  by  quadratures.  In  the  case  where  the  forces  and  equations 
of  condition  are  likewise  independent  of  the  time,  it  is  immediately  seen  that  the 
system  may  be  transformed  into  a  system  in  which  the  number  of  equations  is  less 
by  unity  than  in  the  original  one,  and  which  does  not  involve  the  time,  which  may 
afterwards  be  determined  by  a  quadrature'';  and,  Jacobi's  theorem  applying  to  this  new 
system,  he  arrives  at  the  proposition  "  In  any  dynamical  problem  where  the  forces 
and  equations  of  condition  contain  only  the  coordinates  of  the  different  points  of  the 
system,  when  all  the  integrals  but  two  are  determined,  the  remaining  integrals  may 
be  found  by  quadratures  only."  In  the  following  paper,  which  contains  the  demonstra- 
tions of  these  propositions,  the  analysis  employed  by  Jacobi  has  been  considerably 
varied  in  the  details,  but  the  leading  features  of  it  are  preserved. 

'  CrelU,  t.  xxvn.  [1844],  pp.  199—268  and  t.  xxix.  [1845],   pp.   213—279   and  333—376.     Compare   also   the 
memoir  in  LiouviUe,  t.  x.  [1845],  pp.  337 — 346. 

'  For,  representing  the  velocities  by  x',  y'  ...  the  dynamical  system  takes  the  form 
dt  :  dx  :  dy  ...  :  dx'  :  dy'  ...  =1  :  x'  :  y'  ...  :  X  :  Y  ...  , 
and  the  gystem  in  question  is  simply  dx  :  dy  ...  :  dx'  :  dy'  ...  =  x'  :  y'  ...  :  X  :  Y  ...  . 
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§  1.  Let  the  variables  x,  y,  z,  ...  &c.  be  connected  with  the  variables  u,  v,  w,  ... 
by  the  same  number  of  equations,  so  that  the  variables  of  each  set  may  be  considered 
as  functions  of  those  of  the  other  set.     And  assume 

dx  dy  ...  =V  dudv  ...  ; 

if  from  the  functions  which  equated  to  zero  express  the  relations  between  the  two 
sets  of  variables  we  form  two  determinants,  the  former  with  the  differential  coefficients 
of  these  functions  with  respect  to  u,  v,  ...  and  the  latter  with  the  differential  coeffi- 
cients of  the  same  functions  with  respect  to  x,  y,  ...  the  quotient  with  its  sign  changed 
obtained  by  dividing  the  first  of  these  determinants  by  the  second  is,  as  is  well  known, 
the  value  of  the  function  V. 


Putting  for  shortness 
dx 


du 
du 


dy 
du 


=  /8, 


dx 
dv 


1=^. 


&c. 


-A    ^^-n 


'^=A'   —=B' 
dx         '  dy         ' '" 


^Bv  is  the  reciprocal  of  the  determinant  formed  with  A,  B, ...;  A',  B',  ...  ,  &c.;  or  it  is  the 
^■determinant  formed  with  a,  /8,  ...a',  /8', ...,  &c. 

^V         From  the  first  of  these  forms,  i.e.  considering  V  as  a  function  of  ^,  B, ... 


dA  '     dB  '^'■■■ 


dA'  •    dB'  '^'■■ 


where  the  quantities  a,  /S,  ...  a',  /S', ...  and  A,  B,...A',  B',...  may  be  interchanged  pro- 
vided -  V  be  substituted  for  V.  (Demonstrations  of  these  formulae  or  of  some  equivalent 
to  them  will  be  found  in  Jacobi's  memoir  "De  determinantibus  functionalibus,"  Crelle, 
t.  xxil.  [(1841)  pp.  319—359].) 


Hence 


^dV  +  adA+pdB^  ...  ^a'dA'  +  ^'dE  +  ...=0, 


or  reducing  by 

dA     dB 

dy      dx  ' 

.     dA'_dB'        ^^ 
^      dy       dx  ' 

this  becomes 

1   ,„  ,      (dA    ,       dB  J 
^dV  +  a    -J-  dx  +  -}-  dy  +  . 
V               \dx           dx    ^ 

\       _  /dA  J       dB   , 
■■)^^[dy^'''^dy^y^- 

■)■■■' 

,      Id  A' J       dB'  . 

\      _,  (dA'  .       dB  ,     , 
■■)^ndy^^^dy^y^- 

..)... I 

=  0; 


« 
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or,  reducing,  "i 

fdA  .dA'.       \^    ,  (dB  ,  dB' 


1  „     fdA     dA'         \  ,       (dB     dB'         \  , 


whence  separating  the  differentials  and  replacing  A,  A',  ...;  B,  R,  ...;  hy  their  values 

V  da;      du' dx     dv' dx     '"       ' 

1  dV      d    du      d    dv  _ 

^  dy      du' dy     dv'dy      '"       ' 

(in  which  —V,u,v...;   x,  y  ...  may  be  substituted  for  V,  a;,  y ... ;   u,  v  ...). 
§  2.     Let  X,  F ...  be  any  functions  of  the  variables  x,  y,  ...  and  assume 

rr        .^du    ,    ^du 

ax         ay 

dx  dy  ' 

U,  V,  ...  being  expressed  in  terms  of  w,  v Then 

dU     dV  _  y  /  d    du      d   dv  \      ^  f  d    du      d    dv 

du      dv      '"  \du' dx     dv' dx      '")  \du' dy     dv'dy 

^         (dX  du     dX  dv  \      fdY  du     dY  dv  \ 

\du'dx      dv  ' dx      '")      \du' dy      dv'dy      "') 

^ldU_^dV         ^     _/^dV      Y—+      \      vf~  +  ~ 
\du      dv       '")         \      dx  dy      '")  \dx      dy 


Le. 


Also,  whatever  be  the  value  of  M, 


jjdm         dM^  ^j^dMV      ydJIV 

du  dv        '"  dx  dy         "' ' 

and  from  these  two  properties, 

dMVU     dMVV  ^  ^  fdMX     dMY         \ 

du  dv  '"  ~       \  dx  dy        '")' 

§  3.     Consider  the  system  of  differential  equations 

dx  :  dy  :  dz  ...  =X  :  Y  :  Z  ... 

(where,  for  greater  clearness,  an  additional  letter  z  has  been  introduced).     From  these  we 
deduce  the  equivalent  system 

du  :  dv  :  dw  ...  =  U  :  V  :  W  ...  . 
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Suppose  that  u  and  v  continue  to  represent  arbitrary  functions  of  x,  y,  z,...  but  that  the 
remaining  functions  w,  ...  are  such  as  to  satisfy  TT  =  0,  ...  (so  that  w, ...  may  be 
considered  as  the  constants  introduced  by  obtaining  all  the  integrals  but  one  of  the 
system  of  differential  equations  in  x,  y,  z,  ...),  we  have 

dMVU     dMVV     _  fdMX     dMY    dMZ 


du  dv  \   dx  dy         dz 

Also  the  only  one   of  the  transformed  equations  which  remains  to  be  integrated  is 

du  :  dv=U  :  V,     or  Vdu  -  Udv  =  0, 

(in  which  it  is  supposed  that   U  and  V  are  expressed  by  means  of  the  other  integrals  in 
terms  of  u  and  v). 

Suppose  M  can  be  so  determined .  that 


I 


dMX     dMY    dMZ 

dx         dy         dz       '"        ' 


(M  is  what  Jacobi  terms  the  multiplier  of  the  proposed  system  of  differential  equations) : 
then 


du  dv  ' 


^Bor  jV V  is  the  multiplier  of  Vdu  —  Udv  =  0,  so  that 


I 


Hence  the  theorem : — "  Given  a  multiplier  of  the  system  of  equations 

dx  :  dy  :  dz,  ...  =  X  :  Y  :  Z  ... 

(the  meaning  of  the   term  being  defined  as  above),  then  if  all   the  integrals  but  one   of 
ihis  system  are  known,  the  remaining  integral  depends  upon  a  quadrature." 

Jacobi  proceeds  to  discuss  a  variety  of  different  systems  of  equations  in  which  it 
is  possible  to  determine  the  multiplier  M.  Among  the  most  important  of  these  may 
be  considered  the  system  corresponding  to  the  general  problem  of  Dynamics,  which 
may  be  discussed  under  three  different  forms. 

§  4.     Lagrange's  first  form'. 

Let  the  whole  series  of  coordinates,  each  of  them  multiplied  by  the  square  root 
of  the  corresponding  mass,  be  represented  by  x,  y,  ...  and  in  the  same  way  the  whole 
series  of  forces,  each  of  them  multiplied  by  the  square  root  of  the  corresponding  mass, 
^y  -P'  Q>  ■■■',  then  the  equations  of  motion  are 

df~     '       df~     '■■' 

'  I  have  Blightly  modified  the  form  bo  as  to  avoid  the  introduction  of  the  masses,  and  to  allow  x  (for 
instance)  to  stand  for  any  one  of  the  coordinates  of  any  of  the  points,  instead  of  standing  for  a  coordinate 
parallel  to  a  particular  axis. 


I 
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where 

:  1 

where    0  =  0,  <P  =  0,  ...    are    the    equations   of    condition    connecting    the   variables,  and 
\,  fi,  ...   coefficients  to    be    determined   by  substituting    the    values    of  t— ,  &c.   in    the 

equations    t^  =0,  -tt^  =0,  &c.     It  is  supposed  that  as  well  P,  Q,  ...  as  0,  C>, ...  are  inde- 
pendent  of  the  velocities.  . 

In   order  to   reduce   these   to   an    analogous   form   to   that    previously   employed,   we  j 

Nhave   only   to   write  [ 

dx       ,     dy       , 
which  gives 


di,''^'  dt~y' 


dt  :  dx  :  dy  :  dz  ...  :  dx'  :  dy'  :  dz'  ... 
=  1  :  a;'    :  y'    :  z'   ...  :  X    :   Y     :  Z    ... 

Supposing    that  M  js   independent   of   x',  y',   z',  ...    the   equation    on    which    it   depends 
becomes  immediately 

.„     T,.fdX     dY     dZ         \     ^ 

where  for  shortness 

t      d  ,     ,  d    _     ,  d        ,  d 

^=dt'-''Tx  +  'Jd^  +  'dz+-- 

To  reduce  this  we  must  first  determine  the  values  oi  \,  fi  ...  ,  and  for  this  we  have 

l^-^^-'Txdtr-^-dyi^-  =^'*^- 

i.e.  ^    ^      dx'^^  dT  +  --+«'^  +  '*A'+5"'+   ••=0, 


H 
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where  for  greater  clearness  an  additional  letter  of  the  series  0,  <I> . . .  has  been  introduced, 
and  where 

,       /d^\"     fd^Y 


h=(-®  —     d%  d^\ 
\da;    dx      dy    dy  J 


Hence  differentiating  with  respect  to  x', 


a^dB  ,     d^      ,d/M         dv 
dx        dx'        dx'     ^  dx' 

.d*        d\         d/i,       ,dv 


dx        dx' 


dx' 


dx' 
dv 


5,d^         d\       .da 
y^dx^^d^'+^dx'+'dx'- 


=  0, 
=  0, 

=  0; 


or  representing  by  K  the  determinant  formed  with  the  quantities  a,  h,  g,  ...  h,  b,/,... 
g,  f,  c,  ...  and  by  A,  H,  G,  ...  H,  B,  F,  ...  G,  F,  C,  ...  the  inverse  system  of  coefficients, 
we   have 

„  /  ,  ^  d0      „.  d<E>      „^  d^     \      „  dx      „ 

\       dx  dx  dx      /  dx 


\       dx  dx  dx      I  dx 

2(GB^  +  FS^  +  CS^^...]  +  Kf',  =  0, 

\       dx  dx  dx      J  dx 


whence,  multiplying  by  -7- ,    -j- ,   -j-  ,  ...  and  adding, 


\dxj  \dx)   '"  dx    dx    "  '  ""  dx' 


+  ^S  =  o, 


and,  fonning  the  similar  equations  with  the  remaining  variables  and  adding, 

ABu  +  Bhb  +  Chc  ...+2FBf+2Ghg  +  2mh  +  ...  +  K{^,+^~+^,..yj  =  (): 


I.e. 


»^-^(i^ 


dX     dY    dZ 


^  dy'^  dz'^  ■■ 


0. 
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Thus  the  equation  in  M  reduces  itself  to 

Km  -  MBK  =  0, 

which  is  satisfied  by  M  =  K.  It  may  be  remarked  that  K  reduces  itself  to  the  sum 
of  the  squares  of  the  different  functional  determinants  formed  with  the  differential 
coefficients  of  0,  <I>  ...  with  respect  to  the  different  combinations  of  as  many  variables 
out  of  the   series  x,  y  ... . 

§  5.     Lagrange's  second  form. 

Here  the  equations  of  motion  are  assumed  to  be 

ddT_dX_p^O 

dt  dx'     dx  ' 

ddT_dT_     ^^ 
k  dt  dy'     dy 

d  dT     dT     n  _  (\ 

dt  dz'      dz 


where  2T  represents  the  vis  viva  of  the  system,  x,  y,  z,  ...  are  the  independent  variables 
on  which  the  solution  of  the  problem  depends,  and  x',  y',  /, . . .  their  differential  coeflS- 
cients  with  respect  to  the  time.  It  is  assumed  as  before  P,  Q,  R  ...  do  not  contain 
x',  y',  z',  ...  .  ^ 

Suppose  these  equations  give 

dt  :  dx  :  dy  :  dz  ...  :  dx'  :  dy'  :  dz'  ... 
=  1  :  x'    :  y'    :  z'    ...  :  X    :   Y    :  Z     ...; 

then  the  equation  which  determines  the  multiplier  M  takes  as  before  the  form 

.,,      ^^/dX     dY     dZ  \      ^ 

To  reduce  this  equation,  substituting  for  T  its  value  which  is  of  the  form 
T=l  (aa/^  +  by'^  +  cz'- . . .  +  2fy'z'  +  2gz'x'  +  2hx'y' ...), 

and  putting  for  shortness 

L  =  ax^  +  hy'  +  gz' ... , 
M=}uc'  +  h/  +fz'  ...  , 
N  =  gx'+fy'  +cz'  ... 
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the  equations  which  determine  X,  T,  Z  ...  are 

aX  +  hY+gZ...  i- BL  -^-P  =  0, 

hX  +  bY+fZ...+m-'^-Q=0, 

gX+fY+cZ...  +  8N-^-R  =  0. 
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Hence,  differentiating  with  respect  to  x', 

dX      ,dY       dZ 

''d^  +  ^dx'  +  ^d^'-+^"' 


=  0, 


h'^+b—      f—  Sh      — -^-  =  0 

dx'         dx'     •'  dx' '"  dx      dy 

dX      .dY        dZ  .       dN     dL     ^ 


dx'     •'  dx'        dx' 


dx      dz 


or  representing   by   K  the   determinant  formed  with  a,  h,  g,  ...  h,  h,  f,  ...  g,  f,  c,  ...   and 
hy  A,  H,  G,  ...  H,  B,  F,  ...  G,  F,  C  ...  the  inverse  system  of  coefficients,  we  have 


dL 

dz 


=  0, 


„  dX       .  ^       ^r-,      ^5,  »  TT  /dM  dL\     „  (dN 

and  similarly 

Kg+mh  +  B8b  +  FSf...+H(f-^]+        *        +f(^^-^]...=0 
dy  •'  \dy      dx  j  \dy      dz/ 


jjr  dZ     f,^       „^.     „j  /dL     dN\  ,  „  fdM     dN\ 


dz' 


=  0. 


Hence,  adding, 

K  i^  +  ^^,  +^ ..}\  +  Aha  +BBh  +  Ghc  ...  ^2FZf+2Ghg  +  2Hhh  ...  =  0  ; 

and  thus  we  have  as  before,  though  with  symbols  bearing  an  entirely  dififerent  signification, 

„  [dX     dY     dZ         \      .„     ^ 


and  thence  K8M-MSK  =  i),  and  M  =  K. 
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(The  value  of  K  in  this  section  may  I  think  be  conveniently  termed  "the  deter- 
minant of  the  vis  viva,"  with  respect  to  the  variables  x,  y,  z,  —  It  may  be  remarked 
that  "the  determinant  of  the  vis  viva"  with  respect  to  any  other  system  of  variables 
«,  t',  w,  ...  is  =V-K,  V  as  before.) 

§  6.     Third  form  of  the  equations  of  motion.     [Hamiltonian  form.] 

Here  writing 

dT_^  dT_ 

and  taking  t,  x,  y, . . .  f ,  17,  •  • .  for  the  variables  of  the  problem  [and  considering  jT  to  be 
expressed  as  a  function  of  these  variables:  to  denote  this  change  it  would  have  been 
proper  to  use  instead  of  T  a  new  letter  if]  the  equations  of  motion  reduce  them- 
selves to 


or  putting  for  shortness 


(d^_     dT 
dA~~dx^^' 

dx     dT 

dt     d^  • 

dr,          dT 
dt~      dv'^  ^' 

dy  dT 
dt      dr,  ' 

(p     dT_ 

dT     „ 

they  become 


0-—=Y 
^      dr,      ^' 


dt  :  dx  :  dy  :  dz 
=  1  :  H     :  H    :  fl 


dT 
dr, 


=  H, 


:  d^  :  dr)  :  d^ . . 
:  X    :   Y  :  Z   .. 


Hence  writing  the  equation  in  M  under  the  form 


Sif  +  iff?-f     ??  +  ...+^+    ?  + 


fdB 
\dx 


rfH 

dy 


d? 


drj 

d 


/   ,         r.      d      —  d      ^^  d  -^  d       t-r  d 

where  8  =  t-+Sj--(-H-j-  ...  +  X -j^+Y -r-  -^ 
V  dt         dx  dy  af  dy 


=  0; 


) 


we  see  immediately  that  (P,  Q  ...  being  as  before  independent  of  the  velocities,  and  con- 
sequently of  f,  17,  f,  ...), 

dB^dX^^  dH^dF^Q   ^^ 
dx      d^        '   dy      dr)        '       ' 

Hence  BM=0,  which  is  satisfied  by  if=l. 
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44. 

ON    A    MULTIPLE    INTEGRAL    CONNECTED    WITH    THE 
THEORY    OF    ATTRACTIONS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  219 — 223.] 

Mr  Boole  [iu  the  Memoir  "  On   a   Certain  Multiple  definite   Integral "   Irish   Acad. 
Tran.s.  vol.  XXI.  (1848),  pp.  40 — 150]  has  given  for  the  integral  with  n  variables 

r      <l>{%  +  ^^,  +  ...)dwdy... 

limits  ^^^  +  ^  +  ...-1, 

the  following  formula,  or  one  which  may  readily  be  reduced  to  that  form', 

/^■■■7ri'>    r  Bs-1-^ds 

r(^.+  ?)  J,  VRs +/=)(«  + 5-0 -1  ^'' 

where 

S  =  ^^^f^^\\t-<i-^<^[<y  +  t{\-a)\dt     (3); 

in  which 

a»  6»  M» 

''-pVs'^-fVs-^'s    (^) 

and  t)  is  determined  by 

o'  6°  M^ 

"/"  +  '?     9"'  +  ^'"      v' 

'  See  note  at  the  end  of  thi."*  paper. 
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Suppose  f=g=  ■■•  =  «5  >  also  assume 


*(^)  =  (/>X.  +  t;")»»+«'     ^^^' 


then  the  integral  becomes 


jj_  I dxdy... 

~  j  (ai'  +  f  ...+ii')i^-^^  {(x-ay  +  (y  -b')...  +  vP]i^+9    ^''^' 

the  limits  for  each  variable  being  —  oo  ,  oo . 

Now,  writing  f's  for  s  and  ft}  for  tj,  the  new  value  of  rj  reduces  itself  to  zero,  and 

/-^TT^     r    Sds 

Also  o-  =  0 ;  but 

where  r*  =  a'  +  6°  +  ...  whence  also  putting  -^^  for  t,  <f>{<r  +  t(l—  o-)J  becomes 


i.e. 


if  for  a  moment 


{f"-a-  +  t{l-a)  +  if]i''+'^' 
1 


(t  +  4 )*»+»' ' 


^  =  r-—  +  -+!;=. 
1  +s      s 


Hence 


T(-q)j,(t  +  A)i^+^ 
^Tj^n  +  q  +  q)     p"      , 

or  substituting  in    U,  and  replacing  J.  by  its  value, 

7ri»r(i»+g  +  gO    r 

r  (in + ^)  r  (iTi + 5')  io  .J  ^  .jn  f^  +  !iV ^\*"^'-'' ' 

VI  +  s      s         / 
or,  what  comes  to  the  same. 


s-9-^  ds 


where 


J  =  m"  +  ?>-  +  rl 
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The  only  practicable  ease  is  that  of  q'  =  —  q,  for  which 

r{i7i  +  q)r(^n-q)J,  (t;V +>  +  «=)*"  ^  ^• 

Consider  the  more  general  expression 

e=[s-,-^^(^:^±f±J^),S  (9); 

by  writing  2u>s/s  =  V(«'  +  4tuv)  ±  \/s', 

the  upper  sign  from  s  =  oc    to  s  =  - ,  and  the  lower  one  from  s  =  -  to  s  =  0,  it  is  easy  to 
derive 

^,^,.,,|»M£±i=)±^^±l*pi=Vd^,(,,,,,.,^  (.0). 

Now,  by  a  formula  which  will  presently  be  demonstrated, 

=  p    .  _    ,  e-^  I     s-i-9(s  +  4Mi;)-i-9e-*'ds  (11); 

whence 

f "  {V(g  +  4ity)  +  Vs}-^  +  {VCs  +  4m^)  -  s/s\-^i  p 
Jo  \/sV(s  +  4mw) 

=  r^/>-*-'(^+4«.rH'(-|rV-^^  (12). 

Thus,  by  merely  changing  the  function, 

®  =    r(^-^)'  I,  *"*"*  (*  +  4m^)-»-«  (  -  £)     </>  («  +  j  +  ^uv)  ds     (13)  ; 

and  hence  in  the  particular  case  in  question 

U=i^ VtTTi X        s-i-Us+4>uv)-!'-i(s+j  +  2uv)-i''+ids    (14), 

by  means  of  the  formula 

But  as  there  may  be   some   doubt  about   this   formula,  which   is   not  exactly  equivalent 
either  to  Liouville's   or  Peacock's   expression   for  the  general   differential  coefficient   of  a 
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power,  it  is  worth  while  to  remark  that,  by  first  transforming  the  ^n*  power  into  an 
exponential,  and  then  reducing  as  above  (thus  avoiding  the  general  differentiation),  we 
should  have  obtained 

r(^-q)T{in  +  q)r(^-q)  Jo        Jo 

which  reduces  itself  to  the  equation  (14)  by  simply  performing  the  integration  with 
respect  to  6;  thus  establishing  the  formula  beyond  doubt'.  The  integral  may  evidently 
be  effected  in  finite  terms  when  either  5  or  5  —  ^  is  integral.  Thus  for  instance  in  the 
simplest  case  of  all,  or  when  q  =  —  ^, 

vTi  (n  +  1)  (j  +  2m»)*  i»-"     J  -„(«»  +  y* ...+  «»)*  <»+"  {{x  -ay+...  m'}»  '"-«  ' 
a  formula  of  which  several  demonstrations  have  already  been  given  in  the  Journal.  f  j 

The  following  is  a   demonstration,  though   an   indirect   one,  of  the   formula  (11):   in 
the  first  place  j 

r  Wis  +  4mi>)  +  ^fs}-'i  +  Wis  +  iuv)  -  ^s}-"-i  ^_^  ^^ 
Jo  VsV(s  +  4Mt;) 

=  ^^^^t~/f  vf""  r  (*'*'«'  +  ^)'~*  ^"^^'^    (16). 

\/'ir{*uvp        Jo 

(where  as  usual  i  =  >/  —1):   to  prove  this,  we  have 

I      (4uV  +  a?=)«-ie***da;  =  =r— ^   .    f     dx  j   dtt-^-i  e-'^*«^'^+'^>+"' 

=      ^^       r dt  t-'-i  e-^""^-'^  ■ 

r(i-?)i„ 

or,  putting  iuv  \/t  =  \/(s  +  47(v)  +  \/s  (which  is  a  transformation  already  employed  in  the 
present  paper),  the  formula  required  follows  immediatel}'. 

Now,   by   a   formula   due   to   M.    Catalan,   but   first   rigorously   demonstrated   by    M. 
Serret, 

(Lioimlle,  t.  viii.  [1843]  p.  1),  and  by  a  slight  modification  in  the  form  of  this  equation 
(4mV  +  x-^yi-i  e'^^  dx  =  ^       ,  A      \        s-'i'i  (s  +  iuv)-9-i  e-^  ds, 

which,  compared  with  (16),  gives  the  required  equation. 

'  A  paper   by  M.   Schlomilch   "Note  sur  la  variation  des   constantes    arbitraires    d'une    Integrale    dcfiuie," 
Crelle,  t.  xxiuii.  [1846],  pp.  268 — 280,  will  be  found  to  contain  formuUe  analogous  to  some  of  the  preceding  ones. 


•i 
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S  =  -  j    d(x  j     dvifl  COS  [(a  —  <r)  z)  +  ^  ^■Tr]  <f>a, 


I        Note. — One   of  the   intermediate   formulae   of  Mr  Boole    [in  the  Memoir  referred  to] 
may  be  written  as  follows : 
or  w 
of  tl 


or  what   comes   to   the    same    thing,  putting   t=\/  — 1..  and  rejecting    the    impossible   part 
of  the  integral, 


S  =  -  fii?"'  I    da  I     dvifle^ '«-"  ^ j, 
tr  J  D       Jo 

S  =  I   Idxz  da,     I  =  ~  ei«"       dv  vi  e" "" 

Jo  TT  Jo 

Now  (a  —  0-)  being  positive. 


/  =  -  ^9^  r  (^  +  1)  eiw+D"  (a  -  (7)-«-' ; 


or,  r 


or,  retaining  the  real  part  only, 


/  = sin  57r  r  (g'  +  1)  (a  -  o-)-?-' ; 


ie.  I^^^ia-a)-"- 


I 


But  (a  — a)  being  negative, 

/  =  _  ei«"'  r  (fl  + 1)  e-i  (?+»'"■  (o-  -  a)-»-' ; 

icL  /=-e-}'"r(o  +  l)(o--a)-?-', 

TT 


or,  retaining  the  real  part  only,  7  =  0. 
Hence 


or  putting  a  =  a- +  t(l -a-),  or  a  -  tr  =  <  (1  -  <r). 


'8  =  1^^:^'  £  r*-'  <^  [<r  +  <  (1  -  c^)]  t?< : 


the  expression  in  the  text.     Mr  Boole's  final  value  i 


IS 


which,  though  simpler,  appears  to  me  to  be  in  some  respects  less  convenient. 

c.  37 
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45. 


ON    THE    THEORY    OF    ELLIPTIC    FUNCTIONS. 


[From  the  Cainbridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  256 — 266.] 


Adopting  the  notation  of  the  Fund.  Nova,  except  that  for  shortness  sn  u,  en  u, 
dn  u  are  written  instead  of  sinam  u,  cosam  u,  V  am  u,  let  the  functions  0  (u),  H  (m) 
be  defined  by  the  equations 

»     —      /(^^K\     i«'(l-f)-*'/o<J«;o<i«sn«u 


8* 


•(1), 


•'I 


Ru=-ie       *^      @{u  +  iK')   (2), 

it   is   required   from  these   equations   to   express   sn  m  in   terms   of    the    functions    H  (tt),      f 
6(m).    To  accomplish  this  we  have 


^—  log  sn  M  = 


1    fd 


1    d» 

J- ,  sn  M r-   J-  sn  M 

sn  u  du*  sn'  u  \du 


=  -(l+i-0+2Ar'sn»M-|    \    -  (1  +  Ar^)  +  Ar'sn^MJ 


« 


whence  also 


=  A?  sn'  M  - 


d' 


sn'  u ' 


j-j  log  sn  M  =  A;^  sn'  M  —  A:"  sn'  (u  +  iK'). 


If  for  a  moment 


then 


•<^,  tt  =  I  du  sn'  M,         V^/,  M  =  I  ^"1  ^v,  sn^  u, 
log  sn  «  =  i-'i/r,,  M  -  A;'  -«^,,  (m  +  iZO  -^Au  +  B; 
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or  writing  -  u  for  u  and  subtracting,  i^^^m  being  an  even  fvinction, 

2.Au  =  iri  -  iY«  (iK'  -  u)  +  jfcY„  (iK'  +  u), 
or  putting  u  =  K, 

2AK  =  m-  k'f,,  {iK'  -K)  +  1<?f,^  (iK'  +  K). 

Now  sv?  (u  +  K)-  sn=  {u-K)  =  0, 

and  therefore  ■<^^{u  + K)-  y\r^{  u   -K)  =  2      -f^K , 

or  t„  (iK'  +  K)-  ^„  (iK'  -K)  =  2iK'y^^. 

I  Also  E  (u)  =  u  -  Ji^^u, 


E^K-1^^,K,      i.e.     f,K  =  ^^{l-^ 


Hence 


^\    .    iri 
2Z' 


k)'^2K 

=  i-^„M  -  k^r,,  {U  +  iK')  +  i  [(M  +  iKJ  -  V?]  (l  -  I)  +  II'  +  5', 


log  sn  u  =  k-irji  -  k'^,,  (ic  +  iK)  +  uiK'  (l  -  |)  +  |^'  +  £ 


«■  e.  log  sn  M  =  log  e  (u  +  iK')  -  log  @m  +  ^^  +  £', 

ZK 

or,  changing  the  constant, 


n  ^®(u  +  iK') 

sau  =  Ce      — ^v^i , 

©It 


Now,  to  determine  C,  write  u-iK'  for  u;   this  gives 

Arsnw  @(ii-iK')' 

and  again  changing  m  into  —  u, 

-  sn  w  =  Ce    ■^  — >^-=- ^ : 

©M 

whence,  multiplying  these  last  two  equations, 


C^--^e 


1    _'^' 

1         2K 
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or 


whence 


lijK 


^°"  =  iv^' 


*K 


-'^^^%{u  +  iK') 


0U 


\ik  sn  M  = 


H(«) 


(3); 


aud  the  equations  (1),  (2)  and  (3)  may  be  considered  as  comprehending  the  theory  of 
the  functions  H  (m),  0  (m).  The  preceding  process  is,  in  fact,  the  converse  of  that  made 
use  of  in  the  Fund.  Nova ;  Jacobi  having  obtained  for  sn  u  an  expression  in  the  form 
of  a  fraction,  takes  the  numerator  of  it  for  H  (m)  and  the  denominator  for  B  («),  and 
thence  deduces  the  equations  (1),  (2),  the  intermediate  steps  of  the  demonstration 
being  conducted  by  means  of  infinite  series;  the  necessity  of  which  is  avoided  by  the 
preceding  investigation. 

I   proceed    to    investigate    certain    results    relating   to   these  functions,   and  to   the 

theory   of   elliptic   functions   which    have    been    given   by   Jacobi  in   two   papers,  "  Suite 

des  notices  sur  les  fonctions  elliptiques,"  Crelle,  t.  III.  [1828]  p.  306,  and  t.  iv.  [1829] 
p.  185,  but  without  demonstration. 

In  the  first  place,  the  equation 


'^'2_2«ril--f)f  +  2M'4?  =  0. 


du' 


dk 


.(4) 


is  satisfied  by  S  =  0  (m)  or  2  =  H  (u).  It  will  be  sufficient  to  prove  this  for  S  =  0  (m), 
since  a  similar  demonstration  may  easily  be  found  for  the  other  value.  The  following 
preliminary  formulae  will  be  required: 


k 


die 
dk 


,dK_E 

k'^'^  k'^  ' 


^f=^-^. 


KK' -  EK' -  E'K  =  -  ^TT, 


which  are  all  of  them  known. 

Now,  writing  0(m)  under  the  slightly  more  convenient  form 

f2Kk'\ 


0M 


V(^' 


/o(Iu/o<iudn>«— Ju'  = 
e  A 


we  have 


-T-  =  (fo du dn' u  -  j^  u]  &u  = 


u{k'^-j^j+  t  /„  du  cn^  u\%u, 


d*Su 
dti- 


)m      r,  E      {     f        E\ 

y=    dn'M-^+ j  wf^'»--^j  +  i-»/oducn»M 

d^a      \    1     dKk'      ,    ,d  E      r   ■,    r    ,     d    .        ' 


®y 


0M. 
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The  success  of  the  process  depends  upon  a  transformation  of  the  double  integral 


to  effect  this  we  have 


/o  du  /o  du  -jY  dn'  u  : 


jj  dn'^  M  =  —  2^•  sn  u  (sn  m  +  ^  ^y  sn  m)  ; 


dk 


but,  by  a  known  formula, 


Hence 


A;''  TT  sn  M  =  —  A;  en  M  dn  u  /<,  en'  udu  +  kcn^u  sn  u  ; 


sn  M  +  A;  T7  sn  M  =  ,-r„  sn  u  dn'  u  — 1<?  en.  uixiuLdu  cn^  u, 
dk  k^  J"  ' 


whence 


d  2k 

dn''  u  =  —  j-^  (sn'  u  dn'  u  —  Ar*  sn  m  en  m  dn  m  /„  du  en'  m) 


dk 


k'" 


=  —  rTjKsn'wdn'w  +  ^Ar*  |t-  en'  u\j^du  ch'mv  ; 


2^- 


/,  dw  /« dw  -77  dn'  M  =  —  ^  {/,  du  /,  du  sn'  w  dn'  v  +  ^^-'  /„  du  (en'  u  /du  en'  u  -Jdu  en*  u)} 


""  ~  F'  {/»<^«/»<^w(2  sn'u  dn'u-  Ar'cn'u)  +  ^k"  (/cducn'u)'!. 


But 


# 


,-,  sn'  u  =  2  (en'  u  dn'  u  —  sn'  m  dn'  u  —  A;'  sn'  u  en'  m)  =  2  (A;''  -  2  sn'  ?<  dn^  u  +  k'  en*  u) ; 
dit' 

or,  integrating, 


sn'  M  =  k'"  u'  -  2f„duftdu  (2  sn'u  dn'u  -  A,-' en*  m)  ; 


whence  at  length 


Also 


so  that 


d  k  k" 

/,  du  /,  du  J,  dn'  u  =  -  ^A-u'  +  ^  77,  sn'  u  +  ^r,^  (/« du  en'  u)'. 


dA: 


k'^""  "-2A;"' 


d  E-K      d  E        1 

dAr  A;A;'     '   dA; 


if  "A;A;''  r    ViT       V      if']' 


'-S^ = 2^."  If  -  ^'^-' - 'K^'^  -  3' -  ^^  ^Z'^-'^' ")'}«"■ 


294  ON  THE  THEORY  OF  ELLIPTIC   FDNCTIONS. 


[45      I 


Substituting  these  values  of   ,   e«,  ^^^  0t<  and  ^  Ou  in  the  equation  (4)  in  the  place 

of  the  corresponding  differential  coeflficients  of  2,  all  the   terms  vanish,  or  the  equation 
is  satisfied  by  2  =  B  (h),  and  similarly  it  would  be  satisfied  by  S  =  H  (m). 

Assume  now 

irK'  iru 


'^^IT'      "  =  2^' 


then  observing  the  equation 


we  have 

du  ~2Kdv  '      dii'  ~  4:K'  diP  ' 


dit      M'-  V        Kj  dv     2K%k''  da  ' 
whence,  substituting  in  the  equation  (4),  this  becomes 

^  _  4  ^  =  0  (5) 

dii^         do) 

which  is  of  cour^  satisfied  as  before  by  2  =  @  («),  or  2  =  H(«),  an  equation  demon- 
strated in  a  different  manner  (by  means  of  expansions)  by  Jacobi  in  the  Memoirs 
referred  to. 

Consider  next  the  equation 

g_2„„(,.._J)g^2.,i,g.„ («, 

(»  being  any  positive  integer  number).     Then,  by  assuming 

ttK'  niTU 

m  =  n  —j^  ,       v=  -g^ ,  ,j 

we    should  be   led    as    before    to   the    equation   (5).      Hence,   considering   0((   or    H((    as    |J 

K' 
functions  of  u  and  ^  ,  the   equation  (6)  is   satisfied   by  assuming   for  2  a  corresponding 

nK' 
function  of  nu  and  -r^ .     Let  \  be  the  modulus  corresponding  to  a  transformation  of  the   fl 

»""  order;    then   A,   A'   being    the    complete    functions    corresponding    to    this    modulus. 

A'         K' 

\—'"'W'   so    that    the    equation    (6)    will    be    satisfied    by    assuming    2  =  B, (jh^    or 

2  =  H,  (nu),  where  0, ,  H,  correspond  to  the  new  modulus  \. 


I' 
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Assume  now  in  the  equation  (6), 
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^       /7r\  i  '"~'' 

Hence,  substituting, 

~  (©»"  .  z)  -  2nu  (k'-^  -  f )  J^  (0"w .  z)  +  2nkk'-^  (Kk')i  <"->>  ^  [(^/fc')-*'"-'  @»«  .z]  =  0; 


but 


rfi' 


or  effecting  the  differentiation,  and  eliminating  -^    by  means   of  the   equation   obtained 
from  (4)  by  writing  2  =  &u, 

{Kky^'^  ~  [(A'i')-*'"-'  0"« .  z] 


dk 


=  e»M 


dz  nz       {d'  ®M  _  9  A /,  _  E\  d%u\      n-\  f,  _S 


au  dk 


_dk     2kk'' 0w  [du' '      ^V"     K)  1^]^2WA'-~K^' 
Substituting  in  (6)  and  reducing, 


£• 


+  (1-;^)U  =  0, 


+  7i(n-l) 


2  =  0. 


whence 


dw'      ^l,^      K) 

^-^^=u{k--^)=k^Udmn^u, 
cPlog8u     1      ^     ,,     , 


~  +  ^nk?  (/,  dw  en'  u)  ~  +  2nkk'^  ^  +  n  (»i  -  1)  ¥  sn" ;/ .  ^  =  0. 


rfw  dk 

which  is  therefore  satisfied  by 


■(7); 


/2.firAr'\J 


^  =  '—    '  ^'       ^ 


0»M   ' 


_/2.^ 
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and  each  of  these  values  is  an  algebraical  function  of  sn  u,  (viz.  either  a  rational 
function  or  a  rational  function  multiplied  by  cnudnu).  Also,  in  the  transformation  of 
the   n""   order, 

„  H,(n«) 

^^^'«  =  e>«)' 

so  that  it  is  clear  that  the  above  values  of  z  may  be  taken  for  the  denominator  and 
numerator  respectively  of  t/Xsn^u;  Le.  these  quantities  each  of  them  satisfy  the  equa- 
tion  (7). 


By  assuming 


this  becomes 


,=v.,.«,   ^-^.l 


dz      ,^         .       .^dJ^z     .r,    ,  .     .s  dz 


«  (n  -  1 )  «»z  +  (n  -  1)  (aa;  -  2a?)  ^  +  (1  -  aa;'  +  a^)  T^  -  27i  (a'  -  4)  t-  =  0   (8) ; 

which  is  therefore  satisfied  by  assuming  for  z  either  the  numerator  or  the  denominator 
of  V^sn,M  (the  transformation  of  the  n""  order),  which  is  the  form  in  which  the 
property  is  given   by  Jacobi. 

In  the  case  where  n  is  odd,  the  denominator  is  of  the  form 

£„-l-5/c=...  +£j,^.,x»-', 
and  then  the  numerator  is 

X  (Bj,^,,  . . .  +  B,a:»-»  +  B^~% 


where 

B, 


''  ~  V  [fm)  '    ■^*'"-"  ~  v  [wmV  ' 


and  all  the  remaining  coefficients  may  be  determined  from  these,  the  modular  equation 
being  supposed  known.  But  the  principal  use  of  the  formula  is  for  the  multiplication 
of  elliptic  functions,  which  it  is  well  known  corresponds  to  the  case  where  n  is  a 
square  number.     Writing  n  =  v-,  when  v  is  odd,  the  denominator  is 

1+B^-*  ...  +  5j,,,_3,  x"'-"  ±  vx^-' , 

(the  ±  sign  according  as  i'=(4p  +  l)  or  (ip  —  l));  and  the  numerator  is  obtained  from 
this  by  multiplying  by  x  and  reversing  the  order  of  the  coefficients.  When  v  is  even 
the  denominator  is 

1  +  B.^-*  . . .  +  5:^-'-'  ±  a"' , 

(+  or  — ,  according  as  v  =  4p  or  v  =  'ip  +  2),  so  that  there  are  only  half  as  many  co- 
efficients  to   be   determined ;    but   then   the    numerator  must   be   separately   investigated. 


i 
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In  general,  by  leaving  n  indeterminate,  and  integrating  in  the  form  of  a  series 
arranged  according  to  ascending  powers  of  or';  then,  whenever  n  is  a  square  number, 
the  series  terminates  and  gives  the  denominator  of  the  corresponding  formula  of  multi- 
plication ;  but  the  general  form  of  the  coefficients  has  not  hitherto  been  discovered. 


By  writing  -j-  instead  of  a;,  and  then  making  n  infinite,  the  equation  (8)  takes  the 
form 

^^+-l-^£-2<"^-^)S=« (^>^ 

and  it  is  worth  while,  before  attempting  the  solution  of  the  general   case,  to  discuss   this 
more  simple  one'. 


Assume 


1.2"'  '     "^1.2  ...  2r  '   ■■■  ' 
then  it  is  easy  to  obtain 

Cr+,  =  -  (2r  + 1)  (2r  +  2)  C,  -  (2r  +  2)  a^+i  +  2  (a^  -  4)  -£' . 

The  general  form  may  be  seen  to  be 

Cr  =  (-)•■+•  {2»'-»  Or'  a'--^  +  2«-«  C/  a'-*  +  . . . ) , 
and  then 

Cr+/'  -pG/  =  -  r  (2r  - 1)  Cr-f-'  + 16  (r  +  2  -  2p)  Cr"'' . 

The  complete  value  of  O^p  (assuming  C/  =  0)  is  given  by  an  equation  of  the  form 

Cr^  =  'CrP  +  ^Cr"  2'-  +  =C^P  S""  ...  +P-'  Cr"  p'' , 

where  "Cr",  ^Gr^ are   algebraical   functions   of  r   of   the    degrees   2p  —  2,   2p  —  4,   &c. 

respectively;  but  as  I  am  not  able  completely  to  effect  the  integration,  and  my  only 
object  being  to  give  an  idea  of  the  law  of  the  successive  terms,  it  will  be  sufficient  to 
consider  the  first  or  algebraical  term  "C^^,  which  is  determined  by  the  same  equation 
as  Cr'',  and  is  moreover  completely  determined  by  this  equation  and  the  single  additional 


'  Writing  (/3  +  2)  for  a,  and  pntting  z  =  e^'''  p,  this  becomes 
and  if  p=SZ^, 


g-,=^V-^x|.(8,.2^)|; 


■(8n+l)^„=  (^ic»  +  2n-2-x^^Z„_,; 


from  which  the  saccessive  values  of  Z„,  Z,,  &c.  might  be  calculated. 
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relation   C,'  =  1,  since  the  arbitrary  constants  of   the  integration  affect  only   the   terms  i 

multiplied  by  2^,  3',  &c.  jk 

Assume  (7,' 

=      _^         {2P-'  LP  [r  -  2yp-^  +  2P-^MP[r-  3]«^'  +  . . .  2-*+'  Xp  [r  -  2pY] ; 

and  substituting  this  value, 

(1-P)LP  =(l-p)(Zi-      ■  }, 

(1  -p)MP-  -Ip  (2  -  2p)  />  =  (1  -  p)  {MP"  -  lli>->  ) , 

(1  -  p)  Np  -  2p  (3  -  2p)  Mp  =  (1-  p)  {Np-'  -    7 MP-'  +  122>-' ) , 
(1  -p)OP  -  'Ip  (4  -  2^)  Np  =  (1  -iJ)  {OP-  -    3iV^P->  +  30i/'^'l , 

the   law   of  which   is   obvious,  the   coefBcients   on   the   second  side  in  the  grth  line  being 
1,  4g  — 19,  and  (2g' —  3)  (2^  —  2)  respectivelj'.     By  successive  integrations  and  substitutions 

LP  -  LP-'  =0,  LP  =  1, 

MP-Mp-'  =  ip-\l,  MP  =  (p  -  I)  {2p  -  7), 

iVP_iVi'->  =  -8p'  +  26p»  +  49p-114;  ; 

(the   constants   determined   by  M'  =0,  N'  =  0,  0^  =  0,  P'  =  0,  ...  so   as   to   make    C^p  con- 
tain positive   powers  only   of  r). 

The  following  are  a  few  of  the  complete  values  of  C/,  the  constants  determined 
so  as  to  satisfy  Cp+^  =  0  (except  C.i'  =  l),  and  the  factorials  being  partially  developed 
in   powers   of  r,   viz. 

Cr'  =  1, 

a>  =  (r-3)(2r-7), 

0/  =  ^  (r  -  4)  (r  -  5)  (4?^  -  24r  +  51), 

0/  =  i  {(r  -  5)  (r  -  6)  (r  -  7)  (8r»  -  60r=  +  286r  +  63)  +  384  {9r^  -  93r  +  242  -  2 .  4'-»)j, 

&C. 

(it  is  curious  that   C^*,  0^*,   C,*,   all    three   of  them   vanish).     It  seems  hopeless   to   con- 
tinue  this  investigation   any   further. 

Returning  to  the  equation  (8),  and  assuming  for  z  an  expression  of  the  sanu 
form  as  before,  we  have,  corresponding  to  the  equations  before  found  for  the  co- 
efficients  Cr, 

a+,  =  -(2r+l)(2r4-2)(»i-2r)(n-2r-l)a-(2r-f2)(n-2r-2)q!a+i  +  2w(a»-4)^'. 
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The  case   corresponding  to   the   denominator  in   the   multiplication   of   elliptic   func- 
tions is  that  of  Co  =  l,  Ci  =  0.     It  is  easy  to  form  the  table — 

Co=     1. 

C,=     0, 

a  =  -2n{n-l), 

C',=     8w(re-l)(n-4)a, 

C4  =  -4w(«-l)(n-4)[n  +  75] 

-  32n  (n  - 1)  (n  -  4)  (n  -  9)  a^ 

C,=     96n(n-l)(n-4)(n-9)     [ft-t-44]a 
-I- 128  n  (n  -  1)  (n  -  4)  (n  -  9)  (w  - 16)  a', 

C,  =  -  24  n  (n  - 1)  («  -  4)  (n  -  9)  [I7n^  +  403n  +  9000] 

-  960  M  (n  - 1)  (n  -  4)  («  -  9)  (n  -  16)       [u  +  41]  a» 
-512w(n-l)(n-4)(w-9)(n-16)(w-  25)        a*, 

J  C,  =  +  96  n  («  -  1)  (n  -  4)  (n  -  9)  (n  -  16)  [79«=  +  2825w  +  36180]  a 
+  7168  n  (k  - 1)  (ra  -  4)  (w  -  9)  (n  -  16)  (n  -  25)  [n  +  42]  a' 
+  2048  n  (n  - 1)  (n  -  4)  (n  -  9)  (w  -  16)  (n  -  25)  (n  -  36)         a», 

C,  =  -  48  n  (n  -  1)  (re  -  4)  («  -  9)  [283n*  -  26978n'  +  277827n'  -  5491932n  +  1 27764000] 

-  3840  n  (n  - 1)  (n  -  4)  (?i  -  9)  (n  -  16)  (n  -  25)  [237i»  +  1069w  +  23436]  a' 

-  15360  re  (re  - 1)  (re  -  4)  (re  -  9)  (re  - 16)  (re  -  25)  (re  -  36)  [3«  + 133]  c^ 

-  8192  re  (re  -  1)  (re  -  4)  (re  -  9)  (re  - 16)  (re  -  25)  (re  -  36)  (re  -  49)  a", 
l&c. 

m  which  of  course  the  coeflBcient  of  the  highest  power  of  n,  in  the  successive  co- 
efficients Or,  is  the  value  of  Cr  obtained  from  the  equation  (8).  With  regard  to  the 
jaw  of  these  coefficients  I  have  found  that 


C^  =  (-)•■+■  2"^' re  (re -1') 
■\-  2»-«  re  (re  -  V) 
+  2»'-»  re  (re  -  I'') 

-1-&C. 


{re  -  (r  -  1)'}  6V  a'-' 
{re  -  (r  -  2)'}  e/  a'-* 
{re  -  (r  -  3)=}  C/  «'■-« 


(where   however  the   next   term   does   not   contain,  as  would  at  first   sight   be   supposed, 
the  factor  n  (re  -  1')  ...  {re-(r-4)=j).     And  then 

CV  =  1, 

C'/  =  (r  -  3)  [re  (2r  -  7)  +  (r  - 1)  (8r  -  7)], 

C,'=|(r-4)(r-5)[     re='(4r'-24r-i-51) 

-I- re  (32»^  -  220^"  +  412r  -  255) 
-f2(r-l)(r-2)(32r»-88r-H51)]. 
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In    conclusion    may  be    given    the    following    results,   in    which,    recapitulating    the 
notation 

x=i^/kBnu,     a  =  k  +  T,     /^  =  \/(l  —  aid' +  x*), 

2ir  Ax 
V*  sn  2u  =  j-^-^ , 

V*  sn  4m  -  J  _  2Q^  ^  g2aic«  -  (26  + 160")  a*  +  32ar'«  -  20a;i»  +  a;" ' 

V*  sn  5m  =  a;  (6  -  20cu^  +  (62  +  16a»)  x*  -  SOauxfi  -  lOoa^  +  SGOcuc^'  -  (300  +  24.0o»)  x»» 

+  (368a  +  6  4a»)  a^^  -  (125  + 1  eOa")  x"  +  liOouc"  -  50a^  +  x>*\ 

^  {1  -  50a:'  +  140aa:«  -  (125  + 1600=)  of  +  (368a  +  64a»)  «'» -  (300  +  240a»)  a;" 

+  360aaJ<  -  105a:>'  -  SOoa:"  +  (62  +  16a=)  a^  -  20a.'c«  +  5a:*} 
&c. 

Thus,  writing  —a:"  for  a;^  k=l,  and  therefore  a=  2, 

tan  3« ^  a- (3  +  8a:'  +  6a:'-a^)^a:(3-a:')(l+a:')'^  xjS-x') 
*  1  _  6a:*  -  8a:«  -  3a:«       (1  -  3a:»)  (1  +  ar')'        1  -  3a:»  ' 

where    x  =  tan  u.     (And    in    general    in    reducing    tan  nu    the    extraneous    factor    in    the 
numerator  and   denominator  is   (1  +  a:')*" '""''.) 
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46. 

NOTE   ON  A  SYSTEM   OF   IMAGINARIES. 

[From  the  PhilosophicM  Magazine,  vol.  xxx.  (1847),  pp.  257 — 258.] 

The  octuple  system  of  imaginary  quantities  i^,  4,  4,  i^,  \,  ig,  i,,  which  I  mentioned 
in  a  former  paper  [21],  (and  the  conditions  for  the  combination  of  which  are  contained 
in   the   symbols 

123,     246.     374,     145,    275,     365,     167, 
i.e.   in  the   formulae 

hh  =  ii ,      hh  =  h .      iih  =  H<  Va  =  -  *i ,      »i*3  =  —  h,      hh  =  —  h, 

with  corresponding  formulae  for  the  other  triplets  Ws,  &c.,)  possesses  the  following 
property;  namely,  if  4,  ip,  iy  be  any  three  of  the  seven  quantities  which  do  not  form 
a  triplet,  then 

{kh)  .  iy  =  -  K  ■  (»>V)-  ^ 

Thus,  for  instance, 

W^t)  •  *5  —   ~  ^7  •  ^5  =  ~  *2  ) 

but  h-{i4ii)=     h-ii=     4. 

and  similarly  for  any  other  such  combination.  When  i„,  ip,  iy  form  a  triplet,  the  two 
products  are  equal,  and  reduce  themselves  each  to  —  1,  or  each  to  + 1,  according  to 
the  order  of  the  three  quantities  forming  the  triplet.  Hence  in  the  octuple  system  in 
question  neither  the  commutative  nor  the  distributive  law  holds,  which  is  a  still 
wider  departure  from  the  laws  of  ordinary  algebra  than  that  which  is  presented  by 
Sir  W.  Hamilton's  quaternions. 

I  may  mention,  that  a  system  of  coeflScients,  which  I  have  obtained  for  the 
rectangular  transformation  of  coordinates  in  n  dimensions  (Crelle,  t.  xxxii.  [1846]  "  Sur 
quelques  propridUs  des  Dderminans  gauches"  [52]),  does  not  appear  to  be  at  all  con- 
nected with  any  system  of  imaginary  quantities,  though  coinciding  in  the  case  of  n  =  3 
with  those  mentioned  in  my  paper  "  On  Certain  Results  relating  to  Quaternions," 
Phil.  Mag.  Feb.  1845,  [20]. 
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SUE  LA   SURFACE   DES   ONDES. 


N[Froin    the   Journal   de   MatMmatiques   Pures   et   Appliqudes  (Liouville),   torn.  XI.   (1846), 

pp.  291—296.] 

La  surface  des  ondes  est  un  cas  particulier  d'une  autre  surface  a  laquelle  on  peut 
donner  le  nom  de  Utraidroide,  et  dont  voici  la  propri^t^  fondamentale : 

"  Le  tdtraedroide  est  une  surface  du  quatrifeme  ordre,  qui  est  couple  par  les  plans 
d'un  certain  t^trafedre  suivant  des  paires  de  coniques  par  rapport  auxquelles  les  trois 
sommets  du  t^tra^dre  dans  ce  plan  sont  des  points  conjugu6s.  De  plus :  les  seize 
points  d' intersection  ""des  quatre  paires  de  coniques  sont  des  points  singuliers  de  la 
surface,  c'est-^-dire  des  points  oil,  au  lieu  d'un  plan  tangent,  il  y  a  un  cone  tangent  du 
second  ordre." 

On  verra  plus  loin  que  la  surface  e{it  dte  suffisamment  dt^finie  en  disant  qu'un 
seul  de  ces  points  ^tait  un  point  singulier ;  I'existence  des  quinze  autres  points 
singuliers  est  done  une  propridtd  assez  remarquable.  Mais,  avant  d'aller  plus  loin,  il 
convient  de  rappeler  la  signification  des  points  conjugu^s  par  rapport  a  une  conique : 
cela  veut  dire  que  la  polaire  de  chacun  des  trois  points  passe  par  les  deux  autres. 
Parmi  les  propri^t^s  d'un  tel  systeme,  on  peut  citer  celle-ci : 

"  Les  points  d'intersection  de  deux  coniques,  par  rapport  auxquelles  les  mdmes 
trois  points  sont  des  points  eonjugu^s,  sont  situ^s  deux  a  deux  sur  six  droites,  lesquelles 
passent  deux  h,  deux  par  ces  trois  points." 

De  \k:  "Les  quatre  points  singuliers  compris  dans  chaque  face  du  tetraedre  sont 
situds  deux  k  deux  sur  trois  paires  de  droites,  lesquelles  passent  par  les  trois  sommets 
dans  cette  face." 


Autrement  dit,  les  seize  points  singuliers  sont  situds  deux  a  deux  sur  viugt-quatre 
droites,  lesquelles  passent  six  h.  six  par  les  sommets  et  sont  situdes  six  a  six  dans  les 
plans    du    t^trafedre.     Done,    en    consid^rant    les    six    droites    qui    passent    par    le    meme 


P 
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somniet,  par  ces  droites  combindes  deux  a  deux,  il  passe  quinze  plans,  y  compris  trois 
plans  du  tetraedre ;  en  excluant  ceux-ci,  il  y  a  pour  chaque  sommet  douze  plans, 
chacun  desquels  passe  par  quatre  points  singuliers ;  done  la  courbe  d'intersection  d'un 
de  ces  plans  avec  la  surface  a  quatre  points  doubles,  ce  qui  ne  peut  pas  arriver  pour 
une  courbe  du  quatrieme  ordre,  a  moins  quelle  ne  se  rdduise  k  deux  coniques. 

Done :  "II  y  a,  outre  les  plans  du  t^trafedre,  quarante-huit  plans,  douze  par 
chaque   sommet,   lesquels   rencontrent   la  surface   suivant   des  paires   de   coniques." 

On  pourrait  de  meme  chercher  combien  il  y  a  de  plans  qui  rencontrent  la  surface 
suivant  des  courbes  avec  trois  points  doubles,  &c.  Passons  aux  cones  circonscrits ;  on 
demontre  facileraent  par  I'analyse  cette  propri(^te : 

"  Les  c6nes  circonscrits  a  la  surface  ayant  pour  sommets  les  sommets  du  t^trafedre, 
se  rdduisent  a  des  paires  de  c6nes  du  second  ordre,  lesquelles  la  touchent  suivant  les 
deux  coniques  de  la  face  oppos^e." 

tDe  plus :  "  Les  seize  plans  qui  touchent  quatre  k  quatre  ces  paires  de  c6nes  sont 
plans  tangents  singuliers,  dont  chacun  touche  la  surface  suivant  une  conique." 
II  y  a  de  plus,  entre  ces  plans,  des  relations  analogues  a  celles  qui  existent  entre 
points  singuliers,  de  maniere  que  Ton  ddduit  de  meme  le  th^oreme : 
"II  y  a  quarante-huit  points,  douze  a  douze  dans  les  quatre  plans  du  tdtraedre, 
pour  chacun  desquels  les  cones  circonscrits  se  rdduisent  k  des  paires  de  cdnes  du  second 
ordre." 

Ajoutons   que   ces   quarante-huit   points  correspondent  d'une  maniere  particuliere  aux 
quarante-huit  plans,  et  que  les  cdnes  circonscrits  touchent  la  surface  suivant  les  coniques 
•  situ^s  dans  les  plans  correspondants. 

La  r^ciproque   d'une  surface   du   quatrieme   ordre   est,  en   ge^ndral,  de   I'ordre  trente- 

.six;    mais   ici,    k   cause    des   seize    points   singuliers,   cet   ordre    se   r^duit   de    trente-deux, 

savoir,  k  quatre.     Et   les  propridtds   qui   viennent  d'etre   enonc^es  par  rapport   aux  cones 

circonscrits    montrent    que    la    rdciproque    dtant    de    cet    ordre    est    ndcessairement    une 

surface  de  la  m^me  espece ;   c'est-a-dire  : 

"La  rdciproque  d'un  t^traAlroide  est  aussi  un  tdtra^roide." 

Done  le  t^tra^droide  est  surface  de  la  quatrifeme  classe.  Puisque  cette  surface  n'a 
pas  de  lignes  doubles  ou  de  lignes  de  rebroussement,  il  n'y  a  pas  de  reduction  dans 
le  nombre  qui  exprime  le  rang  de  la  surface,  lequel  est  ainsi  dgal  a  douze,  c'est-a-dire 
le  c6ne  circonscrit  est  ordinairement  de  I'ordre  douze.  Mais  nous  venons  de  voir  que 
ce  c6ne  est  seulement  de  la  quatrieme  classe  (en  effet,  la  classe  du  c6ne  est  la  meme 
chose  que  celle  de  la  surface) ;  done  il  y  a  reduction  de  cent  vingt-huit  dans  la  classe 
du  c6ne.  Les  seize  points  singuliers  de  la  surface  donnent  lieu  k  autant  de  lignes 
doubles  dans  le  cdne,  ce  qui  effectue  une  reduction  de  trente-deux  ;  il  y  a  encore  une 
reduction  k  effectuer  de  quatre-vingt-seize,  qui  doit  avoir  lieu  k  cause  des  lignes  doubles 
ou  des  lignes  de  rebroussement  du  c6ne.  En  supposant  qu'il  y  a,  y  de  celles-ci  et  x  de 
celles-lk  (outre  les  seize  lignes  doubles  dont  on  a  fait  mention),  il  faut  que  Ton  ait 

2a;  +  3,y  =  96, 
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oi  x  +  y  ne  doit  pas  6tre  plus  grand  que  trente-neuf;  mais  cela  ne  suffit  pas  pour 
d^temuQer  ccb  deux  nombres. 

Nous  pouvons  encore  ajouter  que  les  seize  cdnes  qui  touchent  la  surface  aux  points 
sinfmliers  sout  circonscrits,  quatre  k  quatre,  k  quatre  surfaces  du  second  ordre,  et  que 
les  seize  courbes  de  contact  des  plans  singuliers  sont  situ^es  quatre  k  quatre  sur  quatre 
suriaces  du  second  ordre. 

Je  vais  donner  raaintenant  une  id^  de  la  th^rie  analytique.     En  repr^sentant  par 

a;  =  0,    y  =  0,    2  =  0,    w  =  0 

lee  ^uations  des  quatre  faces  du  t^traedre,  et  par 

U  =  0 

ruination  de  la  surface,  U  sera  une  fonction  homogfene  du  quatrieme  degre  de 
X,  y,  z,  w,  laquelle,  en  faisant  ^vanouir  une  quelconque  des  variables,  doit  se  diviser 
e^  deux  facteurs  du  second  degrd,  fonctions  paires  des  trois  autres  variables ;  de  plus, 
a  cause  de  la  condition  pax  rapport  aux  points  singuliers,  U  ne  peut  pas  contenir  de 
terme  xyzw.     On  doit  done  avoir 

oil  11  feut  que  les  coefficients  A,  B,  C,  P,  F,  G,  H,  L,  M,  N  aient  un  syst^me  inverse' 
de  la  forme  0,  0,  0,  0,  /,  g,  h,  I,  m,  n.  Done,  en  formant  I'inverse  de  ce  systeme,  on 
obtient,  toute  reduction  accomplie, 

U = mnfie'  +  nlgy*  +  hnhz*  +fghiu* 

+  (    lf-mg-nh)(  ly-'z^  ■¥  fa?vf) 

+  (—lf+mg—  nh)  {mz^a?  +  gy^vf) 

^(-If-  mg  +  nh)  ( naff  +  hzhif)  =  0. 

En  eflfet,  en  ^rivant 

X  =     If—  mg  —  nh,     1^  =  -  lf+  mg  -  nh, 
v  =  —  lf—mg  +  nh,     w  =     If+mg  +  nh, 
V  =  f/=  +  my  +  n^'h^  -  2mngh  -  2nlhf-  2lm/g, 

I'A^uation  de  la  courbe  pourra  s'^rire  sous  les  quatre  formes 
(2mn/a?+     nvy'+    m/iz^  +    f\vfy  =  V(n^y*  +  m?z*+ftv*-2mfeV-2fnvfy'-2nmy^ir'), 
(     nva?  +  2nlgy' +      l\z^  +     gfm'''f  =  S!{P;^  +  g^v3'+n^ai'-2gnui'x'-2nlx'z^-2lg  s^vf), 
(    mfu>?+     l\y^  +  2lmhz'' +     hvvfy  =  V  (h'lu'  +  m^x'  +  l'' y* -2mlafy^-2lhy^^ -2hmw'x'), 
(    /Xar*  +    gfif  +      hvz^  +  2fghwJ  =  V  (/»a^  +  g^f  +  h^z^-2gh  yV  - 2hf  z' n?  -  2fg  x'f) ; 

'  En  g6n6ral,  quand  deux  systiSmes  de  quantit6s  sont  exprim^s  lin^airemeut  les  uns  au  moyen  des  autres, 
on  dit  que  les  deux  systijmes  de  coefficients  sont  des  syst^mes  inverses  ;  on  passe  faeilement  de  Ik  k  ViAke 
du  systAme  inverse  des  coefficients  d'une  fonction  du  second  ordre,  et  de  tels  syst^mes  se  renoontrent  si 
sonvent,  que  Ton  doit  avoir  un  terme  pour  exprimer  sans  circonlocution  cette  relation. 
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ce    qui    met  en    Evidence    les    Equations   des    sections   do    la  surface    par   les    quatre    plans 
du  tetrafedre,  et  aussi  celles  des  points  singuliers,  lesquelles  sont,  en  effet, 

ny  ±  mz  ±fw  =  0,     Iz  ±  gw  ±nx  =  0  , 
hw ± mx  ±ly  =0,    fa  ±gy  ±hz  =  0; 

et  ces  plans  touchent  la  surface   suivant   les  courbes  d'intersection  avec   les  surfaces 

2'mn/af  +  nvy'  +  mfiz-+fKw'  =  0,     &c.,    &c., 

ce    qui   d^montre    le    th^oreme    dnonce    par    rapport    aux    seize    courbes    de    contact    des 

plans   singuliers,   et   de   la    celui    pour    les    seize    cones    tangents    aux    points    singuliers. 

Pour  d^duire  de  Ik  la  forme  ordinaire  de  I'equation  de  la  surface  des  ondes,  dcrivons 

I  =  a/Sy  (by  —  c^),    m  =  a^y  (ca  -  ay),     n  =  a/87  (a^  -  ha), 
/=  kaa  (by  —  cfi),     g  =  kb^  (c%  —  ay),    h  =  key  (a^  -  ba), 

equations  qui  suffisent  pour  determiner  les  rapports 

a  :  b  :  c  :  a  :  ^  :  y  :  k 
au  moyen  de  I,  m,  n,  f,  g,  h.     De  cette  manifere,  I'equation  de  la  surface  se  reduit  a 

0/87  (aa^  +  by'  +  cz")  (cuk'  +  &y'  +  yz') 

-  kaa  (by  +  cyS)  xW  -  kb0  (ca  +  ay)  y'w"  -  key  (a/3  +  62)  z^w-  +  k'abciv*  =  0, 
laquelle  se  reduit  a  la  surface  des  ondes  en  ecrivant 


^/^f•    l\/f-    J\/H 


f,  -q,  f  etant  des  coordonn^es  rectangulaires,  c'est-^-dire  en  faisant  la  transformation 
homographique  du  tetraedroide,  de  manifere  que  I'un  des  plans  du  t^trafedre  passe  a 
I'infini,  et  que  les  trois  autres  deviennent  rectangulaires.  De  plus,  en  particularisant 
la  transformation  de  mani^re  que  trois  des  coniques  d'intersection  se  rdduisent  a  des 
cercles,  cette  surface  rentre  dans  la  surface  des  ondes.  II  va  sans  dire  que,  dans  le 
cas  general,  plusieurs  des  points  ou  des  plans  dont  nous  avons  parle  sont  n^cessaire- 
ment  imaginaires ;  I'^numeration  de  tons  les  cas  differents  aurait  e'te  d'lme  longueur 
effrayante.  II  y  aurait  beaucoup  k  dire  sur  les  cas  particuliers  ou  quelques-unes  des 
coniques  se  r^duisent  k  des  paires  de  droites  (r^elles  ou  imaginaires).  Je  me  contente 
d'enoncer  cette  propriety,  trfes-facile  k  ddmontrer,  de  la  surface  ordinaire  des  ondes:  au 
,  cas  oil  c  =  0,  cette  surface  pent  etre  engendrde  par  un  cercle  (ayant  le  centre  de  la 
surface  pour  centre,  et  dans  un  plan  passant  par  I'axe  des  z),  lequel  se  meut  de 
mani^re  k  passer  par  la  conique 

a'a?  +  <?y'' =  a''b\ 

On  trouve,  dans  le  Cambridge  and  Dublin  Mathematical  Journal,  t.  i.  [1846],  p.  208, 
[38]  la  demonstration  d'une  autre  propriety  de  la  surface  des  ondes  par  rapport  aux 
lignes  de  courbure  des  surfaces  du  second  ordre. 
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48. 


NOTE  SUR  LES  FONCTIONS  DE  M.   STURM. 


[From  the  Journal  de  MatMmatiques  Pures  et  Appliqu^es  (Liouville),   torn.    xi.   (1846), 

pp.  297—299.] 


On  salt  que  la  suite  des  fonctiona 

fx=     (x  —  a){x—b)(x  —  c)   {x  —  d)  ... , 
fiX  =  2 (« -  6)  (a;  —  c)  (x  —  d) ...  , 
/^  =  % {a  —  by  (x  —  c)  {x ~ d)  ... , 
^f^  =  l.{a-by(b-cy(c-ay{x-d)... , 

est  de  la  plus  grande  utilite  dans  la  th^orie  de  la  resolution  numerique  des  equations. 
En  effet,  on  obtient  tout  de  suite  k  leur  moyen  le  nombre  de  racines  r^elles  c6mprises 
entre  deux  limites  quelconques.  II  etait  done  interessant  de  chercher  la  mani^re 
d'exprimer  ces  fonctions  par  les  coefficients  de  fx. 

Soit,  pour  cela,  m  un  nombre  quelconque,  pas  plus  grand  que  le  degr^  n  de  cette 
fonction.  En  prenant  k  pour  m'^"'  racine  de  la  suite  «,  b,  c, ... ,  et  mettant,  pour 
abr^ger, 

P  ^(-)i»^"»-^'  (a-b)ia  -  c) . ..  {a-  k)(b  -  c) . ..  (b  - k) . ..  (j  - k), 


irela  donne 


dans  laquelle  expression 


/«a;  :/«  =  ]£ 


(x  —  a)(x  —  b)  ...  {x~  k)' 


1,    a,.,.,     a'»-', 
1,    6,  ...  ,    6'"-', 

1,    k,...,    k"^\ 
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=  (-)* 


m  (m  —  1) 


(b-c)...(b-k)...(j-k) 
(x  —  a) 


(x-  a)(x—  b)  ...  (x—k) 
dans  laquelle  le  coefficient  de  x-''  est  4ga,l  k 

(_)imim-.)  [a'--' (b-c)...{b-k).  .{j-k)  +  ...]. 


c'est-a-dire  k 


1,     a, 


(jm-2        ^r-l 


1,     b,  ...  ,    b"^\    V 


1,     k,...,     k'"--,     k"-"^ 
Done  enfin  le  coefficient  de  ar^  dans  /„«  :  fx  est  ^gal  a 

S     1,     a,...,     a™-'     X     1,     a,...,     a'»-^     re*- 


1 ,     »,...,     A? 


1,     A;,...,     i™-^     i-"- 


ou,  au  raoyen  d'une  propri^t^  connue  des  determinants,  en  repre'sentant  comme  a 
rordinaire  par  S,  la  somme  des  q''-"  puissances  de  toutes  les  racines,  ce  coefficient 
deviant  ^gal  k 

"0.  "1 "m-2  .       Sr-i 


De  U.,  en  mettant 


a« 


n=s 


a;  — a 


fmX  :  fx  = 


en  multipliant  par  fx,  et  mettant 

Qm,r  =  8m+r-i  -  PiSm+r-i  ■■■  +  (-)" PrS, 

OU  Ton  suppose 

fx  =  x^-  p,x^-^ . , .  +  (-)»  p„ , 


on  obtient 


/m«  =  Sr^"-'"-' 


"0  )  "l  I  ■  •  •  >       'Jjn— 2  ,       V»i ,  r 

*-'l  >  *J2  >   •  •  •  I       Om— 1  ,       Vm+1  ,  r 

^m— 1 )      ^»n  >  •  •  •  J      ^2m— 3  >       Vsj/i— i ,  *■ 
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oil  r  peut  ne   s'^tendre   que   depuis   0  jusqu'il  n  -  m,   puisque  fmfc  est  fonction   entifere. 
An  moyen  des  relations  counues  qui  existent  entre  les  quantit^s  Sg,  on  a 

Qm*t.r  =  (-YPr-n  Sm4*-.  •  •  •  +  (-)»"•  Pn  Sr+m+,-n-,  ■■■      [r  +  m  +  S  >  Tl]  , 

+  (_)r+m+»-«^,^^^,(r +  »i  +  s-l) r  +  m  +  s~« 

et  de  Ik,  en  poaant 

Qm+4.  r  =  (-)•■+'»-'  J»r+m  S,^l  •  •  •  +  (-)""'  Pn  5f,+™+,_„_,  . . .  [r  +  TO  +  S  >  w] 


+(-r 


'p,+„+,_,  (r  +  m  +  s  -  n  -  1) 


>•  +  »i  +  s     >( 


on"^peut,  par  les  propri^t^s  des  determinants,  reduire  Qm+»,r  ^  Q'»i+».r  dans  I'expression 
de  /^.  Nous  avons  done  exprim^  cette  fonction  au  moyen  des  coefficients  p^,  p^,  ... 
et    des    sommes    /S,,    Si,  ...,    (Sjm-s,    lesquelles    s'expriment    facilement    par    ces    m^mes 

coefficients  (et  pour  calculer  fjX,  f^ /„«,  on  aurait  seulement  besoin  de  calculer  ces 

sommes  une  fois  pour  toutes  jusqu'^  /Sm-j) ;  il  serait  done  facile  de  former  des  tables 
de  ces  fonctions,  pour  les  Equations  d'un  degre  quelconque,  ce  qui  pourrait  a  peine 
s'effectuer  d'aucune  autre  mani^re. 
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49. 


SUR  QUELQUES   FORMULES   DU  CALCUL  INTEGRAL. 

[From    the   Journal   de   Matkematiques   Pures   et  Appliquees   (Liouville),  torn.  xii.  (1847), 

pp.  231—240.] 


SoiT  x  +  y  V  —  1  ou  x+  iy  une  quantity  imaginaire  quelconque  ;    faisons 


i  =  Var'  + 


y. 


d  =  arc  tan 


y 


(1), 


p   ^tant   une   quantity   positive,   et   6   un   arc  compris  entre  les  limites  Jtt,   —  ^tt.     Cela 
pos^,  ^crivons 

(x  +  iyy  =  p™  e'"^  {x  positif )  , ' 

(a;  +  iy)"»=p"'e""<**'"     (x  ndgatif);. 


■(2), 


(dans  la  seconde  de  ces  formules,  il  faut  prendre  le  signe  supdrieur  ou  inf^rieur,  selon 
que  y  est  positif  ou  ndgatif.)  Au  cas  de  x  positif,  la  valeur  du  second  membre  sera 
ce  que  M.  Cauchy  a  appel6  valeur  principale  de  (x  +  iy)"^.  Au  cas  de  x  negatif,  on 
peut  aussi,  k  ce  qu'il  me  semble,  nommer  cette  valeur  valeur  principale.  Cela  parait 
contraire  a  la  theorie  de  M.  Cauchy  (Exercices  de  MathSmatiqiies,  t.  I.  [1826]  p.  2) ; 
mais  la  demonstration  que  Ton  y  trouve  de  I'impossibilitc^  d'une  valeur  principale  pour 
X  ndgatif  ne  s'applique  qu'au  cas  ou  Ton  suppose  que  le  signe  +  est  toujours  le  m^me 
sans  avoir  egard  au  signe  de  y.  Seulement,  selon  nos  definitions,  il  importe  de 
remarquer  qu'il  n'y  a  pas  de  valeur  principale  pour  x  ndgatif,  au  cas  particulier  ou 
y  =  0 ;  ou  plut6t  dans  ce  cas,  et  dans  ce  cas  seulement,  la  valeur  principale  devient 
indeterminee. 

Soit,  en  particulier,  x  =  0;    les  deux  formules  conduisent  au  meme  resultat,  savoir 

(iy)"  =  (+  y-)mg±^mm (3)_ 
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le  signe   comme   auparavant.     Car  en   consid^rant  x   comme   infiniment   petit   positif,   on 
obtient 

d  =  ±^, 

et,  en  consid^rant  x  comme  infiniment  petit  n^gatif, 

et  de  \k 

6±-n-=  ±iTr. 

Ainsi  cette  formule  est  toujoure  vraie,  sans  qu'il  soit  n^cessaire  de  consid^rer  iy  comme 
limite  de  x  +  iy,  x  positif  ou  x  negatif. 

Remarquons  encore   que   cette  fonction   (ly)™  reste  continue  quand  y  passe  par  z6ro, 
ce  qui  a  lieu  aussi  pour  {x+iy)"*,  x  positif,  mais  non  pas  pour  {x  +  iy)'^,  x  negatif 

Les   memes  remarques  s'appliquent  aux  valeurs  principales  des  logarithmes,  lesquelles 
ddivent  se  d^finir  d'une  mani^re  analogue  par  les  Equations 


log  {x  +  iy)  =  log  p  4-  id  (x  positif),  ^ 

log (x  +  iy)  =  log p  +  i(d  ±tt)     (x  negatif),  j 

le  signe  ambigu,  comme  auparavant. 


(4). 


On  d^montre  sans  difficult^   que   ces   valeurs  principales   satisfont   en   tout   cas    aux 
(Equations 

\x  +  iy)"*  (x'  +  iy')""  =        [{x  +  iy)  (x'  +  iy')]™,  ^ 

log  (x  +  iy)  log  (x'  +  iy')  =  log  [{x  +  iy)  (x'  +  iy')]     )  


(5); 


seulement    ces    Equations    deviennent    indeterminees     au    cas    oil,    I'une    des    quantit^s 
X,  x,  xx'  —  y^  ^tant  n<^gative,  la  quantity  correspondante  y,  y',  xy  +x'y  s'evanouit. 

Au  moyen  de  cette  definition  de  la  valeur  principals  d'un  logarithme,  on  obtient 


/, 


dx 
pA^+lix 


=  log 


A  +  Bd 


(6), 


oil    a,  /8  sont    r^els,   et  A,   B  sont  assujettis  a   la   seule    condition    qu'au    cas    ou   a,  /S 

A 
seraient  de  signes  contraires,  la  partie   imaginaire   de    jr  ne  s'^vanouisse  pas.     En  eflPet, 

dans  ce  cas,  I'intdgrale  et  la  valeur  principale  du  logarithme  deviennent  toutes  les  deux 
indeterminees.     Sans    doute    il    y    a    une    valeur    que    Ton    pent    appeler    principale    de 

I'integrale,   mais  cette   valeur  n'est    ^gale   a   aucun   des    logarithmes   de   -j ^ai   et   les 

notions  des  valeurs  principales  d'une  int^grale  et  d'un  logarithme  n'ont  pas  de  rapport 
ensemble.  Ce  rdsultat  s'accordc  avec  celui  que  j'ai  trouv^  dans  mon  Mdmoire  "  Sur  les 
fonctions  doublement  pdriodiques,"  [25]. 
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Je  passe  a  quelques  autres  applications  de  ces  principes,  qui  ont  rapport  a  la 
theorie  des  fonctions  F.  Soit  d'abord  r  un  nombre  positif  plus  petit  que  I'unit^,  et 
ecrivons 


U={      {ixy-U^dx; 

J  -ao 


on  obtient 


ou  enfin,  puisque  x  est  positif  dans  ces  deux   integrales, 

!/■  =  e*  "■-''  "■  I    af-"^  e'"  dx  +  g-*  •'^'' "  /    af-'  e'"  dx ; 

Jo  ^0 

au  moyen  de  la  formule  connue, 


on  en  conclut 


savoir 


On  obtiendrait  de  meme 


Z7  =  2  cos  (»*  —  i)  TT .  Fr  =  2  sin  rw  .  Fj-, 
sin  TTT  .Vr=\\        ({xy~^  e"*  rf^ . 

J    —00 

0  =  1  [     (-ixy-'e^dx. 


Au  premier  coup  d'oeil,  ces  Equations  pourraient  paraitre  en  contradiction  I'une 
avec  I'autre :  mais  cela  n'est  pas  ainsi,  parce  qu'il  n'est  pas  vrai  que  (—  ixy~^  soit  egal  a 
{—iy~^{ia;y~^,  (— 1)''"'  ^tant  facteur  invariable;  mais  au  contraire  (-I'a;)''"' =  e*"""""(ia;)'~', 
selon  que  x  est  positif  ou  n^gatif 

Dans   la  premiere   de   ces   Equations,   on  pent    remplacer   ix   par    c  +  ix,   et   dans   la 

seconde,   —ix  par  c  —  ix,   c   dtant   positif;  mais   cela   n'est   pas  permis   pour  c   ndgatif,  a 

,  cause   de   la  discontinuit*^   de   valeur   de   (c  +  ix)^^   ou   (c  —  {xy~^    dans   ce   cas,   quand   x 

passe  par  zero.     En  multipliant  la  premiere  6^uation  par  e~',  et  diffdrentiant  un  nombre 

quelconque  de  fois,  en  admettant,  pour  les  valeurs  negatives  de  r,  I'dqtiation 

r(r  +  l)=rrr, 

la  formule  ne  change  pas  de  forme,  et  Ton  obtient 

sinrtrTr.e-'  =  ^l      {c  +  ixy-^e^dx (7); 

le  mSme,  au  moyen  de  la  seconde  Equation, 

0  =  ^1     (c-ixy-'e"dx (8), 

J    —30 
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^tm«  leaquelles  formules  c  est  positif,  et  r  est  un  nombre  quelconque  entre  1,  —  oo , 
sans  exclure  la  limitc  sup^rieure ;  seulement,  pour  r  =  0,  le  facteur  sin  j-TrFr  se  rdduit 
k   IT.     Au   cas  oil  r  est  plus  grand   que   z4to,  on  pent,   si   Ton   veut,  ecrire   aussi  c  =  0. 

Daus   tous  les  cas,  on  peut  rem  placer  sin  rTrFr  par  -,.    _ — .     II  importe  de  remarquer 

que  CC8  mdines  integrates  sont  absolument  inexprimables  au  cas  oil  c  est  n^gatif:  en 
effet,  en  dcrivant  —  c  au  lieu  de  c  (c  positif),  on  obtiendrait 

I      (-c+w-)'-'e''djr  =  fl<'-""  I     (c-ia;)'^'e'«(ia;  +  e-"-"'' |      (c  -  ixy-^  eF  dx. 

Mais,  par  la  seconde  des  Equations  dont  il  s'agit, 

0=1    (c-ixy-^e"da;+ j      {c  -  ixf-^  ^  dx ; 

Jo  J  —00 


done 


I      (-C  +  ix)' 


r-'  e^dx  =  —  2i  sin  nr 


/    (c  —  ix)' 

JO 


i""-'  e"  dx. 


Or   I'integrale   au  second  membre  ne  peut  pas  s'exprimer  par  les  trauscendantes  connues, 
k  moins  que  r  ne  soit  entier.     Ecrivons  encore,  c  ^tant  to uj  ours  positif, 


/ 

-/: 

(c  +  ixy- 

'  e'*  dx, 

/, 

< 

(c- 

ixy- 

■  e''  dx, 

/. 

< 

(c  + 

ixy- 

'e-^dx. 

/3 

=/: 

(c- 

ixy- 

•■  e-'^  dx. 

(9). 


Toutes  les  fonctions 


\{±c  ±ixy-^  e*'*  dx. 


entre   les   limites   0,    x ,   ou  -  x ,  0,  ou   -  oo,    oo ,  s'expriment   facilement   au    moyeu   de 
I,  II,  li,  Is-     Mais   ces  quatre   fonctions   ne  sont  pas  connues;   seulement,  au  moyen  des 


equations  qui  viennent  d'etre  trouvdes,  on  obtient 

2  sin  'nrTr.e~'  =  I  +  /, 
0  =  7, +/, 
On  d^uit  encore  de  ces  mSmes  formules: 

sin  m-  Fr .  e~* 


(10). 


=  j  _^(c  +  ixy-^  COS  xdx  =      i  I     (c  +  ia;)'-'  sin  xdx, 
=  1      (c-ia;y-^eoaxdx  =  -i  I     {c  -  ix)'^^  ain  xdx. 


(11). 
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En  supposant  que  r  —  1  est  entier  ndgatif,  I'intdgrale 

I    (c^+af'y-' cos  xdx 

se  decompose  facilement  dans  une  suite  d'inte'grales  de  la  forme 

I      (c  +  ix)P~^  cos  xdx  ; 

J    —00 

et,  en  prenant  la  somme  de  celles-ci,  on  obtient  la  formule 

r{c^  +  a?f-'  cos  xdx  =  '^p7/f^'^T  r  ^  (^  +  ^c)"'  e-*  (^^ (12), 

Jo  I    [l  —  r)    J 0 

laquelle  est  due  a  M.  Catalan.  Cependant,  ni  cette  demonstration  ni  celle  de 
M.  Catalan  ne  s'appliquent  au  cas  ou  r  n'est  pas  entier ;  la  formule  subsiste  encore 
dans  ce  cas,  comme  M.  Serret  I'a  dt^montre  rigoureusement.  En  essayant  de  la 
verifier,  je  suis  tombe  sur  cette  autre  formule: 


I    (d' +  10^)''-' cos  xdx 

Jo 

i 


^  VTre-"  (2c)'"-'  ["  (V6'+  2c  +  Vg)'-""  +  (V^  +  2c  -  Vg)'-^--   _^ 

2r(i-7-)  j,  '-  '-— ^  ^   '''' 


(13). 


ce  qui  suppose,  comme  auparavant,  que  r—1  soit  n^gatif;  en  comparant  les  deux 
valeurs,  on  est  conduit  au  resultat  singulier  (en  ^crivant  a  au  lieu  de  2c,  et  ^  (1  —  jj) 
pour  r): 


/: 


( Vg  4-  a  +  V^)^  +  (Vg  +  a  -  V^)P  _j 


V^  ^6^" 


+  a 


e-orf^ 


2V7 


ri(p  +  i) 


l)-'o 


(14), 


lequel  pent  se  d^montrer  sans  difficult^,  quand  p  est  entier  positif  impair,  en  developpant 
les  deux  membres  suivant  les  puissances  de  a;  cela  se  fait  au  moyen  de 


(Vl  +  a;  +  1)P  +  (Vl  +  a;  -  1)p 


=  /S. 


_      2^-ir  r(p-r) 
r(p-2r)T(r  +  l) 


(15). 


oi  r  s'dtend  depuis  0  jusqu'^  ^  (p  —  1).  J'ai  d^duit  de  cette  formule  (14)  des  formules 
assez  remarquables  qui  se  rapportent  aux  attractions,  lesquelles  paraitront  dans  un  numdro 
prochain  du  Cambridge  and  Dublin  Mathematical  Journal,  [41].  On  peut  encore  d^mon- 
trer  cette  formule  singulifere : 


1        f  " 

r  (r  +  a  -  1 )  =  ii— (^^)''"'  (-  i'^)""'  e'"  dx 

^  2sinr7rj_oo 


(16); 
40 
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en  eflfot,  pour  la  verifier,  il  suffit  de  rAiuire  I'int^grale,  d'abord  k 

r  (u:)"^'  (-  «;)•-'  e^dx  +  j  (-  ta;)'-'  («;)«->  e-*«  dx, 
puis  k 

dont  lea  deux  parties  s'obtiennent  au  moyen  d'une  formule  donn^e  ci-dessus.  Si,  au 
lieu  de  (— «;)""',  I'on  avait  (ia?)""',  I'int^grale  se  r^duirait  k  zero ;  mais  cela  rentre  dans 
une  formule  plus  simple. 

J'ajouterai  encore  ces  deux  formules-ci, 

27rc«e-«=         ^—-/-^''dx, 

J  -00   C  +  IX 

>  J  -X,  c  +  tx 


(17), 


dont  je  supprime  la  demonstration.  En  dcrivant  dans  la  derni^re  —  a;  au  lieu  de  x, 
puis  ajoutant,  on  a 

7rc«->e^=         \; — ^-e'^dx (18); 

j_oo  C'  +  X'  ^ 

d'oiJ  Ton  d^uit  tout  de  suite  cette  formule  de  M.  Cauchy 

i'lrc'^-' e-' =       - — -.  cos  (AaTT  -  a;)  cir (19). 

La  formule  (7)  pent  etre  con.siderfe  comme  une  definition  de  la  fonction  Tr  au 
cas  de  r  ndgatif;  et,  k  ce  point  de  vue,  elle  a,  ce  me  semble,  quelques  avantages  sur 
celle  que  M.  Cauchy  a  donnde  au  moyen  des  intdgrales  extraordinaires.  Je  passe  k  la 
definition,  au  moyen  d'une  intdgrale  definie,  de  la  seconde  integrale  euierienne, 

^  .         ,        Tm  Tn  , 

•        ^('"'">  =  I>rT^)  (2^>' 

quand  m  ou  n,  ou  tons  les  deux,  sont  n^gatifs.  Soit  d'abord  m  et  n  tons  les  deux 
positifa,  mais  n  plus  petit  que  I'unite ;  on  obtient  au  moyen  de  la  formule  (7)  et  de  la 
definition  ordinaire  des  fonctions  T, 

Tm  Tn  =  ,r-^ (    dx  (     dy  x^'  (iw)"-'  e-*+"', 

et  de  \k,  en  mettant 

y  =  ax,     dy  =  xda, 
et  integrant  par  rapport  k  x. 


^^^"'">=2inr^J-,(l-.a)-^»' 
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on  en  ^crivant  k  +  ai  au  lieu  de  ai,  k  dtant  positif, 

formule  qui  est  vraie,  meme  pour  les  valeurs  negatives  de  n.  En  effet,  si  cette  formule 
est  vraie  pour  une  valeur  quelconque  particuli^re  de  n,  elle  sera  aussi  vraie  pour  la 
valeur  n+p,  p  4tant  en  tier  positif  quelconque;  ce  qui  se  demontre  au  moyen  des 
formules  de  reduction:  done  il  ne  s'agit  que  de  la  d^montrer  au  cas  oil  n  est  positif 
et  plus  petit  que  I'unit^,  et  dans  ce  cas,  puisque  la  fonction  k  int^grer  est  toujours 
finie,  on  pent  ecrire  sans  crainte  k  +  ai  au  lieu  de  ai,  ce  qui  la  rdduit  a  la  formule 
qui  vient  d'etre  demontree ;  done  cette  formule  (21)  est  la  definition  cherchde,  au  cas 
oil  n  est  n^gatif,  ou  positif  et  plus  petit  que  I'unite. 

Si,  de   plus,  m   est   negatif,  ou   positif  et  plus   petit   que   I'unite',   l  —  7n  sera  positif, 
et  Ton  d^duira 

„  ,  _    Tm  Tn   _T  (1  —  m  —  n)  Tn  sin  (m  +  n)  tt 

"^'"'  ^^~r{m+n)  r(l-m)  sinmTr       ' 


c'est-a-dire 


-.  ,         ,      sm  (m  +  tt)  TT  ~  .,  , 

g  (7n,  7i)  = \ g  (1  -  TO  -  n,  n) ; 

^  sin  rmr 


ou  enfin,  par  I'^quation  (21), 

g  (rti,  n)  =    siD(m+w)7r    [  "(^^  ^  ^^s^n-i  n_k^  i%)^'  da. 
ZsinrnTTSinriTTJ  _^  /       \  / 

laquelle   suppose   seulement  que  m  +  n   soit  negatif,  ou  positif  et  plus   petit    que    I'unitd. 
Elle  pr^sente  une  analogie  assez  frappante  avec  I'equation  ordinaire 

g  (tw,  n)  =  f  a"-'  (1  -  a)'"-'  da 

J  0 

qui  correspond  aux  valeurs  positives  de  m,  n ;   de  meme  que  I'equation  (21)  est  analogue 
a  cette  autre  forme 


J  n 


a"-'  da 
0  (1 +  «)"'- 


qui  correspond  aussi  aux  valeurs  positives  de  m  et  n. 

On  peut  se  proposer  de  verifier  I'equation  (m  et  n  positifs  et  plus  petits  que  I'unite) 

Tto  Tn  =  :r-- —■ i      <^«  f      dy  (w)""'  iwT''  e''^+'", 

4sinTO7rsin  nTTJ.oo       J -x 

en  transformant  le  second  membre  au  moyen  de  a;  =  ay.  Pour  cela,  on  distinguera 
quatre  cas,  selon  que  a;  et  y  sont  tons  les  deux  positifs  ou  ndgatifs,  ou  I'un  positif 
et  I'autre  negatif     En  mettant   dans   les  deux  premiers 

X  =  ay,     da:  =  yda, 

40—2 
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et  en    integrant  par   rapport  k  y,  on    trouvera   que    les   deux    portions    correspondantes 
de  I'int^grale  double  se  rduniront  en 

-  r  (m  +  n) .  2  C06  (m  +  n)  TT  j^  ^j-j-^„ . 

c'est-i-dire  k 

—  2  cos  (m  +  n)  TT  Fm  Fn. 

Pour  les  deux  autres  portions  de  I'int^grale  double,  en  ecrivant 

x  =  -ay, 

on  verra  qu'il  faut  encore  distinguer  les  deux  cas   a  <  1    et   a>'l.     Les  quatre  integrates 
ainsi  obtenues  se  rduniront  cependant  dans  les  deux 

2 cos nir  I  (m  +  n)  I    ,-, ^:;;;x;; .       2  cos witt  /    -. ,.    ^    , 

savoir,  apr^  quelques  reductions  faciles,  dans  celles-ci, 

2  cos  mr  sin  rmr  t-,     t-<        2  cos  wtt  sin  tott  „     „ 

— :— T — ; — r —  Tm  Vu,     ,—. — ; — -—  Fm  T/i, 

sin  (to  +  w)  TT  sm  (m  +  «) 

lesquelles  se  r^uniront  en 

cos  (m  —  n)  TT  Fm  Fn. 

On  obtient  done  enfin  K^quation  identique 

4  sin  mTT  sin  mtt  =  2  cos  (m  —  n)  tt  —  2  cos  (to  +  ?i)  tt  ; 
ce  qui  suffit  pour  la  verification  dont  il  s'agit. 


I 
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SUE  QUELQUES  THEOEEMES  DE  LA  GEOMETRIE  DE  POSITION. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  tome  xxxi.  (1846), 

pp.  213—227.] 

§1- 

En  prenant  pour  donne  un  systfeme  quelconque  de  points  et  de  droites,  on  pent 
mener  par  deux  points  donnds  des  nouvelles  droites,  ou  trouver  des  points  nouveaux, 
savoir  les  points  d'intersection  de  deux  des  droites  donndes ;  et  ainsi  de  suite.  On 
obtient  de  cette  manifere  un  nouveau  systeme  de  points  et  de  droites,  qui  pent  avoir  la 
propriety  que  plusieurs  des  points  sont  situds  dans  une  meme  droite,  ou  que  plusieurs 
des  droites  passent  par  le  meme  point ;  ce  qui  donne  lieu  h  autant  de  theoremes  de 
gdomdtrie  de  position.  On  a  dej^  dtudid  la  theorie  de  plusieurs  de  ces  systfemes;  par 
exemple  de  celui  de  quatre  points ;  de  six  points,  situes  deux  k  deux  sur  trois  droites 
qui  se  rencontrent  dans  un  mSme  point;  de  six  points  trois  a  trois  sur  deux  droites,  ou 
plus  gdndralement,  de  six  points  sur  une  conique  (ce  dernier  cas,  celui  de  I'hexagramme 
mystique  de  Pascal,  n'est  pas  encore  dpuisd ;  nous  y  reviendrons  dans  la  suite),  et  m^me 
de  quelques  systfemes  dans  I'espace.  Cependant  il  existe  des  syst^mes  plus  gendraux 
que  ceux  qui  ont  6t6  examines,  et  dont  les  propridtds  peuvent  etre  aper9ues  d'une 
manifere  presque  intuitive,  et  qui,  h,  ce  que  je  crois,  sont  nouveaux.  Commen9ons  par 
le  caa  le  plus  simple.  Imaginons  un  nombre  n  de  points  situds  d'une  maniere  quel- 
conque dans  I'espace,  et  que  nous  d^signerons  par  1,  2,  3,  ...  n.  Qu'on  fasse  passer  par 
toutes  les  combinaisons  de  deux  points  des  droites,  et  par  toutes  les  combinaisons  de 
troLs  points  des  plans;  puis  coupons  ces  droites  et  ces  plans  par  un  plan  quelconque, 
les  droites  selon  des  points,  et  les  plans  selon  des  droites.  Soit  a/S  le  point  qui  cor- 
respond h,  la  droite  mende  par  les  deux  points  a,  /3 ;  soit  de  meme  /Sy  le  point  qui 
correspond  k  celle  mende  par  les  points  /3,  7,  et  ainsi  de  suite.  Soit  de  plus  a/Sy  la 
droite  qui  correspond  au  plan  passant  par  les  trois  points  a,  /3,  7,  etc.  II  est  clair  que 
les  trois  points  O/S,  07,  /37  seront  situds  dans  la  droite  a^^.     Done   en    reprdsentant  par 
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Nt,  Nt,  ...  les  nombres  des  combinaisons  de  n  lettres  prises  deux  k  deux,  trois  k  trois  etc. 
h  la  fois,  on  a  lo  th^r^me  suivant: 

TntoRfeME  I.  On  pent  former  un  syst^me  de  N,  points  situis  trois  <i  trois  sur  N, 
droites:  savoir  en  reprdsentant  les  points  par  12,  13,  23,  etc.  et  les  droites  par  123,  etc., 
lei  points  12,  13,  23  seront  situis  sur  la  droite  123,  et  ainsi  de  suite. 

Pour  71  =  3,  ou  n  =  4,  cela  est  tout  simple ;  on  aura  trois  points  sur  une  droite,  ou 
six  points  trois  k  trois  sur  quatre  droites;  il  n'en  r^sulte  aucune  propri^t^  g^om^trique. 
Pour  n  =  5  on  a  dix  points,  trois  k  trois  sur  autant  de  droites,  savoir  les  points 

12,     13,     14,     15,     23,     24,     25,    34,    35,     45 
et  les  droites 

123,     124,     125,    134,    135,     145,     234,     235,     245,    345. 

Les  points  12,  13,  14,  23,  24,  34  sont  les  angles  d'un  quadrilatfere  quelconque',  le 
point  15  est  tout  k  fait  arbitraire,  le  point  25  est  situ^  sur  la  droite  passant  par  les 
points  12  et  15,  mais  sa  position  sur  cette  droite  est  arbitraire.  On  dtiterminera  dopuis 
les  points  35,  45;  35  comme  point  d'intersection  des  droites  passant  par  13  et  15  et 
par  23  et  25,  c'est-^-dire  des  droites  135  et  235,  et  de  m^me  45  comme  point  d'intei^ 
section  des  lignes  145  et  245.  Les  points  35  et  45  auront  la  propri(^t^  gt^omdtrique 
d'etre  en  ligne  droite  avec  34,  ou  bien  tous  les  trois  seront  dans  une  meme  droite  345. 

Etudions  de  plus  prfes  la  figure  que  nous  venons  de  former.  En  prenant  le  cinq 
numeros  dans  un  ordre  ddterniin^,  par  exemple  dans  I'ordre  naturel  1,  2,  3,  4,  6,  les 
cinq  points  12,  23,  34,  45,  51  pourront  etre  consider^s  comme  formant  un  pentagone  que 
nous  repri^senterons  pai^  la  notation  (12345).  Les  cot^s  de  ce  pentagone  sont  ^videm- 
ment  123,  234,  345,  451,  512.  De  m^me  les  points  13,  35,  52,  24,  41  peuvent  etre 
conside'r^s  comme  formant  le  pentagone  (13524)  dont  les  cotds  sont  135,  352,  524, 
241,  413.  Ce  pentagone  est  circonscrit  au  premier,  car  ses  c6tes  passent  dvidemment 
par  les  angles  15,  23,  45,  12,  34  du  premier:  mais  il  est  de  meme  inscrit  k  celui-ci, 
car  ses  angles  sont  situis  respectivement  dans  les  c6t^s  123,  345,  512,  234,  451  de 
ce   mSme  pentagone.     Done   les  pentagones 

(12345),  (13524) 

sont  k  la  fois  circonscrits  et  inscrits  I'un  a  I'autre,  done: 

THfioRfeME  II.  La  figure  composde  de  dix  points,  trois  d  trois  dans  dix  droites,  pevt 
itre  considerie  {meme  de  six  manieres  diffirentes)  sous  la  forme  de  deux  pentagones,  inscrits 
et  circonscrits  I'un  d  I'autre. 

Ou  encore 

TH^ORfeME  III.  Etant  donnS  un  pentagone  quelconque,  on  peut  toujours  trouver  un 
autre  pentagone  qui  y  est  d,  la  fois  circonscrit  et  inscrit.  Ce  second  pentagone  peut  scUis- 
faire  d  une  seule  condition  donnee  quelconque. 

'  II  faut  avoir  igard  toujours  k  la  diffirence  entre  quadrUndre  et  quadrangle;   chaqne  qnadrilatSre  a  qnatre 
c6t^B  et  six  angles,  chaque  quadrangle  a  quatre  angles  et  six  cSt^s. 
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Si  par  exemple  le  second  pentagone  doit  avoir  uu  de  ses  angles  sur  un  point 
donn^  d'un  cot^  du  premier,  la  construction  se  ddduit  tout  de  suite  de  ce  qui  precede. 

Ces  paires  correspondantes  de  pentagones  forment  une  figure  connue.  On  en  trouve 
la  construction  dans  une  note  de  M.  [J.  T.]  Graves  dans  le  Philosophical  Magazine  [vol. 
XV.  1839],  mais  la  meme  figure  est  encore  mieux  connue  sous  un  autre  point  de  vue.  En 
effet,  conside'rons  le  point  12,  et  les  droites  123,  124,  125  qui  passent  par  ce  point;  puis 
les  triangles  dont  les  angles  sont  13,  14,  15  et  23,  24,  25.  Les  c6tds  de  ces  memes 
triangles  sont  134,  135,  145  et  234,  235,  245,  et  les  cotds  correspondants  se  rencontrent 
dans  les  points  34,  35,  45  qui  sont  en  ligne  droite.  Done  le  the'oreme  sur  les  penta- 
gones est  le  suivant : 

"Si  les  angles  de  deux  triangles  sont  sitiids  deux  d,  deux  dans  trois  droites  qui  se 
rencontrent  dans  un  point,  leurs  cotes  homologues  se  coupent  dans  trois  points  en  ligne 
droite." 

Remarquons  aussi  que  ce  theoreme  particulier  (en  n'empruntant  rien  des  trois 
dimensions  de  I'espace)  reproduit  le  theoreme  g^n^ral  relatif  au  nombre  n.  II  n'y  a 
pour  cela  qua  consid^rer  n  droites  passant  par  le  meme  point,  et  qui  peuvent  etre 
designees  par  1,  2,  3,  ...  n.  En  choisissant  d'abord  les  points  12,  13,  tout  triangle  dont 
les  trois  angles  sont  situes  dans  les  droites  I,  2,  3,  pendant  que  deux  de  ses  cotds 
passent  par  12,  13,  a  la  propri^td  que  le  troisifeme  cote  passe  par  un  point  determine 
23  situd  dans  la  droite  passant  par  12,  13.  En  prenant  arbitrairement  le  point  14, 
on  obtient  avec  les  droites  1,  3,  4  ou  1,  2,  4  les  nouveaux  points  34,  24  qui  sont  en 
ligne  droite  avec  23,  et  ainsi  de  suite. 

Passons  au  cas  n  =  6.  II  existe  ici  quinze  points  situes  trois  a  trois  sur  vingt 
droites,  ou  bien  vingt  droites  qui  se  coupent  quatre  a  quatre  eu  quinze  points.  II  n'y 
a  point  ici  des  systemes  d'hexagones,  mais  il  existe  un  systeme  de  neuf  points  qui  est 
assez  remarquable.  Divisons  dune  maniere  quelconque  les  num^ros  1,  2,  3,  4,  5,  6  en 
deux  suites  par  trois,  par  exemple  en  1,  3,  5  et  2,  4,  6,  et  considerons  les  neuf  points 

12,  14,  16, 
32,  34,  36, 
52,     54,     56. 

Les  droites  qui  passent  par  12  et  32,  14  et  34,  16  et  36,  savoir  132,  134,  136,  se 
rencontrent  dans  le  mfime  point  13.  De  meme  les  droites  qui  passent  par  32  et  52,  34 
et  54,  36  et  56  se  rencontrent  dans  35,  et  les  droites  qui  pas.sent  par  12  et  52,  14  et  54, 
16  et  56  se  rencontrent  dans  15.  Les  points  13,  15  et  35  sont  sur  la  meme  droite  135. 
En  considerant  les  points  12,  14,  16  comme  formant  un  triangle,  et  de  meme  les  points 
32,  34,  36  et  52,  54,  56,  cela  revient  h.  dire  que  les  droites  menees  par  les  angles  homo- 
logues des  triangles  prises  deux  a  deux,  se  rencontrent  trois  a  trois  dans  trois  points 
situ^  dans  la  meme  droite.  Ou  bien,  ce  que  Ton  savait  ddj^  par  le  thdor^me  3:  les 
c6t^s  homologues  des  triangles  se  rencontrent  trois  k  trois  dans  trois  points  situds  en 
ligne  droite.  En  effet,  les  cotes  des  triangles  sont  124,  126,  146  pour  la  premiere, 
et  324,  326,  346  et   524,   526,   546   pour   les  deux   autres.     Les   trois   premiers   cote's   se 
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n'ncontrent  dans  24,  lea  autres  dans  26  et  46,  et  ces  trois  points  sont  dans  la  droite 
246.  Maintenant  tout  cela  arrive  ^galement  en  combinant  les  colonnes  verticales,  ou 
en  considdrant  les  neuf  pobts  comme  formant  les  trois  autres  triangles  dont  les  angles 
sont  12,  32,  62;   14,  34,  54;   16,  36,  56.     Cela  donne  lieu  au  th^orfeme  suivant: 

THfioRt:.ME  IV.  Le  systime  de  quinze  points,  situes  trois  a  trois  sur  vingt  droites, 
contient  (et  cela  minie  de  dix  manihres  diff&entes)  un  systhne  de  neuf  points  qui  ont  la 
immriiti  de  former  de  deux  manihres  diffirentes  trois  triangles,  tels,  que  les  droites 
qui  passent  par  leurs  angles  hornologues,  prises  deux  d  deux,  se  rencontrent  dans  trois 
ixnnts  qui  sont  en  ligne  droite,  tandis  que  les  cdtes  hornologues  des  triangles  se  coupent 
trois  d  trois  en  trois  autres  points  qui  sont  aussi  en  ligne  droite.  Dans  la  seconde 
manih-e  de  former  les  triangles,  ces  deux  systemes  de  trois  points  en  ligne  droite  sont 
seulement  ichangis. 

II  ne  reste  qu'Ji,  savoir  combien  il  y  en  a  d'arbitraires  dans  le  systeme  de  quinze 
points  situ^  trois  h,  trois  sur  vingt  droites.  En  supposant  le  systfeme  formd  pour  le 
nombre  cinq,  on  peut  prendre  arbitrairement  16  et  26  sur  la  droite  126  qui  est 
d^termin^  par  les  points  12  et  16.  Done  12,  13,  14,  15  et  16  sont  arbitraires  et  23, 
24,  25,  26  sont  arbitrairement  situds  sur  des  droites  donn«?es.  L'existence  des  droites  345, 
346,  356,  456  constitue  autant  de  thdorfemes  geom^triques ;  c'est-a-dire,  chacune  de 
ces  droites  est  d^terminde  par  trois  points. 

En  essayant  d'approfondir  la  thdorie  de  six  points  sur  la  meme  conique,  on  ren- 
contrera  un  systfeme  de  neuf  points,  tel  que  ceux  que  nous  venons  d'examiner;  mais 
il  est  moins  general.  II  existe  des  relations  entre  les  points  qui  n'ont  pas  lieu  dans 
le  systeme  g^ndral.  Je^  renvoie  cette  discussion  a  une  section  s^part^e  de  ce  m^moire, 
et  je  passe  au  cas  de  n  =  7. 

Pour  ce  cas  on  a  tout  de  suite  le  theoreme  suivant: 

TH^ORfeME  V.  Le  systeme  de  vingt  et  un  points  situds  trois  d  trois  sur  trente-dnq 
droites,  peut  dtre  considere  (mime  de  cent  vingt  manieres  differentes)  comme  compose  de  trois 
heptagones,  le  premier  drconsciit  au  second,  le  second  au  troisieme  et  le  troisieme  au 
premier.    Les  heptagones  par  exemple  peuvent  etre  (1234567),  (1357246),  (1526374). 

Dans  ce  systfeme  12,  13,  14,  15,  16,  17  sont  arbitraires,  et  23,  24,  25,  26,  27  le  sont 
sur  des  droites  donn^es  ;  les  droites  345,  346,  347,  356,  357,  367,  456,  457,  467,  567  sont 
d^termindes  chacune  par  trois  points.  Dans  le  cas  g(^ueral  12,  13  ...  In  sont  arbitraires, 
et  23  ...  2n  le  sont  sur  des  droites  donnas.  II  existe  ^(n  — 2)  (w  — 3)(n  — 4)  droites 
dont  chacune  est  d^termin^e  par  trois  points.  Un  thtioreme  analogue  a  celui-ci  a  lieu 
quand  n  est  un  nombre  premier :    savoir  le  suivant : 

Tn^ORfeME  VI.     Le  systeme  de  JS''a  points,  situAs  trois  d  trois  sur  N,  droites,  peut  itre 

considiri  imim^  de  — — '— — ^ manieres)  comme  compost  de  ^(n  — 1)  n-gones,  le  premier 

circonscrit  au  second,  le  second  au  troisieme,  etc.,  et  le  dernier  au  premier. 
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Je  ne  connais  pas  d'autres  cas  ou  I'id^e  des  nombres  premiers  se  prdsente  dans 
la  gdomdtrie.  II  sera  peut-etre  possible  de  trouver  des  the'oremes  analogues  a  III,  IV, 
V,   pour   toutes   les   formes   du   nombre   n,   mais  je   n'ai   pas   encore   examine   cela. 

Le  theorfeme  g(?ne'ral  I,  pent  6tre  considdrd  comme  I'expression  d'un  fait  analytique, 
qui  doit  dgalement  avoir  lieu  en  considerant  quatre  coordonndes  au  lieu  de  trois. 
Ici  une  interpr(^tation  g(?ome'trique  a  lieu,  qui  s'applique  aux  points  dans  I'espace.  On 
pent  en  effet,  sans  recourir  d  aucune  notion  mitaphysique  a  I'egard  de  la  possihiliU 
de  I'espace  a  quatre  dimeiisions,  raisonner  comme  suit  (tout  cela  pourra  aussi  etre 
traduit  facilement  en  langue  purement  analytique) :  En  supposant  quatre  dimensions  de 
I'espace,  il  faudra  considdrer  des  ligiies  d^termin^es  par  deux  points,  des  demi-plans 
d^termin^s  par  trois  points,  et  des  plans  d^terminds  par  quatre  points;  (deux  plans 
se  coupent  alors  suivant  un  demi-plan,  etc.).  L'espace  ordinaire  doit  etre  considdr^ 
comme  plan,  et  il  coupera  un  plan  selon  un  plan  ordinaire,  un  demi-plan  selon  une 
ligne  ordinaire,  et  une  ligne  selon  un  point  ordinaire.  Tout  cela  pos^:  en  considerant 
un  nombre  n  de  points,  et  les  combinant  deux  k  deux,  trois  a  trois,  et  quatre  a  quatre 
par  des  lignes,  des  demi-plans  et  des  plans,  puis  coupant  le  systeme  par  I'espace  con- 
.sidere   comme   plan,  ou   obtient  le   theoreme  suivant   de  geom^trie   a  trois   dimensions: 

THfioRfeME  VII.  On  pent  former  nn  systeme  de  N^  points,  sitiids  trois  a  trois 
dans  N3  droites  qui  elles-memes  sont  aitudes  quatre  a,  quatre  dans  N't  plans.  En 
representant  les  points  par  12,  13,  etc.,  les  points  situes  dans  la  mSme  droite  sont 
12,  13,  23 ;  et  les  droites  etant  representees  par  123  etc.  comme  aiiparavant,  les  droites 
123,   124,    134,   234   sont  situies  dans   le  meme  plan   1234. 

En  coupant  cette  figure  par  un  plan,  on  obtient  le  theorfeme  suivant  de  gdometrie 
plane : 

TH^ORi;ME  VIII.  On  pent  former  un  systeme  de  N3  points  situes  quatre  a  quatre 
dans  N't  droites.  Les  points  doivent  etre  representees  par  la  notation  123,  etc.  et  les  droites 
IKir  1234,  etc.     Alors  123,  124,  134,  234  sont  dans  la  meme  droite  designee  par  1234. 

De  m^me,  en  considerant  un  espace  k  p  +  2  dimensions,  on  obtient  la  proposition 
suivante,  encore  plus  g^nerale: 

Theorem E  IX.  On  pent  foriner  dans  I'espace  un  systeme  de  Np  points,  qui  passent 
p+\  rt  ^ -I- 1  par  Nf+i  droites,  situe'es  p  +  2  a  j)  +  2  dans  -ZV^+a  plans,  ou  hien  pour  la 
geometric  plane,  un  systhme  de  Np  jmnts,  situes  p+1  d  p  +  1  dans  N^p+i  droites. 

Des  th&rfemes  analogues  k  IV  et  V  seraient  probablement  trha  nombreux  et  tres 
compliqu^s. 

Les  r«iciproques  polaires  auront  ^videmment  lieu  pour  tons  ces  th^orfemes;  on  pour- 
rait  aussi  les  d^montrer  directement  d'une  maniere  analogue. 

c.  41 
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§  11. 
SUR    LE    THl^OR^ME    DE    PASCAL. 

En  considt$rant  six  points  sur  la  m^me  conique,  et  les  prenant  dans  un  ordre 
dtJtermind,  pour  en  former  un  hexagone,  on  salt  que  les  cotds  opposes  se  rencontrent 
dans  trois  points  situ^  en  ligne  droite.  En  prenant  les  points  dans  un  ordre  quel- 
conque,  on  on  peut  former  soixante  hexagones,  k  chacun  desquels  correspond  unc 
droite;  il  s'agit  maintenant  de  trouver  les  relations  entre  ces  droites. 

M.  Steiner  a  prouv^  dans  son  ouvrage  Systematische  Entwickelungen  u.  s.  w.  [1832], 
que  ces  soixante  droites  passent  trois  a  trois  par  vingt  points,  et  il  ajoute  que  ces 
vingt  points  sont  situ^  quatre  a  qiiatre  sur  quinze  droites.  La  premiere  partie  de  ce 
thdorfeme  peut  etre  d«5montr^e  assez  facilement,  comme  nous  le  verrons:  mais  pour  la 
sesonde  partie,  je  n'ai  pas  rdussi  k  trouver  les  combinaisons  de  quatre  points  qui 
doivent  ^tre  situds  en  ligne  droite,  et  il  me  parait  meme  qu'il  est  impossible  de  les 
trouver'. 

Cherchons  les  combinaisons  des  droites  qui  doivent  passer  trois  k  trois  par  le 
meme   point. 

Soient  1,  2,  3,  4,  5,  6  les  six  points  situds  sur  la  meme  conique.  Considerous 
d'abord  I'hexagone  123456  que  Ton  obtient  en  prenant  les  points  dans  un  ordre  d^ter- 
min^.     Suivant  le  thdoK^me  de  Pascal  les  trois  points 

12.45,         23.56,         34.61 

(on    12.45    ddsigne    le    point    d'intersection   des    lignes    passant    par    les   points   1,    2   et 
4,  5)  sont  situes  en  ligne  droite.     Considerons  les  six  hexagones 

12  3  4  5  6 
14  3  6  5  2 
16  3  2  5  4 


14  3  2  5  6 
12  3  6  5  4 
16  3  4  5  2 


qu'on  tire  du  premier  en  pormutant  les  nombres  2,  4,  6  correspondants  aux  sommets 
altemds  de  I'hexagone.  Pour  les  trois  premiers  on  fait  les  permutations  cycliques  de  ces 
nombres   (savoir  246,  462,  624),  pour  les  trois  autres  on   fait   d'abord    une   inversion  426, 

'  Je  ne  sais  pas  s'il  eiiste  une  demonstration  de  la  secoude  partie  du  theor^me;  je  n'ai  pu  la  trouver  nuUe 
part.  Au  cas  que  cette  partie  du  thioreme  n'itait  pas  correcte,  il  parait  que  Ton  devra  peut-fitre  lui  substituer 
la  proposition  suivante :  "Lea  vingt  points  diterminent  deux  a  deux  dix  lignes  qui  passent  trois  k  trois  par  dix 
points."    On  verra  dans  ce  qui  suit,  de  quelle  maniSre  il  faudrait  combiner  ces  points.     [Voir  55.] 
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puis   les   permutations  cycliques  (426,  264,  642).     En  ecrivant  les  combinaisons  des  points 
qui  doivent  etre  situes  en  ligne  droite,  on  a 


12.45 

23.56 

34.61 

36.12 

56.14 

52.34 

45.36 

14.23 

16.52 

14.25  43.56  32.61 
36.14  56.12  54.42 
25.36        12.34        61.54 

Suivant  cette  table  les  points  sur  la  meme  horizontale  sont  en  ligne  droite. 

On  remarquera  d'abord  que  les  trois  premieres  droites  passent  par  les  angles  des 
triangles  dont  les  cotes  sont  36,  45,  12  et  14,  23,  56.  Les  cot^s  homologues  de  ces 
triangles  se  rencontrent  en  36.14,  45.23,  12.56  qui  sont  en  ligne  droite,  c'est-a-dire, 
par  un  th^oreme  ddja  cit^:  les  trois  lignes  passent  par  un  meme  point.  On  aurait  6t4 
conduit  au  mSme  r^sultat  en  observant  que  les  trois  premieres  droites  passent  par  les 
triangles  dont  les  cotes  sont  14,  23,  56  et  52,  16,  34  ou  enfin  52,  16,  34  et  36,  45,  12. 
De  meme  les  trois  demiferes  droites  passent  par  le  meme  point.  Done  il  a  4t6  ddmontre 
ce  qui  suit : 

Th^orIcme  X.  En  ccmsiderant  les  trois  hexagones  qu'on  obtient  en  permutant  cyclique- 
ment  les  angles  alternh  du  premier,  les  trots  droites  qui  y  correspondent  se  rencontrent 
dans  un  meme  p>oint.     Les  soixante  lignes  passent  done  trois  a  trois  par  vingt  points. 

Ajoutons  qu'aux  trois  hexagones  de  ce  theoreme  correspondent  d'une  maniere 
particuliere  trois  autres  hexagones,  ou  que  les  vingt  points  doivent  se  combiner  deux 
k  deux  d'une  maniere  particuliere. 

Mais  on  se  formera  une  idee  plus  claire  du  systeme  en  remarquant  que  les  neuf 
droites 

36,     45,     12 

14,     23,    56 

25,    61,     34 

ont  entre  elles  une  relation  qui  est  polaire  r^ciproque  de  celle  entre  les  neuf  points  du 
theoreme  IV.  Pour  faciliter  cette  comparaison,  je  prendrai  d'abord  le  thdorfeme  analogue 
pour  les  tangentes  d'une  conique. 

Th^or^me  XI.  Soient  1,  3,  5  et  2,  4,  6  des  tangentes  a  une  meme  conique  et  12, 
etc.  les  points  d'intersection  de  ces  droites:   les  neuf  points 

36,     45,     12 

14,     23,     56 

25,     61,     34 

41—2 
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peuvent  fitre  d^termin*^  au  moyen  de  six  points  de  I'espace  A,  B,  C,  a,  /3,  7,  de  manifere 
ijue  Aa,  etc.  repr^nte  le  point  d'intersection  de  la  droite  passant  par  A,  a  avec  le  plan 
«ie  la  figure.    Les  points  sont  correspondants  entre  eux  de  cette  mani^re: 

Aa,  A^,  Ay 
Ba,  J5/9,  By 
Ga.     0/9,     Gy 

seulement  les  points  36,  23,  34  etc.  sont  en  ligne  droite,  ce  qui  n'aurait  pas  lieu  pour 
les  points  Aa,  5/8,  Cy,  si  la  position  de  A,  B,  G,  a,  yS,  7  t5tait  arbitraire.  On  est  done 
conduit  k  ce  probl^me: 

Trouver  six  points  A,  B,  C,  a,  /8,  7  dans  I'espace,  tels,  qu'en  repr^sentant  par 
Aa,  etc.  1 'intersection  de  la  droite  men^e  par  Aa  avec  un  plan  donn^,  les  combinaisons 
des  points 

^  (A  a,  B^,  Gy) 

(A^,  By,  Ga) 

(Ay,  Ba,  G^) 

{Aa,  By,  G^) 

(A^,  Ba,  Gy) 

{Ay,  5/9,  Ga) 

soient  en  ligne  droite. 

Pour  le  th^oreme  de  Pascal,  cela  donne : 

THEORi:ME  XII.     Soient  1,  3,  5  et  2,  4,  6  des  points  d'une  conique,  les  neuf  lignes 

36,     45,     12 
14,     23,     56 
25,     61,     34 
peuvent  ^Ire  consideries  comme  les  projections  des  lignes 

Aa,  .4/9,  Ay 
Ba,  5/3,  57 
Ga,     G^,     Gy 

sur  le  plan  de  la  figure,  ou  A,  B,  C,  a,  /8,  7  sont  six  plans,  dont  la  relation  reste  encore  d 
d^erminer. 

En  eflfectuant  la  solution   du   problJime   que  j'ai   indiqu^e   on   aurait,  a   ce   qu'il    me 
semble,  un  point  de  vue  tout  a  fait  nouveau  d'envisager  les  coniques. 


50] 


SUR   QUELQUES    THEOREMES    DE   LA   G^OMETBIE   DE   POSITION. 


325 


Je  vais  ajouter  encore  quelques  reflexions   sur  la  manifere  de   chercher  les   relations 


([ui   existent    entre    les    vingt    points, 
hexagones,  on  a  cette  table : 


En    ^crivant    seulement    les    angles    alternes    des 


1.2.3 
1.2.4 
1.2.5 
1.2.6 
1.3.4 
1.3.5 
1.3.6 
1.4.5 
1.4.6 
1.5.6 

A  chaque  symbole  correspondent  six  hexagones,  qui,  a  ce  que  nous  avons  vu,  se  parta- 
gent  en  deux  paires  de  trois  hexagones,  et  k  chaque  combinaison  de  trois,  il  correspond 
un  point.  II  y  a  done  deux  points  qui  correspondent  au  symbole  1.3.5,  deux  qui 
correspondent  au  symbole  1.3.6,  deux  au  symbole  1.5.6  etc.  En  repr^sentant  done 
par  35,  36,  56,  les  droites  passant  par  ces  paires  de  points,  il  me  parait  probable  que 
ces  droites  aient  ensemble  les  relations  du  theor^me  I,  (savoir  que  35,  36,  56  se  ren- 
contrent  dans  un  point  etc.),  ce  qui  donnerait  lieu  au  th^oreme  hypothe^tique  que  j'ai 
dnonc^  dans  una  note.  Voilk,  k  ce  que  je  puis  apercevoir,  la  seule  maniere  symc^trique 
de  combiner  les  droites.     Mais  au  moins  les  symboles 

1.3.5 

1.3.6 

1.5.6 

ont  entre  eux  des  rapports  singuliers.  En  effet,  ecrivons  pour  chacun  les  neuf  points 
du  thdor^me  XII,  on  a  ce  tableau : 

36,  45,  12 
14,  23,  56 
25,     61,    34 


35,  64,  12 
14.  23,  56 
26,    15,    34 


35,    46,     12 
14,     25,    36 
26,     13,    54 
'jui  ne  contient  que  quatorze  points.     Cela  m^rite  des  recherches  ulterieures. 
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Demonstration  analytique  du  tMorhme  de  Pascal,  et  de  la  premiere  partie  de  celui  de 
if.  Steiner.     Formules  relatives  au  meme  sujet. 

Soient    P  =  0,   Q  =  0,   R  =  0   les   Equations   des    lignes    12,   34,   56.     On    dt^montrem 
asaez  facilement  quo  les  Equations  des  lignes  45,  61,  23  peuvent  ^tre  repr^ent^es  par 

P+vQ  +  ^lR  =  0, 
vP+    Q  +  \R  =  0, 

fiP  +  \Q+   R  =  0. 
En  eflfet  les  six  points  1,  2,  3,  4,  5,  6  seront  situds  dans  la  conique 
P'  +  Q-  +  R'  +  X  +  lQR  +  fj.  +  -PR  +  v  +  -PQ  =  0; 

A,  /A  V 

car  en  faisant  dans  cette  ^nation  P  =  0,  I'dquation  se  r^duit  a 

^  ^iQ  +  XR){\Q  +  R)  =  0; 

c'est-a-dire,  la  conique  contient  les  points  d^terminds  par 

(P  =  0,         pP  +  Q  +  \R  =  0), 

(  P  =  0,        fiP  +  \Q  +  R  =  0), 

on  bien  les  points  1,  2 ;  et  de  meme  elle  contient  les  autres  points  3,  4,  5,  6.  Les 
foiictions  P,  Q,  R  sont  cens^es  contenir  chacune  deux  constantes  arbitraires ;  done  on 
a  neuf  constantes  arbitraires  dans  ce  systeme,  qui  par  consequent  est  tout-a-fait 
general.     On  pent  former  le  systfeme  suivant  d'dquations : 

12.  P  =0, 

13.  XfiP+      Q+    \R  =  0, 

14.  \P+    fiQ  +  XfiR  =  0, 

15.  P+     vQ+vXR  =  0, 

16.  vP+      Q+    XR  =  0, 

23.  imP+    XQ+      R  =  0, 

24.  P  +  ^XQ+    fiR  =  0, 

25.  XP  +  vXQ  +    vR  =  0, 

26.  vXP+    XQ+      R  =  0, 

34.  Q  =0, 

35.  fiP+  fipQ+      R  =  0, 

36.  fivP+    fi.Q+    vR  =  0, 

45.  P+     vQ+    fiR^Q, 

46.  vP+      Q+  vfiR  =  0, 
56.  R=0. 


>0] 


SUR   QUELQUES   TH^IOREMES   DE   LA   G^OM^TRIE   DE    POSITION. 


327 


Ecrivons  les  equations  des  lignes  comprises  dans  la  table  de  neuf  points  ci-dessus 
donnes.     On  a  d'abord 

fivP  +   fj,Q+    vE  =  0,  P+vQ  +  fj,E  =  0,  P  =  0, 

\P+  /J.Q  +  X/iR  =  0,  fj,P  +  XQ+    R  =  0,  R  =  0, 

XP  +  v\Q+    vR  =  0,  vP+    Q+\R  =  0,  Q  =  0. 

En  combinant  la  seconde  et  la  troisi^me  colonne  verticale  du  tableau,  on  obtient 
pour  les  trois  points  d'intersection  des  e6t^s  opposes  de  I'bexagone  123456,  les  Equations 

(P  =  0,         fiQ  +  vR  =  0), 

iR  =  0,        \P  +  fiQ  =  0), 

(  Q  =  0,        \P  +  vR  =  0), 
qui  appartiennent  k  trois  points  situes  sur  la  droite 

\P  +  fiQ  +  vR  =  0, 
ce  qui  suffit  pour  demontrer  le  th^oreme  de  Pascal. 

On  obtient  de  meme,  en  combinant  les  autres  paires  de  colonnes  verticales,  deux 
systemes  de  trois  points,  respectivement  situes  dans  les  droites 

A.  fl  P 

^  +  ^  +  ^]\fj.v  +  XP  +  fLQ  +  vR  =  0, 

X      fl       v/ 

lesquelles,  avec  la  droite  qu'on  vient  de  trouver, 

XP  +  fj.Q  +  vR  =  0, 
se  rencontrent  ^videmment  dans  un  nifime  point,  d^termin^  par  les  deux  equations 

XP  +  tJ.Q  +  vR  =  0     et 

X  fJL  V 

Voila  une  demonstration  de  la  premiere  partie  du  theorfeme  de  M.  Steiner.  Les 
eijuations  que  nous  venous  de  trouver  appartiennent  au  point  d'intersection  des  trois 
droites  qui  correspondent  au  premier  des  trois  hexagones  du  symbole  1.3.5.  Pour 
trouver  I'autre  point  correspondant  de  la  meme  maniere  a  ce  symbole,  il  faut  combiner 
les  colonnes  horizontales,  ce  qui  donne  pour  les  coordonndes  de  ce  point : 

{X  - /Mv)  P  =  ifi-  vX)  Q  =  (v  - Xfj,)  R. 

En  cherchant  de  m^me  les  expressions  des  points  qui  correspondent  aux  symboles 
1.3.0  et  1.5.6,  on  obtient  des  r^sultats  moins  elegants,  mais  qui  valent  peut-etre 
la  peine  d'etre  ^nonc^s  ici. 

Je  forme  cette  table  complete : 
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R 


[50 


P     Q 


=  0, 


\P  +  flQ  +  VR  +  \ftV  (:r-  +^  +  -]  =  0; 

(,  \\  fl  V  J 

((\-  iiv)P  =  {v-Xii)R, 
(y  —  X/t)  R  =  (iJ,—  v\)  Q  , 
(ji-  vX)Q=(\-  ^Lv)P; 

'  fiP+  \Q  +  \iJivR=0, 
v\P  +  fipQ+       R  =  0, 
,  (fiP  +  XQ  +  \fivR)  +  (v\P  +  ^vQ  +  if)  =  0; 
(ili-vX)   P  +  (l-fjLv\)R  =  0, 
\(l-v\fi)R  +  (X-PfJi)    Q  =  0, 
[(\-fiv)    Q-(ji-v\)  P  =  0; 


(/U.-J/  —  Xfllr)  R  = 

{v    -    \fi)R-- 


0, 
0, 


II. 

Pour  1.3.(i 
I. 

11. 
Pour  1.5.6 

■  (/ii/ -  X/iV  -  \  +  \/x») -P  +  (m   -    i'>^)Q  + 

I.  -j  (a"'  -  X/iV-  -  X  +  Xi-O  P  +  i/j'i^  -  V**)  <^  + 

^Xfi-  —  Xv")  P  +  (fj.  —  vX  —  fiv^  +  X/a'j/)  Q  +  (fi'-v  ~  Xfiv-  —  V  +  Xfi)  R  =  0  ; 

f(X     -    Xv-+fiv-Xfjr)P+  {ft.    -Xfi,-v)Q+  (v     -Xfj.v^)R  =  0, 

II.  \  (Xk"  -  X(j?v^-iiv  +  X/x=)  P+  (vX-    fiv^)  Q+  {X/M-    fi'v)  R  =  0, 
(^                       {X  —  Xfi-ir)  P  +  {vX  —  fiir  +  fl  —  X/Ji'p)  Q  +  (Xfj,  —  jX-v  +  V  —  Xfjiu'-)  R  =  0. 

Note  sur  le  th^orfeme  de  M.  Brianchon. 

Ou    peut   donner   une  demonstration    semblable    de    ce    theoreme,   en    prenant    pour 
les  ^nations  des  six  tangentes  celles-ci : 

1.  P=0, 

3.  Q  =  0, 
o.  R^O, 

4.  a  P  +  /3  Q  +  7  i?  =  0, 
6.  a'P  +  ^'Q  +  y'  R  =  0, 

2.  a"P  +  ^"Q  +  y"R  =  0, 

et   en   cherchant   la   relation   entre   les   coefficients   qtii   est   n^cessaire    pour    que    ces  .six 
tk)uations  appartiennent  aux  tangentes  d'une  meme  conique.     On  obtient  facilement 

(ary'  -  a'7)  (/3'a"  -  /3"a')  {y"0  -  7/3")  =  {u'y"  -  o!'i)  (y3"a  -  /3a")  (^^S'  -  i&), 

ce  qui   exprimo   aussi   la   condition  pour  que  les  trois  diagonales  se  rencontrent  dans  un 
meme  point. 
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[From   the  Journal  fiir  die  reine   und  angewandte  Mathematik  (Crelle),   torn.    xxxi. 

(1846),  pp.  227—230.] 

.  Trouver  explidteinent   les  coordonnees  des   centres   de  similitude  de   deux  surfaces   du 
second  ordre,  dont  chacune  est  circonscrite  d  une  m^me  surface  de  cet  ordre. 

Lemme. 

Soit 

U=Aaf+Bf+  Cz-  +  2Fyz  +  20zx  +  'iHxy  +  'iLxw  +  2Myw  +  2Nzw  +  Pw-' (1), 

I'expression   g^nerale    d'une    fonction   homogfene    du    second   ordre    a    quatre    variables,    et 
considerons  les  ddrivees 


KU- 


A, 

H, 

G, 

L 

Fpo 

U  = 

f 

V  , 

P  ' 

(0 

H, 

B  , 

F, 

M 

a, 

A, 

H, 

G, 

L 

G, 

F, 

0, 

N 

^, 

H, 

B, 

F, 

M 

L, 

M, 

N, 

P 

7. 

G, 

F, 
M, 

c, 

N 
P 

(2). 


oil  dans  Fpo  U  les  lettres  o,  p  ecrites  en  bas  servent  a  indiquer  les  variables  a,  /S,  7,  h 
6t  f.  V'  p.  <»  qui  doivent  entrer  dans  I'expression  de  cette  fonction ;  par  exemple 
F„,U  est  ce  que  devient  Fp„U,  en  dcrivant  f,  r),  p,  m  an  lieu  de  a,  /3,  7,  S. 

Cela  pos^,  soit 

U  =  A!d'-^Bf  +  C^  +  2Fyz  4  'i.Ozx  +  2.Hxy  +  2Lonu  +  2%w  +  2Nzw  +  2Pw^  . . .  (3) , 


V=    dia;  +  01/ +  yz  -^-  8tv, 


C. 


(4). 
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on  aura  cette  ^uation  identique: 

F„{,U+V*)KU-F^{U)K{U+V^)^{F^Uy (5). 

qui  subsifite  mAme  pour  un  nombre  quelconque  de  variables. 

L'expression   analytique  du   th^rfeme  consiste    en    effet    en    ce    que    les    r^ciproques 
de  deux   surfaces  du  second   ordre,  circonscrites  I'une   k   I'autre,   sont    deux    surfaces   du 

second  ordre  qui  ont  cette  mdme  relation.     Car  en  prenant  —  ,  ^  ,  —  pour  les  coordon- 
T  www 

n4eR  d'un  point,  les  Equations  de  deux  surfaces  circonscrites  I'une  k  I'autre  sont 

U=0, 


(6). 

Les  ^nations  de  leurs  r^iproques  polaires  (par  rapport  a  ^r*  +  y'  +  2:^  +  «;•  =  0)  sont 

F„U  =  0,    F^{U+V^)  =  0. 

c'^t-i-dire,  et  vertu  du  th^orfeme  qui  vient  d'etre  pose: 

F^U^O,        K(U+V»)Fpj,U+(F^Ur  =  0 (7), 

oii  K{U+V*)  est  constant;  c'est-il-dire  les  premieres  parties  des  Equations  ne  different 
entre  elles  que  par  le  carr^  de  la  fonction  lin^aire  (Fgp  U) ;  ce  qui  prouve  le  thdorfeme 
en   question. 

SoLxrrioN. 

Soient  Cr+F,''  =  Oet    U+V„^  =  (i (8), 

les  Ajuations  des  deux  surfaces,  dont  chacune  est  circonscrite  a    f7  =  0.     Les  expressions 

de  F,  et  F,  sont 

F,  =  a^x  +  ySiy  +  71^  +  h^w,  ^ 


(9), 

et  Vi  =  a^  +  P^  +  r/^  +  h.iW, 

et   les  lettres  0,,   Oj  dcrites   en    bas  se   rapporteront  a  a^,  /Sj,  7,,  S,   et   a  at,,  /3j,  72,  S.^ 
respectivement.     Mettons  de  plus,  pour  abr^ger, 


Les  polaires  des  deux  surfaces  ont  pour  Equations 

K,F„(JJ)  +  {F,^^Ur  =  Q,\  (11) 

K,F^{U)  +  {F,,^uy  =  Q,) 

et    ces  surfaces    polaires  se   rencontrent    ^videmment   selon   les   courbes  situ^es   dans   les 
plans  exprimes  par  les  Equations 

^K,F„^pU±^K,Fo,pU=0 (12); 

Equations  qu'on  pent  ^crire  sous  cette  forme  trfes  simple: 

Fo'p{U)  =  0 (13), 
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I 


(14), 


et    supposant    que   o'    se    rapporte    a    a',   ^',   y',    B'.     On    a    enfin,   en    se   servant    de 
notation  complete  des  determinants, 

?  ,  V,  P,  (o      =0     (15), 

a',     A,  H,  G,  L 

ff,     H,  B,  F,  M 

i,     G,  F,  C,  N 

S',    L,  M,  N,  P 

Equation   qui   est   double,  a   cause  des  doubles  valeurs  de  a',  /3',  7',  S'.     Les  poles  de  ces 
plans  sont  les  centres  de  similitude  des  deux  surfaces  donne'es.     Soit  done  identiquement 

I,  17,  p,  (0     =a|  +  sl3'?  +  ®p  +  B«  ...(16). 

a',     A,  H,  G,  L 

^,    H,  B,  F,  M 

7',     G,  F,  C,  N 

S',    L,  M,  Jff,  P 

X  :  y  :  z  :  w=^  :  23  :  ®  :  B (17), 


on  a 


pour   les    coordonndes    -,    ^,    -    des    deux    centres    de    similitude.     E,   23,   ®,   38   sont 

www  n""" 

donnas  par  I'dquation  (16),  savoir  par 

1       . 


a',  A,  H,  G,  L 

P,  H,  B,  F,  M 

7'.  G,  F,  C,  iV 

S',  L,  M,  N,  P 


ou 


a',  H,  G,  L 

/S',  B,  F,  M 

7',  F,  C.  N 

B',  M,  N,  P 


,  &c.    (18), 


"*'.  ^'.   7',   2'    sont    donnds   par   (14),   et   Ky,   K,  repr^sentent   ce   que    devient    le    deter- 
minant 

A,    H,     G,    L      (19), 

H,    B,    F,    M 

G,    F,     C,    iV 
L,    M,    N,    P 

en  ecrivant  ^  +  a,',  5  +  A',  0  +  7,»,  P+h,\  F+^,y„  G  +  y,a„  H+a,^,,  L  +  aA,  M  +  ^A, 
N  +  yA,  ou  A+a,',  &c.  au  lieu  de  ^,  5,  C,  P,  F,  G,  H,  L,  M,  N. 

42—2 
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SUR  QUELQUES  PROPRIETES  DES  DETERMINANTS  GAUCHES. 


\ 


[From  the  Journal  filr  die  reine  und  angewandte  Mathematik  (Crelle),   torn,   xxxii. 

(1846),  pp.  119—123.] 

I. 

Je  donne  le  nom  de  determinant  gauche,  k  un  determinant  form^  par  un  systeme 
de  quantity  Xr.»  qui  satisfont  aux  conditions 

K.s  =  -\.T{r^s]  (1). 

J'appelle  aussi  un  tel  systeme,  systeme  gauche.  On  obtiendra  des  formules  plus  simples 
(quoique  cette  supposition  ne  soit  paa  essentielle),  en  consid^rant  seulement  les  systfemes 
pour  lesquels  on  a  aussi 

Vr=l (2). 

Je  suppose  dans  tout  ce  qui  va  suivre,  que  le  determinant  est  de  I'ordre  n,  et 
ijue  par  consequent  les  suffixes  variables  r,  s,  &c.,  s'^tendent  toujours  depuis  I'unite 
jusqu'^  n. 

En  posant  les  Equations 

S,  'Kr.t^T  =  Ps,      2,  \r.tXB  =  Qr  (3), 

j'exprime  les  syst^mes  inverses  qui  determinent  les  P,  Q  par  les  x,  de  la  manifere 
suivante : 

KXr=%K.,P„     et     Kx,  =  lrAr.,Qr W- 

oii  K  designe  le  determinant  forme  avec  les  quantites  \r.>,  et  A,,  le  coefficient 
diflferentiel    de    K    par   rapport   a   Xr.a',    bien    entendu,   que    la    differentiation  doit  dtre 
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effectu^e    avant    d'avoix    particularism    ces   quantit^s   par   les    Equations   (1),    (2).     On   sailr 
que  ces  fonctions  A  satisfont  aux  conditions 


SrXr.sA^  g  =  K, 

2,Xr.sA^  ,=  0  ,  r +  r-', 


(5). 


Je  tire  des  Equations  (4),  en  ^changeant  r  et  s  dans  la  demiere  de  ces  Equations : 

l,Ar,sPs='ZAs.rQs  (6), 

et   de  la,  en  multipliant  respectivement  les  diffdrentes  Equations  de   ce  systeme  par  A,,-  ,., 
et  prenant  la  somme  de  ces  produits: 


2,(2,>^  ,A,.,)P,  =  S»(2A8'.rA,.r)Qs 

On  a  d'abord  par  les  ^nations  (5) 

28(2rV.rAs  r)  Qg  =  KQ^ 

puis  par  les  ^nations  (1)  et  (2) 

2rV.rAr.«  =  2A^.,—  SrVyAy,, 

e'est-k-dire  par  les  ^uations  (5) : 

2rV.rAr.«   =2As',,;     s'  +  s\ 

et  l;>^,rK.i  =  ^K.,f-K     I 

ce  qui  donne 

l.{lr\,.rAr..)Ps=2(X,A,.,Pg)-KP,. 


.(7). 


•(8); 
..(9), 


.(10); 


(11). 


Substituant  les  Equations  (8)  et  (11)  dans  la  formule  (7),  on  obtiendra,  en  ^crivant  r 
au  lieu  de  s' : 


et  ^galement 


Posant  maintenant 


et 


KQr  =  2(^,Ar.sP.)-KPr 
KP,  =  2i^rAr.,Qr)-KQ, 


Kor,,  =  2A,., ;    r  +  s 

Kar,r  =  2Ar,r-K 


les  formules  (12),  (13)  se  changeront  en 

Qr  =  ^fiir.sP,   et    Pj  =  lAr.tQr 


(12), 
(13). 

(14): 
.(15): 
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^uations  qui  sont  n^cessairement  ^quivalentes.     On  a  done  identiquement 

.2,ar.»ai-.»  =  1> 


(1) 
(2) 


(16), 


,2,ar.,ar.«  =  1 : 

c'est-i-dire,  on  a  trouve  un  syst^me  de  n'  quantitds  av  ,,  fonctions  explicites  et 
rationnelles  d'un  nombre  ^»(n— 1)  de  variables  inddpendantes,  qui  satisfont  identi- 
quement aux  formules  (16,  1)  et  (16,  2).  On  sait  qu'en  gdom^trie  cela  veut  dire  que 
pour  n  =  2  ou  n  =  3  de  tels  systfemes  donnent  les  coefficients  propres  k  effectuer  la 
transformation  de  deux  systfemes  de  coordonn^es  rectangulaires ;  nous  dirons  par  analogic, 
que  des  systfemes  qui  satisfont  aux  Equations  (16)  pour  une  valeur  quelconque  de  n, 
sont  propres  k  effectuer  la  transformation  entre  deux  systfemes  de  coordonn^es  rectangu- 
laires.    On  a  done  le  thdoreme  suivant : 

^  Les  coefficients  propres  a  la  transformation  de  coordonndes  rectangulaires,  peuvent 
Stre  exprimds  rationnellement  au  moyen  de  quantit^s  arbitraires  \.  g,  soumises  aux 
conditions 

'^8.r=— ^«.r    [^  +  S];       Xr.r=l- 

Pour  d^velopper  les  formules,  il  faut  d'abord  former  le  determinant  K  de  ce  systeme, 
puis  le  systfeme  inverse  Ar.», ...  et  ^crire 

ce  qui  donne  le  systeme  cherchd. 

Soit  par  exempla  n=3.     Ecrivons  pour  le  systfeme  des  quan titers  X^  ,: 

1,  V,      -fl,^ 

-".        1.        '^.  j- (17), 

M,    -\       l> ; 
ce  qui  donne  K  =l+X-  +  f^'  +  v^,  et  pour  le  systeme  des  fonctions  A^  , 

1  +  V,     Xfj,  +  V  ,     vX  —  fi,^ 

\fi-v,        l+/i^     /iv  +  X,  c   (18). 

V\  +  fJL,       fiv  —  \  ,         1  +V-. , 
De  la  on  obtient  pour  le  systfeme  de  coefficients  a,  l3,  y;   a',  /3',  y' ;    a",  /3",  y" : 
Ka  =  l+\<'-,j?-v^    Ka;  =  2(X^  +  v)  ,    Kc^' =  2  {v\  -  fi)  A 

K0^2(\,i-u)        .     ii:^'  =  (l+^2_^2_x=),     Kfi"  =  2(^,v+X)  ,[...(19). 

Ky  =  2(v\  +  ft,)  ,     Ky'  =  2(fiv-\)  ,     Ky"  =(1 +1/^ -X'- fj?);) 

ce  qui  se  rapporte  k  la  transformation 

x  =  a  Xi+  ^  1/i+y  Zi,    Xi  =  cix+a'y  +a"z  ,' 

y  =  a'x,  +  ffy,  +  y'z„     y,  =  px+^'y  +  ^'z,i   (20). 

z  =  a"a;,  -|-  ^"y,  +  y'z^ ,     z,  =  yx  +  y'y  +  y"z, , 
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de  deux  systemes  de  coordonnees  rectangulaires.  En  effet,  les  coefficients  \,  fi,  v  ont 
una  signification  g^omdtrique :  Les  axes  Ax^,  Ay^ ,  Az^  vent  coincider  avec  les  axes 
Ax,  Ay,  Az,  par  la  rotation  6  autour  d'un  certain  axe  AB,  (qu'on  peut  nommer 
"  Axe  resultant ").  En  prenant  /,  g,  h  pour  les  inclinaisons  de  cet  axe  a  Ax,  Ay,  Az, 
on  a  X  =  tang  ^^  cos_/i  fj,=  ta.ng^d  cosg,  v  =  ta,ng  ^6  cos  h.  Cette  expression  de  I'axe  AR 
est  due  k  Euler;  les  quantit^s  X,  fi,  v  ont  dte  introduites  pour  la  premiere  fois,  par 
M.  Olinde  Rodrigues,  dans  un  mdmoire  "Sur  les  lois  g^omdtriques  qui  rdgissent  les 
deplacements  d'un  systfeme  solide "  (Liouville,  torn.  V.  [1840]),  oh  il  donne  [des  expres- 
sions semblables  a  eelles]  qu'on  vient  de  trouver  ici,  pour  les  coefficients  de  la  trans- 
formation, en  termes  de  X,  ^,  v.  Ces  m^mes  quantites  X,  fx,  v  (il  y  a  a  remarquer 
cela  en  passant)  sent  lides  de  la  manifere  la  plus  etroite  avec  eelles  de  la  belle  theorie 
de  Sir  W.  Hamilton  sur  les  Quaternions.  Je  les  ai  appliquees  a  la  thdorie  de  la 
rotation  d'un  corps  solide.  Avant  de  donner  une  id^e  des  r^sultats  auxquels  je  suis 
parvenu,  je  passe  aux  formules  de  transformation  qui  se  rapportent  au  cas  de  n  =  4. 
Je   prends   ici  pour  le   systeme   des   quantites   X: 


1, 


a. 


h, 


-a. 

I, 

-h. 

9' 

-b. 

h, 

1, 

-/. 

—  c. 

-9' 

/ 

ij 

(21), 


ce  qui  donne,  en  mettant  pour  abreger,  af+  bg  +  ch=  6, 

J?"  =  1 -h  a= -K  6^ -I- c^ -f /^ -f  ^r^  4- A= + 
et  puis  pour  les  quantites  A^.,  le  systfeme 

'^-^f^rf^-h?,       fe+a  +  hh-cg,  gB  +  b+cf-ah, 

-/e  -a  +  bh-cg,         1  +/"  +  b-  +  c\  -c0-h  +/g  -  ab, 

1-g0-b+cf- ah,       c9+h  +fg-ab,  l+g^  +  c^+a^ 

—  hd  —  c+ag  —  bf,     —bd  —  g+hf—ca,  a0  +  f+gh  —  bc, 
de  mani^re  que  pour 
on 


hO  +  c  +  ag  -  bf, ' 
b6+  g+  hf-  ca, 
—  ad—f+gh  —  be, 
1+h^+a^  +b\^ 


(22), 


...  (23), 


(24), 


Ka,    Ka!,    Ka!' ,    K</" ,] 
K^,    K^',    K^",    K^", 

KS,    KB',    KB",    KB'", 
on  obtient  le  systeme  suivant : 

1  +f'+9''+h'' -a'-b'-c',    2(fe+a+bh-cg)  ,    2(ge  +  b  +  cf-ah)  ,  2{hd +  c +ag-bf) 

•i{-fd-a+bh-cg)  ,    l+f'+b'+(^ -g'-h'-a'',    2(-c0 -h+/g -ab)     ,  2  (bd  +  g  +  hf-ca) 

2{-ge-b  +  cf-ah)         ,    2(c0 +h+fg-ab)  ,    l+g'+c'+a' -f-h'-b',  2(-a0 -f+gh-bc) 

2(-h0-c  +  ag-bf)       ,    2(-b0 -g  +  hf-ca)     ,    2  (a0 +f + gh  -  be)  ,  l+h'+a'+b' -f'--g' 

et  ainsi  de  suite  pour  des  valeurs  quelconques  de  n. 


-c, 
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II. 

Maintenant  je  vaU  citer  les  formules  que  j'ai  pr^sent^  dans  le  Jourmd  de 
Cambridge,  t.  III.  (1843)  p.  225,  [6],  pour  la  rotation  d'un  corps  soUde  autour  d'un  point  fixe. 
Mcttont  comme  k  I'ordinaire,  les  vitesses  angulaircs  autour  des  axes  principaux  p,  q,  r, 
les  momenU  du  corps  pour  cos  niemes  axes  =A,  B,C,  et  la  fonction  des  forces  =V: 
lo8  Ajuations  cit^s  pourront  6tre  dcrites  sous  la  forme 


,      dp  _dq  _dr  _dX  _dti  _d_y 


(26). 


(27). 


P=l((£-  (7)5r  +  i{(  1  +^')^i+(V+  ^)%^<-^--l^)T\)' 

A=i{(l  +X')p  +  (X/t-i')?+(Xi/ +/*)»•}. 
M  =  i{(/*X  +  i'  )p+{  1  +/*»)7  +  (AH'-X)r), 
'ii=^[{v\-ii  );)  +  (i'M  +  \)?  +  (  1  +1^)^. 

En  eflot,  pour  obtenir  ces  formules,  il  n'y  a  qu'^  chercher  au  moyen  de  \,  fi,  v, 
et  de  leurs  d^riv^es  par  rapport  aux  temps  V,  /,  v',  I'expression  de  la  fonction 
r=^(il^'  +  J8(/»+ Cr»)^  {qui  cxprimo  la  demi-somme  des  forces  vives]  :  cela  fait,  les 
formules  gi^n^rales  que  Lagrange  a  donndes  pour  la  solution  des  problfemes  de  dynamique, 
conduisent  immddiatement  aux  equations  en  question.  Dans  le  mdmoire  citd  j'ai 
int^grt?  ces  dciuations  pour  le  cas  oh  la  fonction  V  est  zdro,  et  en  prenant,  comme 
dans  la  thdorie  ordinaire,  le  plan  invariable  pour  plan  des  deux  axes.  Ce  n'est  que 
demiferement  que  j'ai  trouvd  la  manifere  convenable  de  traiter  ce  systfeme  d'dquations; 
je  le  fais  au  moyen  de  deux  nouvelles  variables  fl,  v,  entre  lesquelles  je  trouve  une 
♦Equation  diffdrentielle  dont  les  variables  sont  sdpardes,  et  j'exprime  en  tennes  de 
celles-ci  les  autres  variables  du  problfeme,  y  compris  le  temps;  et  cela  sans  aucune 
supposition  particulifere,  relative  h.  la  position  des  axes  des  coordonndes  par  rapport  au 
plan  invariable.  Le  ddveloppement  de  cette  thdorie  paraitra  dans  le  prochain  No.  du 
Cambridge  and  Dublin  Mathematical  Journal,  [37].  Je  m 'occupe  aussi  de  la  recherche  des 
formules  pour  les  variations  des  constantes  arbitraires  relatives  aux  perturbatrices.  II 
serait  bien  intdressant  (comme  problfemo  d'analyse  pure)  d'(5tendre  ces  recherches  au  cas 
d'une  valeur  quelconque  de  «;  il  faudrait  pour  cela,  chercher  les  valeurs  des  quantitds 
analogues  k  p,  q,  r,  former  une  fonction  T,  en  prenant  la  somme  des  carrds  de  chacune 
de  ces  quantitds,  chaque  carrd  multiplid  par  un  coeflScient  constant,  et  puis  former  les 

^nations    j- .  j-,  - -i- =  0,  &c.,  analogues  aux    equations   de    Dynamique.     Mais  je    n'ai 
^  at  a\      OA. 

encore  rien  trouvd  sur  ce  sujet. 
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RECHEKCHES    SUR    L'ELIMINATION,    ET    SUR    LA    THEORIE 

DES    COURBES. 


[From  the  Journal  fv/r  die  reine  und  angewandte  Mathematik  (Crelle),  tome  XXXIV. 

(1847),  pp.  30—45.] 

En  d^ignant  par  U,  V,  W,  ...  des  fonctions  homogfenes  des  ordres  m,  n,  p,  &c.  et 
d'un  nombre  ^gal  de  variables  respectivement,  et  en  supposant  que  ces  fonctions  soient 
les  plus  g&Kirales  pos.sible8,  c'est-i-dire  que  le  coefficient  de  chatjue  tenine  soit  une 
lettre  indetermiu^e :  on  sait  que  les  Equations  U=0,  V=0,  W  =  0,  ...  ofirent  une  rela- 
tion H  =  0,  dans  laquelle  les  variables  n'entrent  plus,  et  oil  la  fonction  0,  que  Ton 
pent  nommer  Ehultant  cumplet  des  Equations,  est  homogfenc  et  de  I'ordre  np  ...  par 
rapport  aux  coefficients  de  U,  de  I'ordre  mp  ...  par  rapport  k  ceux  de  V,  et  ainsi  de 
suite,  tandis  quelle  n'est  pas  decomposable  en  facteurs.  Cela  pos^,  supposons  que  les 
coefficients  de  IT,  V,  ...  ,  &a  lieu  d'etre  tons  ind^terminds,  soient  des  fonctions  quel- 
conques  d'un  certain  nombre  de  quantit^s  arbitraires.  Substituant  ces  valeurs  dans  la 
fonction  B,  cette  fonction  sera  toujours  le  Rdsultant  complet  des  Equations.  Mais  W 
peut  quelquefois  fitre  decomposable  en  facteurs,  dont  quelques-uns  doivent  6tre  dliminds. 
En  effet  les  coefficients  de  U,  V,  ...  peuvent  contenir  des  quantit^s  f,  rj,  ...  cens^es 
comnie  variables,  et  d'autres  quantitds  a,  y9,  ...  qui  sont  constantes,  et  il  peut  s'agir 
de  la  relation  entre  f,  ij,  ...  qui  est  ndccssaire  pour  que  les  Equations  U  =^0,  V  =0,  &c. 
puissent  subsister  conjointement.     Dans   ce   cas   tout   factenr  A  du   resultant  complet   W, 

qui   ne  contient  pas   les   coefficients   variables   f,  t; doit  etre  rejet^.     En   supprimant 

ces  facteurs,  et  exprimant  par  4>  le  facteur  qui  reste,  cette  fonction  est  alors  ce  que 
UOU8  nommerons  RSsultant  rdduit.  Ccpendant  les  facteurs  A,  proprement  dits,  ne  sont 
jamais  des  facteurs  Strangers,  et  ce  n'est  qu'^  cause  du  point  de  vuo  particulier, 
auquel  on  a  envisage  la  question,  qu'ils  ont  dtd  rejet^s:  d'un  autre  point  de  vue  ces 
fecteurs  auraient  pu  devenir  le  Rdmdtant  rdduit.  Nous  les  nommerons  done,  k  I'exemple 
de  M.  Sylvester,  Facteurs  speciaua;. 

c.  43 
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Pour  faire  voir  tout  cela  avec  plus  de  clart^,  prenons  pour  exemple  le  probl^me 
Ruivant  du  G^m^trie  analytique: 

"Trouver  les  ^uations  du  syst^me  des  Hgnes  tiroes  par  un  point  donnd  aux  points 
d'intersectioD  de  deux  courbes  donn^es." 

Soieut  U  =  0,  F=0  les  ^uations  des  deux  courbes,  U,  V  ^tant  des  fonctions 
homog^nes  des  variables  x,  y,  z,  des  ordres  m  et  n  respectivement,  ce  qui  revient  k 
i>reudre  x  :  z  et  y  :  z  pour  coordonndes  d'un  point.  De  meme  il  faut  exprimer  par 
{a,  /8,  7)  le  point  dont  les  coordonndes  sont  a  :  7  et  /8  :  7;  et  ainsi  pour  tous  cas 
semblablea  II  s'entend,  qu'on  suppose  partout  que  les  coefficients  de  U,  V,  ou  de  U, 
resteut  absolument  ind«lterminds.  Repr&entons  par  (a,  /3,  7)  le  point  donn^,  et  par 
(f.  Vy  0  uii  point  quelconque  d'une  des  lignes  dont  il  s'agit.  En  ^liminant  x,  y,  z 
untrc   les  ^^uations 


f7=0,  7=0,  et    x(^?-7fl)  +  t/(7f-a?)  +  ^(a7,-^f)  =  0 


.(1). 


on  obtient  I'^uation  cherchee  6  =  0.  Ici  0  est  une  fonction  homogfene  de  I'ordre  vm 
par  rapport  k  /3f— 77?,  7^— «?  et  017  — /3f;  de  I'ordre  n  par  rapport  aux  coefficients  de 
U;  et  de  I'ordre  n  par  rapport  k  ceux  de  F;  de  plus  cette  fonction  est  decomposable 
en  mn  facteurs  lindaires  par  rapport  k  f,  77,  ^,  dont  les  coefficients  sont  des  fonctions 
irrationnelles  de  a,  /8,  7  et  des  coefficients  de  Z7  et  F  (en  efifet  toute  fonction  homo- 
gfene  de  0^—yv>  7^— "'?>  o"?  — /8f  est  dou^e  de  cette  propriety,  qui  subsiste  encore  en 
^changeant  entre  eux  f,  17,  ^  et  at,  /9,  7).  Chaque  facteur  lin^aire,  ^gal^  k  z^ro,  appar- 
tient  a  une  des  lignes  en  question.  Voila  pourquoi  0=0  est  considdrde  comme 
(Equation   du   syst^me   des   lignes. 

Soit  maintenant   proposd   le   problfeme: 

"Trouver  I'^uation   du   systfeme   des   tangentes   tiroes   d'un   point  fixe  a  une  courbe 
donnfe" 

II  y  a  ici  k  ^liminer  x,  y,  z  entre  les  (Equations 

dU      „dU        dU     ^     , 
^-d^-'^Ty^-^Tz-''''  ^ (2). 

^  (/9r  -  7'?)  +  y  (7?  -  a?)  +  ^  (ai7  - /9f )  =  0. 

Le  r&ultant  complet  est  une  fonction  homogene  de  I'ordre  «(w— 1)  par  rapport  a 
fi^—yi),  7^  — af  et  arf  —  ^^  [n  reprdsente  ici  I'ordre  de  la  fonction  U\,  de  I'ordre  n 
par  rapport  k  a,  /3,  7,  et  de  I'ordre  2ft  —  1  par  rapport  aux  coefficients  de  U.  Mais  il 
existe  dans  ce  cas  un  facteur  spdiial  6',  qui  est  ce  que  devient  U  en  ^crivant  a,  /3,  7 
k  la  place  de  x,  y,  z.  En  le  mettant  de  c6t«?,  le  resultant  reduit  <E>  est  fonction  de 
I'ordre  w(n  — 1)  par  rapport  k  /3^-7»7,  7^  — a?  et  ar]  — 13^,  et  de  I'ordre  2(w-l)  par 
rapport  aux  coefficients  de   U,  et  I'^quation  *  =  0  correspond  au  systfeme  de  tangentes. 
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En  mettant  x,  y,  z  k  la  place  de  ^^  —  jt),  y^  —  a^,  at)  —  8^,  ^  devient  une  fonction 
de  I'ordre  n(n  —  l)  par  rapport  a  x,  y,  z,  et  de  I'ordre  2(n  — 1),  comme  elle  I'dtait 
ci-dessus,  par  rapport  aux  coefficients  de  U.  Nous  d^signerons  cette  nouvelle  valeur  de 
4>  par  FU;   c'est-a-dire  nous  repr^senterons  par  Ff7  le  resultant  rdduit  des  Equations 

U=0, 


•(3), 


•W- 


dU     ^dU        dU     ^     , 
'"'dx^^lv^'^-d^^^'  ^^ 

ULiL  KJbU  \XiZ 

XX  +  yy  +  zz  =  0, 

FU  ^tant  une  fonction  des  ordres  n  (n  —  1)  et  2(n  — 1)  par  rapport  a  x,  y,  z,  et  aux 
coefficients  de  U.  On  sait  que  I'dquation  Ff7=0  est  celle  de  la  polaire  r^ciproque  de 
la  courbe,  par  rapport  a  la  eonique  auxiliaire  a?  +  y^  +  z'^=Q. 

Or  les  Equations  (2)  peuvent  ^tre  dcrites  aussi  sous  la  forme 

U=0, 

^dU        dU        dU^^ 
dx  dy  dz        ' 

^dU        dU     ^dU     „ 
^Tx^^'dy+^Wz^^- 

Ici  le  r^ultant  complet  est  de  I'ordre  n{n  —  \)  par  rapport  a  a,  /8,  7,  ou  a  f,  17,  5^ 
(car  ce  resultant  complet  doit  etre  comme  ci-dessus  fonction  de  ce  meme  ordre  de 
/8f  — 717,  y^—a^  et  017  — /8f)  et  de  I'ordre  (n— l)(3ft  — 1)  par  rapport  aux  coefficients 
de  U.  Le  facteur  special  dans  ce  cas  est  done  une  fonction  de  I'ordre  3  (n  —  ly  des 
coefficients  de  U,  et  il  est  facile  de  trouver  sa  forme ;  car  on  satisferait  aux  Equations 
(4)   en   posant 

dU     .        dU     ,,        dU     „  ,.. 

-d^  =  ^'       Ty-^'        d^=^    ^^^' 

le  resultant  de  ces  Equations,  que  nous  designerons  toujours  par  KU,  doit  done 
86  presenter  comme  facteur  spe'cial  du  resultant  complet  du  systfeme.  Mais  KU  6tant 
une  fonction  des  coefficients  de  I'ordre  3(n  — 1)^  elle  est  precis^ment  le  facteur  special 
dont  il  s'agit.  (II  est  clair  que  I'^quation  KU=0  serait  la  condition  n^cessaire,  pour 
que  la  courbe  pht  avoir  un  point  multiple.) 

Reprenons  le  premier  systeme.     On  satisfait  k  la  demifere  Equation  en  (Icrivant 
x  =  al  +  ^,      y  =  l3l  +  i)m,       z  =  yl  +  ^m   (6). 

Solent  [i/],   [y"\   ce   que   deviennent    U,    V  par   cette    substitution.     En    ^liminant   I,    m 

entre  les  deux  Equations 

[U]  =  0,      [F]  =  0. 

on  obtiendra  le  meme  resultant  0  que  ci-dessus.  En  effet,  le  resultant  de  ces  deux 
6juations  est  des  ordres  n  et  m  par  rapport  aux  coefficients  de  U  et  V,  et  de  I'ordre 
2mn  par  rapport  k  a,  /3,  7,  f,  tj,  if:  done  il  faut  qu'il  soit  ^gal  k  @,  k  un  facteur 
uumdrique  pres.     On  a  done  le  th^orfeme  suivant: 

43—2 


.(8). 


340         RECHERCHES  8UR  l'6l1MINATI0N,  ET  SUR  LA  TH^ORIE  DES  C0URBE8.  [53 

THlSoRfcME  I.  L'^uation  du  systfeme  des  droites  menses  par  un  point  donn^ 
(a  a  7)  aiix  points  d'intereection  des  deux  courbes  U  =  0,  F  =  0,  se  trouve  en  dliminant 
U  nouvelles  variables  I.  m  entre  les  deux  Equations  [U]  =  0  et  [7]  =  0.  oh  [U],  [V] 
sont  ce  que  deviennent  tT  et  F  par  les  substitutions 

x  =  al  +  ^,      y  =  ^l  +  vm,      z  =  yl+^m  (7). 

En  operant  dgalement  sur  le  second  systfeme  d'^quations,  on  obtient  directement 
le  r^ultant  r^uit,  sans  que  I'op^ration  soit  embarrass^e  par  aucun  facteur  special.  En 
effet,  on  peut  remplacer  le  systfeme  par 

^dU^     dU        dU_ 

et  en  faisant  les  substitutions  (6)  dans  la  demifere  Equation,  les  deux  autres  Equations 
se  changent  en 

dAP=0    et    ^  =  0. 
dl  dm 

oil  [U]  est  ce  que  devient  U  par  cette  substitution.  Le  resultant  de  ces  Equations 
est  de  I'ordre  2n(n-l)  par  rapport  k  a,  ^,  7.  f,  v<  ?  {c'est-k-dire  une  fonction  de 
/Sf-T'?.  7f-af.  ^V-^l  de  I'ordre  n(n-l)],  et  de  I'ordre  2(/i-l)  par  rapport  aux 
coefficients  de  U;   done  il  n'y  a  plus  de  facteur  special.     De  la  suit: 

TH^ORfcME  II.  L'^quation  du  systeme  de  tangentes  mendes  du  point  donne 
(a.  /3,  7)   k  la  courbe    17=0,   se   trouve   en   ^iminant   I,  m   entre   les   Equations 

d[U]_^        d[V] 
~dr~^'  dl       "' 

[U]  ^tant  ce  que  devient  U  par  les  substitutions  x  =  al+^m,  y  =  ^l  +  vm  et  z  =  yl  +  ^m. 
En  repr^sentant  I'dquation  par  ^  =  0,  *  est  une  fonction  de  0^-yv>  7?-"?-  ^y-^^, 
et  en  rempla^ant  ces  fonctions  par  x,  y,  z,  on  obtient  I'^quation  de  la  polairo  r<^ciproque 
(par  rapport  k  a?  +  y''  +  z^  =  Q)  de  la  courbe  donn^e. 

Ce  beau  thdorfeme  est  d<i  k  M.  Joachimsthal,  qui  me  I'a  communique  I'^t^  passe 
pendant  mon  sejour  a  Berlin,  avec  une  demonstration. 

On  deduit  de  \k,  comme  cas  trfes  particulier,  une  forme  du  resultant  des  deux 
equations  ax'  +  2hxy  +  cy^=-0  et  a'a?  +  2h'xy+cy  =  0,  cite'e  dans  mon  m^moire  sur  les 
hyperdeterminants  (t.  xxx.  de  ce  journal,  [16]).  En  effet,  soit  a?  =  z,  xy  =  -y,  2/»  =  x,  et 
I7'=xz  — y',  on  aura  ^videmment    17=0, 

dU    ,dU  ,    dU     ^       .     ,dU     ,,dU      ,dU _ 
dx         dy         dz  dx  dy  dz 
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done  en  cherchant  le  resultant  de  ces  equations  de  la  maniere  indiqu^e  dans  le  th(?oreme, 
on  obtient  la  formule  en  question  4  {ac  —  ¥)  (a'c'  —  h'^)  —  (ac'  +  a'c  —  2bby  =  0.  Cependant  la 
ve'ritable  generalisation  de  cette  formule,  h  ce  que  je  crois,  reste  encore  k  trouver. 

II  suit  des  principes  d^veloppes  dans  le  memoire  cite,  que  le  resultant  des  deux 
Equations  L  =  0,  M  =0  {oh  L,  M  sont  des  fonctions  homogfenes  des  deux  variables  I,  m) 
peut  toujours  etre  prdsentd  sous  la  forme  %  =  VLL  ...  MM ... ,  ou  V  est  une  composition 
d'expressions  symboliques,  telles  que  (12)"  (13)^  ... ,  dans  lesquelles  (12)  =8;,  3;„^  —  ?,„j  ?,,, 
&c.     Par  exemple  pour  L  =  aP  +  2blm  +  cni',  M  =  a'P  +  267m  +  cW,  on  a 

0  =  {(12)=  (34)=  -  (13)=  (24)=}  LL  MM, 

{e'est-a-dire,  comme  ci-dessus,  0  =  4(ac  — 6=)(a'c'  — 6'-)  — (ac'  +  a'c  — 266')=}.  En  appliquant 
cette  th^orie  k  I'elimination  des  inconnues  entre  les  equations  [f^]  =  0,  [V']  =  0,  on  obtient 

di  =  adx-\-^y-\-idi,   et   dn  =  ^x  +  '¥>yH'^z, 
et  en  faisant 

et  a„a,,-a,,a„  =  (i2)',  ^^^^-^^^,={\2)",  8,.3,^-a,,a,.  =  (i2)"', 

cela  donne 

(12)  =  x(12)'  +  y(12)"  +  z(12)"': 

Equation  qui  peut  Mre  pr^ntee  sous  la  forme  abrdg^e 

(12)  =  (P12). 

On  obtient  le  resultant  cherche  en  faisant  cette  substitution  dans  tous  les  symboles 
que  contient  V,  et  en  introduisant   U,   V  au  lieu  de  [U],  [V]. 

Les   memes   remarques   peuvent  etre   appliqu^es   au   cas  d'une   Elimination   entre   les 

deux  etjuations     ,.  =0,   ^  =  0.   car  le   resultant   sera   exprimd   ici   sous   la   meme   forme 

%  =  VLL  ...  .     Cherchons   par   exemple    I'dquation    de    la   polaire   r^ciproque  d'une  courbe 

du   second   ordre :    en   observant   que   le   resultant   des   Equations   -tt  =  0,   -^  =  0    (ou   L 

est  une  fonction  du  second  degrE)  sera  exprimE  sous  la  forme  0  =  (12)=Zi,  on  obtient 
immEdiatement  pour  la  rEciproque  de  la  courbe  du  second  ordre   U=0,  I'dquation 

FU  =  (Fl2yUU  =  0, 

[laquelle  se  rEduit  en  effet  k  la  forme  connue. 

Passons  au  cas  d'une  courbe  du  troisi^vie  ordre.  Comme  pour  une  fonction  de 
|deux   variables,   le   resultant  des   Equations 

dl        '   dm       ' 
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aura  la  forme 

«  =  (12)'  (34)'  (13)  (42)  LLLL, 

on  a  pour  la  polaire  de  17=0, 

-  2Ft7  =  (P12)'  (P34)'  (P13)  (P42)  UUUU  =  0, 

et  il  serait  facile  de  calculer  par  la  le  coefficient  d'une  puissance  on  d'un  pnxiuit 
quelconque  des   variables.     Par  exemple   le   coefficient   de   z*  se   rdduit  a 

{(12)'"}'  {(34)'"!'  {(13)'")'  {(42)'"}  UUUU, 

ou,  toute  rtkluction  faite,  et  en  supposant 

6  f/"  =  (M^  +  6i/'  +  C2»  +  3t3/'2  +  3>'a;  +  ^koFy  +  ^hrjz^  +  3j>x'  +  3i,xy  +  Qlxyz 

k :  2  {Gbcih  —  ^'c  —  ii^'b  +  3t%'  —  iV).  L'^quation  complfetement  ddvelopp^e,  que  j'ai  donn^e 
pour  cette  polaire  dans  le  Cambridge  and  Dublin  Mathematical  Journal,  t.  l.  [1846],  p.  97 
[35],  et  que  j'ai  obtenue  par  une  Elimination  directe,  pourra  ainsi  etre  verifide. 

^  Nous  aliens  passer  maintenant  a  la  th^orie  des  points  dUnflexion  et  des  tangentes 
doubles  de  la  courbe  U  =  0.  Ces  singularit^s  peuvent  ^tre  trait^es  par  une  analyse 
semblable,  en  remarquant  que  parmi  les  n  (n  —  1)  tangentes,  menses  k  la  courbe  d'un 
point  P  situE  sur  la  courbe,  la  tangente  en  ce  point  se  pr^sente  g^neralement  deux 
foLs,  et  trois  fois,  selon  que  le  point  P  est  un  point  d'inflexion,  ou  un  point  de  contact 
d'une  tangente   double. 

DEsignons  comme  ci-dessus  par  ( U)  ce  que  devient  U  en  Ecrivant  Ix  +  m^, 
ly  +  mtf,  Iz  +  mf  k  la  place  de  x,  y  et  z.  En  mettant  ^3,  +  rfiy  +  f9j  =  8,  on  a 
(5videmment 

[U]  =  I"  U  +  l"-'  mdU+  j^  l«-'m'd'U+  ... ; 

et  en  Eliminant  I,  m  entre       ,,  -*  =  0,    —, — -  =  0,  on  obtient  un  resultant  0  =  0,  ou  6  est 

dl  dm 

une   fonction   de    U,  dU,   d'U,  ...  d"U,   et    qui  a,   comme    le    remarque   M.   Joachimsthal, 

la    propri^tE    dont    il    s'agit.     En   Ecrivant    U=0,   0   contieut    le    facteur    (jdUf,    et    en 

mettant  de   c6td   ce  facteur   et   Ecrivant   dU  =  0,   0   contient   le   facteur   (9'^)';    et  ainsi 

de   suite.     Nous    avons    supposE    que   le   point   P,   auquel   appartiennent   les   coordonn^es 

X,  y  et  z,   est   un  point   de   la  courbe ;   de   manifere   que    Ton   a  actuellement   U=Q.     En 

faisant  done  cette  supposition   et   en   Eliminant   le  facteur  (dllY,   I'dquation  0=0  prend 

la   forme   XdU+Y{d'U}''=0    {puisqu'en   mettant  9^7  =  0,   I'Equation   contiendra   k  gauche 

le   facteur  (d^U)'}.     Dans   le   cas   ou  P  est  un  point  d'inflexion,  ou  un   point  de  contact 

d'une   tangente  double,   cette   Equation   contiendra  dU  comme   facteur:   done  il  faut   que 

YidfUy    contienne    ce    facteur,    c'est-a-dire :    ou    d''U,  ou    F,   contiendra    le    facteur   dU. 

Dans   le  premier  cas  il   s'agit  d'un   point   d'inflexion,   dans   le   second  cas  d'un  point  de 

contact  d'une   tangente   double. 

ConsidErons  d'abord  les  points  d'inflexion.  Comme  d^U  contient  dU  comme  facteur, 
il   faut  que  cette   fonction    devienne    zEro   pour  toutes   les   valeurs   de   ^,   rj,   f  qui   font 
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dvanouir  dll.  D^signons  par  L,  M,  N  les  coefficients  differentiels  du  premier  ordre  de 
U,  de  maniere  que  dll  =  L^  +  Mr/ +N^.  Cette  quantity  s'^vanouit  identiquement  en 
faisant  ^  =  ^N  —  'yM,  rj  =  'yL  —  iK,  ^=aM  —  0L:  done  il  faut  que  d-U  s'evanouisse  par 
la  substitution  de  ces  valeurs,  quelles  que  soieut  les  quantity  a,  /3,  7.  En  d^signant 
par  D  ce  que  devient  le  symbole  B  par  cette  substitution,  c'est-a-dire  en  faisant 

D  =  a  (Md^  -My)  +  ^  (Nd^  -  Xa^)  +  7  {Ldy  -  Md^), 

la  condition  d'un  point  d'inflexion  se  rdduit  tout  simplement  a 

equation  dans  laquelle  les  symboles  dx,  dy,  d^  ne  doivent  pas  contenir  L,  M,  N.  Nous 
reviendrons  sur  cette  Equation  dans  une  note ;  pour  le  moment  il  suffit  de  remarquer, 
qu'en  vertu  de  relations  qui  existent  entre  L,  M,  N  et  les  ddriv^s  a,  b,  c,  f,  g,  h  du 
second  ordre,  on  a  identiquement 

(n  -  1)^  !>=[/■  =  n  (?j  -  1)  ^ .  U"  -  (aa;  +  /3y  +  72)^  (V  U), 

ou  ^  est  une  fonction  de  a,  yS,  7  et  des  ddrivdes  a,  b,  c,  f,  g,  h,  dont  la  forme  sera 
donn^e   dans   la  suite,   et 

VU=abc-ap-  bg'  -  ch^  +  2fgh. 

Done  k  cause  de  U  =  0,  la  seule  condition  pour  determiner  les  points  d'inflexion  est 
r^quation 

qui  est  de  I'ordre  3  (n  —  2)  par  rapport  aux  variables,  et  de  I'ordre  3  jDar  rapport  aux 
coefficients  de  U.  Cela  est  d^ja  connu  par  les  recherches  de  M.  Hesse.  J'ai  donn^ 
ici  cette  Equation  pour  faire  voir  la  liaison  qui  existe  entre  cette  question  et  celle  de 
trouver  les  tangentes  doubles,  k  laquelle  je  vais  passer  maintenant. 

On  obtient  I'^quation  qui  determine  les  points  de  contact  de  ces  tangentes,  en 
faisant  les  memes  substitutions  ^  =  fiN  —  <^M,  &c.  dans  la  fonction  Y,  et  en  egalant  a 
zero  les  coefficients  des  diffdrentes  puissances  ou  produits  de  a,  /3,  7.  Eemarquons  que 
cette  fonction  Y  s'obtient  par  une  fonction  de  I'ordre  n^  —  n  par  rapport  a  x,  y,  z, 
ou  k  f,  17,  f,  et  de  I'ordre  2  (n  —  1)  par  rapport  aux  coefficients,  en  dliminant  les 
facteurs  (9Z7)'  et  (dfU)',  qui  ensemble  raontent  au  degrd  4n  —  6  par  rapport  h  x,  y,  z, 
k  6  par  rapport  k  f,  17,  f,  et  k  4  par  rapport  aux  coefficients.  Done  Y  est  des  degrds 
w'  —  71  —  6,  r?  —  hn  —  %  et  2n  —  6  par  rapport  k  x,  y,  z,  a  f ,  ?;,  f,  et  aux  coefficients  de  U, 
respectivement.  En  substituant  done  ^,  7/,  f ,  cette  fonction  devient  de  I'ordre  w^  —  n  —  6 
par  rapport  k  a,  yS,  7,  de  I'ordre  n*  — 271'— 10?n- 12  par  rapport  a  x,  y,  z  jsavoir 
(n'  — 5n  + 6)  +  (n  — l)(n'  — n  — 6)},  et  de  I'ordre  7i*+ji— 12  par  rapport  aux  coefficients 
jsavoir  (2n  — 6)  +  (»i'  — re  — 6)).  Mais  on  salt  que  les  conditions  de  I'^vanouissement  de 
Y  doivent  se  rdduire  k  une  seule  Equation;  et  cela  ne  pent  arriver  que  de  la  meme 
maniiire   dont   la  reduction   analogue   a   eu   lieu   pour   les  points  d'inflexion.     En  ecrivant 
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done  [Y]  k  la  place  de  ce  que  devient  Y  apres  la  substitution,  il  faut  que  Ton  ait 
idcutiquement : 

[Y]  =  AU  +  NinU), 

N  4Unt  fonction  de  a,  /3,  7  du  degr^  n«  — n-6.  II  parait  de  plus  probable  que 
cette  fonction  aura  la  meme  forme  que  celle  pour  les  points  d'inflexion,  savoir 
iV^  =  (ax  + /9y  +  7^)"*""-*.  (Hf/,  comme  ci-dessus  VU,  est  cens^  exprimer  non  pas  un 
produit,  mais  une  d^riv^  de  U:  de  m^me  plus  baa  PU  et  QU.)  Cela  ^tant,  11 U" 
sera  du  degr^  (n-2)(n'— 9)  par  rapport  h  a;,  y,  2  (c'e8t-i,-dire  n»  — 2n»- 10«  + 12 
-(«'-»»— 6)),  et  du  degr^  n'  +  »  — 12  par  rapport  aux  coefficients.  On  a  done  le 
th^rfeme  suivant : 

Tu^ORtME.  On  trouve  les  points  de  contact  de  tangentes  doubles,  en  combinant 
avec  r^quation  de  la  courbe  une  Equation  T1U=0  de  I'ordre  (n  —  2)  {n"  —  9)  par  rapport 
aux  variables,  et  de  I'ordre  n'  +  re  — 12  par  rapport  aux  coefficients;  c'est-k-dire,  puisqu'il 
correspond  deux  points  de  contact  a  une  tangente  double,  le  nombre  de  ces  tangentes 
est  ^gal  k  Jn  (»  —  2)  (n"  —  9) :   th^orfeme  d^montr^  indirectement  par  M.  PlUcker. 

Cherchons  maintenant  les  equations  du  systferae  des  tangentes  aux  points  d'inflexion 
et  du  systfeme  des  tangentes  doubles. 

Pour  trouver  la  premifere  (Equation,  il  faut  eliminer  x,  y,  z  entre  les  trois  ^uations 

TT     f.      nrr     r,         dU         dU         dU     ^ 
U=0,     VU=0,     x-i-+y-j-  +  z-T-=0. 
da;  dy  dz 

Le  r&ultant  complet  .gera  du  degrd  3n  {n  —  2)  par  rapport  h  x,  y  et  z,  et  de  I'ordre 
9n'  — 18n  +  6  {savoir  3(n— 2)  (n  — 1)  +  3?i(h  — 1)  +  3«  (/;  —  2)}  par  rapport  aux  coefficients; 
mais  il  existe  ici  le  facteur  special  (KU)',  et  ce  factour  titant  elimine,  on  obtient  un 
resultant  r^duit  ^^7=0,  du  degre  3n(n  — 2)  par  rapport  aux  variables,  et  du  meme 
degrd  3«  (/i  —  2)  par  rapport   aux   coefficients. 

De  meme  on  aura  I'^quation  du  systfeme  des  tangentes  doubles,  en  t^liminant  x, 
y,   z,  entre   les   trois   equations 

TT     r.      n  TT     «      ,       dU        dU        dU     ,. 
{7=0,     11U=0,   et   x-i-+y-T-+z^-  =  0. 
dx       "^  dy         dz 

Le  r&ultant  complet  est  ici  du  degre  n  {n  —  2)  (n^  —  9)  par  rapport  a  x,  y,  z,  et  du 
degrd  Sn*  -  5?i'  -  29«»  +  57m  - 18  {savoir  (n  -  1)  (n  -  2)  (w»  -  9)  +  n  («  -  2)  (n^  -  9)  +  n  (n  -  1) 
(n'  +  n  — 12))  par  rapport  aux  coefficients.  Mais  il  existe  de  meme  dans  ce  cas  un 
facteur  spt^cial  {KUy^-^  {du  degr^  3  (w- l)^,(n= -n-6)  =  3n*- 9n'-y?i»+ 33n- 18), 
et  en  I'^liminant,  le  resultant  rt^duit  sera  du  degr6  4tn  (n  —  2)  (n  —  3)  par  rapport  aux 
coefficients.  Mais  le  terme  de  cette  Equation  a  gauche  sera  evidemment  un  carrd; 
on  aura  done  pour  I'equation  du  systfeme  des  tangentes  doubles,  la  relation  PU=0, 
ou  PU  est  une  fonction  du  degr^  ^^n  {n  —  2)  (if  —  Q)  par  rapport  aux  variables,  et  du 
degre  2w  (» —  2)  (« —  3)  par  rapport  aux  coefficients.  Done  on  pourra  former  le  tableau 
suivant  des  degr^s  des  diff^rentes  Equations  obtenues: 
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Degr^s  par  rapport 


Equation  de  la  courbe   11=0,    

Condition  d'un  point  multiple  KU=0,    

Polaire  reciproque  FU=0, 

Courbe  des  inflexions  V  [/"  =  0,   

Courbes  des  contacts  des  tangentes  doubles  UU  =0, 
Systemes  des  tangentes  aux  points  d'inflexion  QU=Q, 


aux  variables. 
n 

0 

n(n  —  I) 

3?i  (n  -  2) 

{n-2)(n^-9) 

Sn  (n  -  2) 


Systeme  des  tangentes  doubles  PU=0,  ^n  (n  —  2)  (ri' —  9) 


aux  coefficients. 
1 

3  (n  -  1)'' 

2  (w  -  1) 

3 

(n  +  4)  (m  -  3) 

3n  (n  -  2) 

2n  (n  -  2)  (n  -  3). 


La  polaire  de  la  polaire  reciproque  FFU  sera  ^videmment  du  degr^  (n^  — n)  (n*  — «  — 1) 
par  rapport  aux  variables,  et  du  degrd  'i{n—l)(n^  —  n  —  l)  par  rapport  aux  coefficients. 
Cette  polaire  de  la  polaire  contiendra,  comme  on  le  sait  par  la  thdorie  g^omdtrique 
developp^e  par  M.  Pliicker,  les  facteurs  U,  (PUy  et  (QUY;  il  faut  y  ajouter  encore 
le  facteur  constant  KU,  et  Ton  aura  ddfinitivement  I'dquation 

FFU={KU)(PUy{QUy.  U, 

dans   laquelle   il   sera  facile   k   verifier   que   les  deux   c6tes    sont    des   ra^mes  degr^s   par 
rapport  aux  variables  et  aux  constantes.     En  efFet  on  a 


et 


4  (71  -  1)  (ft»  -  «  -  1)  =  3  (n  -  1)''  +  4n  (w  -  2)  (w  -  3)  +  9«  (w  -  2)  +  1 , 
ft  {n  -  1)  (n'  -n-l)  =  n(n-2)  (tf  -  9)  +  dn  (n  -  2)  +  w. 


Mon  but  a  dte  ici  de  donner  une  idee  precise  des  theorfemes  a  ddmontrer,  pour 
former  une  thdorie  toute  analytique  des  polaires  rt^ciproques ;  je  n'ai  fait  qu'avancer  ces 
th^orfemes  (sans  chercher  k  les  d^montrer),  pour  faire  voir  leur  liaison  avec  la  thdorie 
de  reiimination  et  avec  celle  des  hyperdeterminants ;  c'est  a  cette  demifere  en  par- 
ticulier  qu'il  faut,  je  crois,  recourir  pour  ddmontrer  la  formule  donnde  ci-dessus 
[  F]  =  A .  U  +  {ax  +  01/  +  yz)"''''^~*  (n  U),  et  pour  trouver  definitivement  la  forme  de  la 
ddriv^e  IIU,  au  moyen  de  laquelle  on  determinera  les  points  de  contact  des  tangentes 
doubles.  Je  serais  bien  aise  que  ces  recherches  puissent  de  quelque  manifere  faciliter 
la  solution  du  probleme  des  r^ciproques  des  surfaces:  objet,  qui  est  restd  encore  dans 
une  complete  obscurite. 

Note  sur  les  points  dUnflexion. 

Je  vais  d'abord  rassembler  plusieurs  formules  qui  se  rapportent  au  systfeme  des 
coefficients  dans  le  d^veloppement  de  I^U.     On  a 

D'U=3a'  +  h^  +  c'f  +  2{/3y  +  2gya  +  2ha/3, 

oil  a  =  i/=c  -  2MNf+  N'b , 

h  =  N^a-2NL(j  +  Dc  , 
c=L'b  -  2LMh  +  M^a, 


c. 
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f  =  -  MNa  +  NLh  +  LMg  -  Df, 
g=  +  MNh  -  NLh  +  LMf-M^g, 
h  =  +  MNg  +  NLf  -  LMc  -  N'h. 

Nous  ^rirons  de  plus,  pour  abr^ger. 


6c -/'  =  ^' 

ah-h*  =  €, 

bc-f»  =(a), 
&c. 


gh-af  =  §, 
h/-bg=<S, 

/g-oh=n. 

&c. 


V  =  abc-af^-  bg^  -  ch"  +  2/gh, 


et  enfin 


*  =  az»  +  mM'  +  <S,N'  +  2^MN  +  2(SNL  +  2T^MN. 


On  obtient  identiquement 

Za  +  Jlf  h  +  i^g  =  0 , 

Lh  +  Mh  +  m^O, 

Lg  +  Mr  +  Nc  =  0; 

(gl)  =  Z'*    ,        (23)  =  M'^  ,        (ffi)  =  iV^^*   , 
{jf)  =  MN^,        (ffi)  =  i\^Z^,        (|^)  =  ZilfO; 

/f  -  J/i\rjp  =  (iyr^i  -  Lf)(Lf  -  Mg) , 
gg  -  Nm  =  {Lf  -  Mg)  {Mg  -  Nh) , 
Ah  -  LMTf^  =  {Mg  -  Nh)  {Nh  -  Lf) ; 

4L'MNjf  +  b  (Z»  6  +  ilf =a)  +  c  {N'a  +  Z'  c)  -  be  -  2Z='  aa  =  {Db-  M'a)  {N^a  +  L'  c), 
iM^NLCS  +  c  {M^c  +  N'b)  +  a  (Z'  6  +  M^a)  -  ca  -  2M'6b  =  {M"-c  -  N^  b)  {L"  b  -  M^a) , 
^N'LM"^  +  a  {N'^a  +  Z'  c)  +  b  {M^c  +  N'b)  -ah-  2N'  cc  =  {N'a  -  D  c)  {M-'c  -N'b): 

4>L'MN^  -  a''  +  2a  {M'c  +  N%)  =  -  {M'c  -  N'  bf , 
iM'NLn  -  b=  +  2b  {N'a  +  LU)  =  -  {N'a  -  D  cf , 
*N'LM(E,  -  c»  +  2c  {L'  b  +  M'a)  =  -{L''h-  M'af ; 

DMN^  +  Ng  {+  Lf+  Mg  -  Nh)  +  if  h  {Lf-  Mg  +  Nh)  -gh  =  -MN  {Nh  -  Mg)' , 
M'NLi5  +  Zh  (-  Lf+  Mg  +  Nli)  +  M  {Lf+  Mg  -Nh)-hi  =-  NL  {Lf  -  Nhf , 
N'LM€  +  Mf  {+  Lf-Mg  +  Nh)  +  Lg  {Lf+  Mg  +  m)  -  fg  =  -  LM  {Mg  -Lff; 

SVZ'''  =-a?a,  +  {ab-  2h')  b  +  (ca  -  2(/»)  c  +  2  {af-  2gh)  {-2ag  g  -  2ah  h  , 
2VM'  =  +  {ab-  2h')  a  -  6»b  +  {be  -  2/»)  c  -  2bfi  +  2{bg-  2hf)  g-2hhh. 
2VN'>  =  +  {ca-  2g')  a  +  (6c  -  2/»)  h-d'c-  2c/f  -  2cgg     +  2  {ch  -  2fg)  h ; 
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2VMN  =  +  (af-  2gh)  a-bfh-  c/c  -  26c  f  -  2chg  -  2bgh, 
2VNL  =-aga.  +  (bg  -  2hf)  h-cgc-  2chi  -  2cag  -  2afh, 
2VLM  =  -  aha.  -  bhh  +  (ch  -  2fg)  c  -  2bgi  -  2afg  -  2ab  h. 

Dans  ces  Equations,  si  Lx  +  My  +  Nz  ^tait  facteur  de  aaf  +  by^  +  cz^  +  2fyz  +  2g2x+2ha;y, 
on  aurait  dvidemment  a  =  0,  b  =  0,  c  =  0,  f  =  0,  g  =  0,  h  =  0,  et  de  la  V  =  0,  <I>  =  un  carrd, 
ce  qui  donnerait  des  formules  plus  simples,  et  auxquelles  on  pourrait  encore  donner 
plusieurs  autres  formes.  Par  exeraple  on  tire  d'un  de  ces  systemes,  - 1  -i- MN^  =  {Mg  - Nh) 
^B,  &c.,  oil  &  =  (Mg-Nh)(Nh-Lf)(Lf-Mg),  et  de  1^  les  expressions 

L       M         ^  _n 


DP       MY       N'h^        r,ri^r 

auxquelles  on  pourrait  aj  outer  encore  plusieurs  systemes  analogues,  ce  qui  se  ferait  sans 
la  moiudre  diflScultd 

Jusqu'ici  L,  M,  N,  a,  b,  c,  /,  g,  h  ont  ^t^  des  quantit^s  quelconques.  En  supposant 
qu'elles  soient   les  ddriv^es  du   premier  et   du   second   ordre   d'une   fonction    U,   on   a 

(n  —  1)L  =ax  +  hy  +  gz, 

(n-l)M  =  ha;  +  by  +fz, 

{n-l)N  =  gx  +fy  +  cz, 

Ti(n-l)U=aa^+by''  +  cz'  +  2fyz  +  2gxz  +  2hxy, 

et  la  substitution  de  ces  valeurs  donue  la  formule  du  texte: 

(n-\)'D'U=n{n-l)'ir.  U -  {ax  +  ^y  +  yzf  (V U). 

(V  U)  ^tant  ici  =  V,  et  '^  dtant  donn^e  par  I'dquation 

^  =  aa=  + 13/3^  +  <!t7»  +  2  jp^7  +  2ffi7a  +  2|^a/3. 

Cela  pent  ^tre  v^rifid  facilement  par  la  substitution  actuelle :  mais  nous  allons  ie 
ddmontrer  par  la  th^orie  des  hyperd^terminants.  En  effet,  soit  (123)  le  determinant 
Hjmabolique  form^  avec  9^,,  9y,,  3^, ;  dx,,  dy^,  8^^ ;  d^,,  dy^,  d^^,  (A23)  le  determinant  syni- 
bolique  form^  avec  a,  jS,  7 ;  3^,  9y,,  9^, ;  d^,,  dy,,  9^,,  et  ainsi  de  suite;  puis  soient  T^,  T.,, 
...les  fonctions  aSg^  +  yd^^ +zdi^,  i^x,  +  y^y,  +  z^z,,  &C-  et  p  =  ota;  + ^y  +  yz,  on  aura  identi- 
quement : 

p(nS)  =  -T,(A2:i)-T,(ASl)-T,(A12), 

44—2 
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et  en  ^levant  au  carrd  les  deux  membres  de  cette  Equation,  ajoutant  le  facteur 
UiUtV,,  et  r^uisant  les  variables  aprfes  avoir  diffdrentid  suivant  x,  y,  z,  puis  en  tenant 
compte  des  equations 

(123)'J7.tr.?/,  =  6Vt7, 

r.'  A  (23)'  U, fT, fT,  =  2«  {n-\)U.'ir,     • 

T,TA  (23)  A  (31)  Ih U,U,  =  -(7i-iyD'U. 

on  obtiendra  le  r^ultat  dont  il  s'agit. 

II  sera  aussi  facile  de  d^duire  de  cette  formule  quelques  proprit^t^s  de  la  courbe 
VU=0,  dans  les  cas  d'un  point  double  ou  d'un  point  de  rebroussement  de  la  courbe 
U  =  0.  En  effet,  pour  un  point  double,  les  ddrivdes  L,  M,  N  de  U,  et  par  suite  D'U, 
et  ses  ddriv^es  du  premier  ordre,  s'^vanouissent.  De  plus,  pour  un  point  de  rebrousse- 
ment on  a  ^  =  0.  Done,  pour  un  point  double  on  a  VU=0,  ou  la  courbe  exprimee 
par  cette  Aquation  passe  par  chaque  point  double  (y  compris  les  points  de  rebrousse- 
hient)  de  la  courbe  U=0.  Prenons  la  derivde  de  lequation  en  question,  en  affectant 
du  symbole  d=^x  +  V^y  +  ^z  ses  deux  membres.  Supprimant  les  termes  qui  se  redui- 
sent  k  z4to  aux  points  doubles,  cela  donne 

0  =  (ax  +  ^y  Jrr^zfdVU ; 

c'est-Jl-dire  qu'il  y  aura  aussi  a  chacun  de  ces  points  un  point  double  de  la  courbe 
V  [/■  =  0.     Passant  aux  d^rivdes  du  second  ordre,  on  aura 

(n  -  1;'  d'I>U=  n{n-l)'¥d'U-{cui;  +  ^y  +  yz)"  d'V  U. 

Or  ici 

d'iyU  =  a'd^  +  ^dPh  +  i"  a^c  +  l^y'S'l  +  27aa»g  +  2a/9a=h , 

et  9%i,  &c.  se  r^duisent  a 

2  {cdM^  -  2fdMdN  +  bdN"-),  &c. 

savoir  (en  mettant  af +  A»;+5rf,  h^  +  hv+JX,  g^+fv  +  cK  a  la  place  de  dL,  dM,  di\,  et  en 
ayant  dgard  k  la  condition  VU  =  0)  k  2d'U .^,  &c. ;  on  aura  done  9»Dm=  2a^r7.  Vf,  ou  enfin 

(n-l){n-2)d'U.'^  =  -(ax  +  0y  +  yzyd''Vr, 

c'est-k-dire :  les  deux  courbes  U=0,  VU=0,  se  toucheront  dans  les  points  doubles. 
Enfin  pour  uu  point  de  rebroussement  d'^VU  s'dvanouit,  c'est-k-dire,  il  existe  un  point 
triple  dans  la  courbe  VU=0.  Mais  il  peut  etre  de'montr^  que  deux  branches  de  la 
courbe  se  touchent  en  ce  point,  et  qu'elles  touchent  aussi  la  courbe  ^"=0;  c'est-^-dire 
qu'il  y  aura  dans  la  courbe  VCr=0  un  point  de  rebroussement.  et  une  autre  branche 
de  la  courbe  qui  passe  par  ce  point.  Pour  cela  il  faudra  passer  aux  d^rivdes  du 
troisi^me   ordre.     Cela  donne,   en   supprimant   les   termes   qui   s'^vanouissent : 

{n-iycf  I>>U=Sti{n-  l)d^  .d'U-  {ax  +  l3y  +  yz)' d'V U. 
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Ici  on  a 

S'D'U  =  a?d'a  +  &c., 

5^  =  6  (dcdi\P  -  -IdfdMdN  +  dbdN')  +  6  {cdMd'M  -/{dMd'N  +  dNd'M )  +  bdNd'N},  &c., 

et  les  deux  ligues  de  cette  expression  se  rdduisent  a  Gd'U.dM,  et  a  zero,  respective- 
ment.  En  effet,  en  rempla^ant  dM,  dN  par  leurs  valeurs,  le  coefficient  de  ^-  dans  la 
premiere  ligne  devient  6{h^c-2ffhdf+g^b)  =  6a{bdc  +  cdb-2fdf)  (et  k  cause  de  33  =  0, 
®  =  0,  jp  =  0)  =  6ad^ ;  et  egalement  pour  les  autres  termes.  Dp  meme,  le  coefficient 
de  ^-  dans  la  seconde  ligne  devient  6  {chdh  —f(gdh  +  hdg)  +  bgdg].  En  y  ajoutant 
3{/i'dc-2g}>df+g'db),  savoir  tiad^,  la  somrae  se  reduit  a  Sd  {ch'-2fgh  +  bg^)  =Sd{a^-V) 
=  Sad^;  done  le  coefficient  en  question  s'evanouit.  En  cherchant  de  la  meme  maiiiere 
les  autres  coefficients,  on  trouvera  les  valeurs  dont  il  s'agit,  et  ainsi  d'a,  =  6d''U  .d^, 
&c.  et  de  Ik  d'lPU=Qd^Ud'^;  done  enfin 

ce  qui  suffit  pour  d^montrer  le  thdoreme,  qui  peut  ^tre  ^nonc^  comme  suit : 

TH^ORtaiE.  "11  existe  un  point  double  de  la  courbe  VII  =0,  pour  chaque  point 
double  de  la  courbe  U=0,  et  les  deux  courbes  ont  des  tangentes  communes  dans 
ces  points.  De  plus,  il  existe  un  point  triple  de  la  courbe  Vi/'=0,  pour  chaque  point 
de  rebroussement  de  la  courbe  U=0,  savoir  un  point  de  rebroussement  dont  les  deux 
branches  touchent  la  tangents  de  la  courbe  U=0,  et  encore  une  troisifeme  branche, 
qui  passe  par  le  point  de  rebroussement." 

II  suit  de  \k  que  dans  le  cas  d'un  point  double,  ce  point  doit  etre  considdre 
comme  la  reunion  de  six  points  d'intersection,  et  dans  celiii  d'un  point  de  rebrousse- 
ment, de  huit  points  d'intersection.  C'est  de  cette  maniere  que  Ton  se  rend  compte 
du  theorfeme  de  M.  Plucker  qui  dit  que  I'effet  de  ces  deux  singularitds  est  de  faire 
disparaitre  respectivement   six   ou   huit  points   d'inflexion   de   la  courbe  donnde. 

Examinons,  en  finissant,  la  thdorie  des  points  d' osculation.  II  est  facile  de  voir  que 
la  condition  d'un  tel  point  (savoir  d'un  point  dans  lequel  la  tangente  coupe  la  courbe 
en  quatre  points  cons^cutifs)  consiste  en  ce  que  d^U  coiitient  dU  comme  facteur,  ou, 
autrement  dit,  que  I'^quation  D^U=0  est  identiquement  vraie.  On  obtient  ainsi  dix 
conditions,  qui  se  r^duisent  assez  facilement  k  six;  mais  pour  les  rdduire  a  une  seule 
condition,  il  faut  prendre  la  d^riv^e,  avec  le  symbole  I)  de  la  valeur  donnde  ci-dessus 
de  D'U.  On  doit  cependant  ne  pas  oublier  que  D.D^U,  outre  le  terme  IPU,  contient 
aussi  des  termes  que  Ton  obtient  en  faisant  op^rer  les  symboles  9a,,  dy,  9^  sur  les 
quantit^s  L,  M,  N  qui  entrent  dans  IfiU.  Car  il  est  convenu  que  les  symboles 
9x,  (iy,  9^  dans  D'U,  ne  doivent  pas  affecter  les  lettres  L,  M,  N.  Cependant  il  est 
remarquable  que  dans  le  cas  actuel,  ces  termes  se  detruisent  entiferement.  En  effet, 
en   les  ddsignant   par   fl,   on   obtient 

n  =  2D  [{Ml  -  N^)  {ad^  +  hd^  +  gd^)  +  {Na  -  L^)  {lid,  +  69,,  +fd^) 

+  {W  -  My)  (gd,  +fd,,  +  cdy)]  .  DU, 
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u, 


ou  il  faut  d'abord  effectuer  lea  operations  d^,  dy,  d„  qui  se  rapportent  k  D,  et  ensuite 
impporter  les  d„  dy,  d,  k  la  function  U.    Cela  donne 

n  =  2  [a (JVa, - Md,)  +P{Ld,- Ndy)  +  7 {Md^  -  Z?,)]  x 
(       ci'[N(fdy-bd,)-M{cdy-fd,)] 
+  ^[L  (gd,  -  o9.)  -  N(ad,  -  gd^)] 
+  7»  [if  (hd^  -ady)-L  {hd^  -  hdy)] 

+  ^y[-L  (hd,  +  gdy  -  2/3,)  +  M(ad,-  gd^)  +  N «  -  Aaj] 
+  7a  [-  Jf  (/8x  +  Aa,  -  2^3,, )  +  N(hd,-hdy)  +  L  (W,  - /S^)] 
+  0/3  [-  iV^  (srSy  +/3«  -  2Aa, )  +  Z  (c8„  -/9,)  +  if  (c3,  -  gra, )]  J 

oil  dx,  Sy,  9z  se  rapportent  seulement  k  U.  Or  tous  les  termes  de  cette  expression 
s'dvaiwuissent.     Par  exemple  le  coefficient  de  cf  devient 

{Ndy  -  i/a,)  [N  {fdy  -bd,)-M  (Cdy  -fd,)]    U 

^  =  [iV»  {fdy'  -  my)  +  M^  (cdfi,  -fd/)  -  MN  {cdy'  -fdfi,  +/dyd,  -  69/)  U-  =  0, 

et  ainsi  pour  les  autres  termes ;   done  on  a  n  =  0. 

Done,  en  transportant  a  I'autre  cot^  de  I'^quation  les  termes  qui  contiennent  U, 
DU  o\x  W,  on  obtient  cette  formule  trfes  simple: 

{n-iyi>'U  =  -{aa;  +  ^y  +  yz)'DVn', 

ou  la  seule  condition  d'un  point  d'osculation  (en  ayant  ^gard  a  I'dquation  VU=0)  se 
r^uit  k  DVU  =  0.  Savoir  les  d^riv^es  dx'^U',  dyVU,  d^U  doivent  6tre  proportionnelles 
a  dxU,  dyU,  dzU  (ce  qui  ^quivaut  a  une  seule  condition,  en  vertu  de  U=0,  Vi7=0; 
comme  on  le  voit  facilement).     Cela  donne  le  theoreme  suivant. 

Th]£oreme.  "Dans  le  cas  d'un  point  d'osculation,  les  deux  courbes  f/'  =  0,  VU=0 
se  touchent." 

II  n'y  a  presque  pas  de  doute  que  la  d^riv^e  WU  ne  se  r^duise  toujours  a  la 
forme  R .  U  +S .V (I.  En  effet,  M.  Hesse  I'a  ddmontr^  pour  les  fonctions  de  trois 
variables  et  du  troisifeme  degr^,  et  moi,  je  I'ai  verifid  pour  les  fonctions  de  deux 
variables  d'un  degr^  quelconque.  Cela  dtant,  les  points  d'inflexion  de  la  courbe  VU=0 
sont  sitnes  aux  points  d'intersection  avec  U=0,  et  au  cas  ou  les  deux  courbes  se 
touchent,  ce  point  de  contact  doit  ^tre  considdr^  comme  la  reunion  de  trois  points 
d'intersection :   done, 

"Tout  point  d'osculation  pent  etre  envisage  comme  point  de  reunion  de  trois  points 
d'tTiflexion." 

Nous  d^montrerons  encore,  d'une  manifere  conforme  a  celle  dont  nous  avons  trouv^ 
I'expression  de  IfiU,  I'expression  qui  vient  d'etre  donnde  pour  D^U  k  moyen  de  la 
formule 

/>"  (123)»  =  {T,  (^23)  +  T,  {ASl)  +  T,  {A12)]^. 
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En  miiltipliant  les  deux  membres  par  (J.14)+ (^24)  +  (J.34),  le  terme  a  gauche  peut 
etre  presente  sous  la  forme  p2(J.^4)  (123)^  ou  dxg,  dy^,  d^^  se  rapportent  a  tous  les 
syst^mes  de  variables.  En  y  appliquant  le  produit  UiU^UsU^  (les  variables  identiques 
aprfes  les  diff(^reiitiations),  on  obtiendra  6p''(A64:)UiVU' =  —  6  DW .  p\  Pour  la  droite 
de  lequation  on  a  d'abord  trois  termes  corame  Ti"  (A14!)(A2S)- UiU^UsUi,  lesquels  se 
d^truisent  evidemment,  k  cause  de  {A14:)  UiUt  =  0 ;  puis  six  termes  de  la  forme 
(Ali) {A2S) (ASl)  UiU^UsUi,  qui  se  d^truisent  aussi,  puisqu'en  dchangeant  1,3  et  2,4,  le 
terme  change  de  signe ;  puis  trois  termes  comme  Ti' {{A24>)  +  (ASi)}  {A22y  UjU^UsUi, 
&c.  savoir  T,'  U,  {(J.24)  +  (434)}  (yl23)^  U,U,U,  =  -  2n(n-l)  U .  D'V;  c'est-k-dire  tous 
ces  termes  sent  6n  {n  -  I)  U D^ ;  enfin  trois  termes  2^172(423)  (431)  (434)  U,U,U^U, 
=  2(n  —ly  B^U,  ou,  tous  pris  ensemble,  d  (n  —  IfB^U.  Done,  en  supprimant  le  terme 
—  6n(n  —  l)UD^,  a  cause  de  U=0,  on  obtient  la  m§me  Equation  que  ci-dessus, 
savoir: 

(«  -  lyjyU  =-{ax  +  0y  +  yz)-DV U. 

On  pourrait  croire  qu'il  y  a  une  equation  analogue  (n  —  XfD*U=  —  {ax  +  jiy  +  yzfB'-V U 
pour  les  d^rivdes  du  quatrihne  degrd,  mais  cela  n'est  pas.  En  effet,  il  est  facile  de  voir 
que  pour  un  point  d'oseulation,  IfVU  se  r^duit  k  WU,  a  un  facteur  prfes,  c'est-k-dire 
Ton  aurait  D^V  U  =0,  puisque  VV  U  s'dvanouit  aux  points  d'oseulation :  done  on  aurait 
gdneralement  pour  un  point  d'oseulation  D*f7"=0;  mais  cela  est  seulement  le  caract^re 
des  points  d'oseulation  d'un  plus  haut  degrd,  savoir  de  ceux  oil  la  tangente  rencontre  la 
courbe  en  cinq  points  cons^utifs.  Pour  le  quatrifeme  degre  le  probleme  devient  trop 
compliqu^  pour  etre  traite  de  cette  manifere. 
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54. 


NOTE    SUR    LES    HYPERDETERMINANTS. 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  tome  xxxiv. 

(1847),  pp.  148—152.] 


I.  SoiT  V  line  fonctiou  homogene  de  x,  y  de  2/)'*°"'  ordre.  En  ^galant  k  z^ro  les 
coefficients  differentiels  du  />'"""'  ordre  de  cette  fonction,  pris  par  rapport  a  x,  y,  et  en 
eliminant  ces  variables,  on  obtiendra  entre  les  coefficients  de  la  fonction  un  nombre  p 
d'^quations.     Or  parmi  ces  Equations  il  y  aura  toujours  une  seule  du  second  oi-dre,  savoir 

B{U,  U)  =  Q 

(suivant   la   notation  dans  mon  m^moire  sur  les  hyperddterminants,  t.  XXX.  [(1846),    16]. 
Par  exemple,  en  ^crivant  t  au  lieu  de  x  :  y  on  a,  identiquement 

c  (at  +  b) 

-b{bt  +  c) 

=  (ac-  ¥)  t, 

(  et  )  (at' +  2bt  +  c) 
-(4!dt  +  2e)(bt^+2ct+d) 
+  (Set  +  2d)  (ct^  +  2dt  +  e) 

=  {ae  -  ibd  +  Sd')  f, 

(    gt^  )  {at'  +  3bt^  +  3ct  +d) 

-  (  6ff  +    Sgt  )  {be  +  BcP  +  3dt  +  e} 
+  (15e<»  +  18/i!  +  6g  )  {ct=  +  3dt'  +  Set  +/) 

-  {lOdf  +  15e<  +  6/)  {d^  +  Set"  +S/t+g) 

=^{ag-  6bf+  loec  -  lOd')  t^, 
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et  ainsi  de  suite:  il  ne  reste  qu'a  determiner  la  loi  des  coefficients  num^riques  des 
faeteurs  a  gauche.  Pour  cela,  repr^sentons  par  A,  B,  C,  ...  les  coefficients  de  (1+s)'^,  et 
par  A',  R,  C,  ...  les  coefficients  de  (1— s)~^.  On  aura  pour  ces  nombres  le  syst^me 
suivant : 

+  A'A, 

-A'B.    -B'A, 

+  A'C,    +B'B,    +C'A, 


±1,         ±K,       ±L.. 


Les  nombres  I,  K,  L  ...  de  la  derniere  ligne  seront  a  determiner  au  moyen  d'une  autre 
regie:  il  faut  faire  ^vanouir  les  sommes  des  nombres  dans  la  meme  ligne  verticale,  ces 
nombres  dtant  pris  avec  leurs  signes  actuels.  Je  suis  parvenu  par  induction  a  ces 
formules,  mais  il  ne  serait  pas,  je  crois,  tres  difficile  de  les  demontrer  directement. 

II  me  parait  possible  que  tous  les  hj'perdeterminants  qui  se  rapportent  a  la  fonction 
V,  puissent  etre  trouves  en  ^liminant  entre  les  Equations  (en  nombre  de  p)  dont  il  s'agit, 
et  cela  dans  le  cas  ou  U  est  de  I'ordre  2p  ou  2p  +  \;  au  moins  cette  regie  se  verifie 
pour  les  fonctions  de  deuxieme,  troisieme  et  quatrieme  ordres,  et  cela  paraissait  (a  priori) 
moins  probable  pour  les  deriv^es  d'un  degre  plus  elevd  que"  pour  celles  du  second  degre, 
pour  lesquelles,  comme  on  vient  de  le  voir,  il  est  effectivement  vrai. 

Cela  ^tant,  il  y  aura  seulement  un  nombre  p  de  d^riv^es  indepeudantes  pour  les 
fonctions  du  2p'""°  et  du  (2^  +  1)'*""  ordre:    conclusion  que  je  ne  puis  pas  demontrer. 

II.  Soit  V  =  Gabcd  +  Wc-  —  a'd"  —  400"  —  46*^,  et  repr^sentons  par  Vj  le  determinant 
forme  avec  les  coefficients  differentiels  du  second  ordre  de  V  par  rapport  a  a,  h,  c,  d, 
on  aura  ,   , 

/■*^ 

(propriete  qui  a  un  rapport  singulier  avec  celle  qu'a  d^montrde  M.  Eisenstein  par  rapport 
aux  coefficients  du  premier  ordre  de  la  meme  fonction  V).  La  demonstration  que  je  puis 
donner  de  ce  thdoreme  est  k  la  vdritd  assez  compliqu<;e,  mais  je  ne  vois  pas  d'autre. 
En  mettant 

p  =  ^{bd-  c%    q  =  ^{bc-  ad),    r  =  |  (ac  -  h"), 

on  obtient 

V,  =  81  a-     ,         ah     ,     ac  —  3r,     ad  +  Oq 

^*  ba      ,     b'-  +2r,     be  -  q  ,     bd-3p 

ca  —  Sr,     cb  —  q  ,    c'  +  2p,         cd 

da  +  dq,    dh  —  3p,         dc     ,  d^ 

oil  le  determinant  ne  contient  que  les  termes  du  quatrifeme  ou  troisieme  degre  en  p,  q,  r, 
et  en  ddveloppant  on  a 


V,  =  81  (9  {pr  -  ^y  -  2ay  -  2d'r'  -Uq  {abf  +  cfZ/-=)  -  IS^''  (6=p  +  cV) 
'*'^  -  6  (/)?•  +  q^)  {acp  +  hdr)  -  2adq  (3pr  -  q')  -  1 8bcq  (pr  +  q'')], 

C.  45 


lineaires  des  coordonn^es,  le  rtfeultat  ©  =  0  de  I'^limination  de  x,  y  entre     ,    =  0,  "V-  =  I* 
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d'oti,  en  rtJduisant  au  moyen  des  expressions 

ap  =  -i2hq  +  cr),     dr  =  -  (2cq  +  bp),     ad  =  bc-Sq, 
,m  tire  V,  =  81  (9  (pr  -  g*)*  +  4  (b'p  +  2bcq  +  <^)  {pr  +  q")  +  6q'  (3pr  -  ^)}, 

ou  enfin,  au^moyen  de  2  (li'p  +  2bcq  +  d'r)  =  -  3pr : 

V.  =  243  (pr  -  q'Y  =  3V^ ;  M.  =  '^^^  ^'- 

voili  r^uation  qu'il  s'agissait  h.  aemoiitrer. 

III.  En  considtJrant  a  :  d,  b  :  d,  c  :  d  comme  repr^sentants  les  trois  coordonn^es 
d'uu  point,  ou,  si  Ton  veut,  des  fonctions  lineaires  de  ces  coordonn«^es,  I'^quation  V  =  0 
appartient  evidemment  a  une  surface  d^veloppable  (de  quatrifeme  ordre).  Mais  la  condi- 
tion pour  que  I'dquation  U=0  {V  ^tant  une  fonction  homogene  de  quatre  variables) 
appartienne  k  une  surface  d^veloppable,  est,  que  le  determinant  form^  avec  les  coefficients 
diff^rentiels  du  second  ordre  de  la  fonction,  s'evanouisse  (th^or^me  de  M.  Hesse,  t.  xxviii. 
[(1844)  pp.  97 — 107,  "Ucber  die  Wendepunkte  der  Curven  dritter  Ordnung"]).  Done  il  faut 
i\ue  V,  s'evanouisse  au  moyen  de  V  =  0,  c'est-k-dire,  il  faut  que  V,  contienne  le  facteur  V ; 
ce  qui  s'accorde  parfaitement  avec  I'eq  nation  qui  vient  d'etre  prdsentee.  Mais  il  ne  peut 
etre  prouvd  de  cette  mani^re  que  I'autre  facteiu-  doit  aussi  se  r^duire  k  V,  et  m^me  cela 
n'est  pas  vrai  si  V,  vient  d'une  fonction  d'un  plus  haut   degre  que  le  quatrieme. 

II    suit   de   cela   qu'en   supposant   toujours   que    les   coefficients   soient   des   fonctions 

dU     ^    dU 

dy 

appartient  toujours  a  une  surface  d^veloppable.     De  meme  I'dlimination  de  x,  y  entre  les 

d^U  d?U  d^U 

trois  Equations    j  -   =  0,  -j—j-  =  0,  -5-^  =  0  conduit  aux  Equations  de  I'arete  de  rebrousse- 

ment   de   la   surface,   et   de    plus,   en   ^liminant   entre    les    Equations   ^-3  =  0,    ,  „_.   =0, 

d^U  d'U 

J     ,  ,=  0,     ,  ,  =  0,  on  obtient  les  points  de   rebroussement   de   I'arSte   de   rebroussement. 

Cela  conduit  i\  quelques  rdsultats  remarquables. 

Par  exemple,  la  surface  d^veloppable  dont  I'equation  est 
V  =  Gabcd  +  36'c=  -  4ac'  -  Wd  -  a^'d', 
a  pour  arete  de  rebroussement  la  courbe  dont  les  equations  (dquivalentes  a  deux  Equations 
seuleinent)  soiit  bd  —  c^  =  0,  ad  —  bc  =  0,  ac  — 6^  =  0,  ce  qui  est  une  courbe  du  troisieme  ordre 
seulement.  Car  en  considerant  deux  quelconques  de  ces  trois  Equations,  par  exemple 
celles-ci :  6d  —  c*  =  0,  ad  —  bc=0,  ces  Equations  appartiennent  a  deux  surfaces  du  second 
ordre  qui  ont  en  commun  la  droite  d  =  0,  c  =  0:  cela  s'accorde  avec  un  r^sultat  que  j'ai 
donn^  dans  mon  m^moire  sur  les  surfaces  developpables  dans  le  journal  de  M.  Liouville 
[t.  X.  (1845),  30]. 

Egalement,  en  considerant  une  Equation  de  quatrieme  degr^  en  t,  on  obtient  une 
surface  developpable. 

{ae  -  46(i  +  3c=)'-  27  {ace  +  2hcd  -  ad^  -  b"e  -  cj  =  0, 

qui  a  pour  ar^te  de  rebroussement  la  courbe  du  sixifeme  ordre  exprimee  par  les  Equations 
ae  —  ibd  +  Sc*  =  0,  ace  +  2bcd  -  ad^  —  b''e-c'  =  0.     Je  n'ai  pas  completement  r^ussi  k  expliquer 
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pourquoi  cette  courbe  du  sixieme  ordre  a  une  osculatrice  developpablc,  seulemcnt  du 
sixieme  ordre,  mais  cette  reduction  s'opere  en  partie  au  moyen  des  points  de  rebrousse- 
ment  de  la  courbe,  qui  se  trouvent  au  moyen  des  equations  at  +  b  =  0,  bt  +  c  =  0,  ct+d  =  0, 
dt  +  e  =  0.  Pour  savoir  a  combien  de  points  ces  equations  correspondent,  il  faut  re- 
marquer  que,  a,  b,  c,  d,  e  ^tant  des  fonctions  lineaires  des  coordonnees,  on  aura  toujours 
entre  ces  quantites  une  equation  lin^aire  telle  que 

Aa  +  Bb  +  Gc  +  Dd  +  Ee  =  0, 

ou  A,  B,  ...  sont  des  constautes.  Done,  en  eliminant  a,  b,  c,  d,  e,  on  obtient 
A  —  Bt+Cf  — Dt^  + Et*  =  0,  Equation  du  quatrifeme  ordre,  et  a  chaque  valeur  de  t  il 
correspond  un  des  points  dont  il  s'agit ;  done  la  courbe  du  sixieme  ordre  a  quatre 
points   de   rebroussement. 

Egalement  la  surface  ddveloppable  qui  correspond  a  une  Equation  du  m'*'"^  ordre,  est 
de  I'ordre  2(wt  — 1);  I'arete  de  rebroussement  est  de  I'ordre  3(m— 2),  et  il  y  a  dans 
cette  courbe  un  nombre  4  {m  —  3)  de  points  de  rebroussement.  II  faut  toujours  se 
rappeler  que  ces  surfaces  developpables  ne  sont  pas  les  surfaces  d^veloppables  les  plus 
g^n^rales  qui  existent  de  I'ordre  2  (m  —  1),  excepts  dans  le  cas  des  surfaces  developpables 
du  quatrieme  ordre. 

IV.  II  vaut  peut-etre  la  peine  de  donner  en  passant  une  demonstration  de  ce 
th^oreme  de  M.  Chasles :  "  Le  plan  qui  passe  par  trois  points  qui  se  meuvent  avec 
des  vitesses  uniformes  dans  trois  droites  quelconques,  enveloppe  une  surface  d^veloppable 
du  quatrieme  degr^."  En  effet,  en  supposant  que  a  :  S,  /8  :  S,  7  :  S ;  a' :  B',  yS'  :  S',  7'  :  S' ; 
a"  :  B",  yS"  :  B",  7"  :  B",  soient  des  fonctions  lindaires  du  temps  ((S,  B',  B")  peuvent  etre 
constants,  ou,  si  Ton  veut,  des  fonctions  lineaires  du  temps,  ce  qui  correspond  a  un 
cas  un  peu  plus  g^n^ral  que  celui  de  M.  Chasles),  on  peut  prendre  ces  valours  pour 
coordonnees  des  trois  points  mobiles.  Done,  en  prenant  x  :  w,  y  :  w,  z  :  tv  pour  coordonnees 
d'un  point  quelconque  du  plan,  on  obtient  I'^quation  de  ce  plan,  en  egalant  a  z^ro 
le  determinant  form^  avec  les  valeurs  x,  y,  z,  w;  a,  ^,  7,  B;  a',  0,  7',  B' ;  a",  y8",  7",  B" ; 
ce  qui  donne  une  Equation  de  la  forme  a  +  36<  +  3c<'  +  df  =  0,  a,  b,  c,  d  dtant  des  fonc- 
tions lineaires  de  x,  y,  z,  w;  et  cela  suffit  pour  d^montrer  le  th^oreme  dont  il  s'agit. 

V.  En  finissant  j'indiquerai  un  principe  de  classification  des  courbes  a  double 
courbure  qui  me  parait  etre  de  quelque  importance ;  savoir,  on  pourra  distinguer  les 
courbes  qui  ne  peuvent  pas  etre  I'intersection  complete  de  deux  surfaces,  de  celles  qui 
peuvent  I'etre.  Par  exemple,  en  faisant  passer  par  une  courbe  donnee  du  troisieme  ordre 
deux  surfaces  du  second  ordre,  la  courbe  n'est  pas  I'intersection  complete  des  deux 
surfaces;  celles-ci  se  coupent  dans  cette  courbe  et  dans  une  certaine  droite.  Quel  est 
le  th^oreme  analogue  pour  les  courbes  du  n'*'""'  ordre  ?  Peut-on,  par  exemple,  toujours 
combiner  avec  une  courbe  donnde  d'un  ordre  quelconque,  une  autre  courbe  qui  est 
I'intersection  complete  de  deux  surfaces,  de  manifere  que  I'ensemble  des  deux  courbes 
soit  une  intersection  complete  de  deux  surfaces  ?  Et  si  non :  de  quelle  raanifere  trouvera- 
t-on  les  Equations  g^nerales  d'une  courbe  de  n'^°"  ordre  ?  Quel  est  le  degr^  de  gdnd- 
ralite  de  ces  Equations  ?  II  y  a  une  foule  d'autres  questions  qu'on  pourrait  ici  proposer. 
J'ai  propose  une  question  analogue  dans  le  point  de  vue  analytique,  mais  elle  est 
restee   sans   reponse. 

45—2 
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SUR  QUELQUES  THEOREMES  DE  LA  GEOMETRIE  DE  POSITION. 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  tome  xxxiv. 
(1847),  pp.  270—275.     Continued  from  t.  xxxi.  p.  227,  50.] 


§  in- 

LoR-SQUE  j'avais  sous  la  plume  la  premiere  partie  de  ce  m^moire,  je  ne  savais 
pas  que  la  demifere  partie  du  tht^or^me  de  M.  Steiner  sur  I'hexagramme  de  Pascal 
(savoir  que  les  vingt  points  d'intersection  des  soixante  droites  sont  situes,  par  quatre, 
(iaus  quinze  droites)  avait  dej^  6t4  d^montr^e  d'une  maniere  aussi  simple  quelegante 
par  M.  Pliicker  dans  son  mdmoire,  "Uber  ein  neues  Princip  der  Geometrie"  (t.  v.  [1828] 
p.  269).  En  supposant  maintenant  cette  demonstration  connue,  je  veux  examiner  de 
plus  prfes  la  correlation  de  ces  vingt  points,  en  adoptant  une  notation  plus  commode. 

Soit  a^yBe^  une  permutation  quelconque  des  nombres  1,  2,  3,  4,  5,  6 :  cette  permu- 
tation peut  etre  nommee  directe  ou  inverse,  selon  quelle  est  forra^e  par  un  nombre  pair 
ou  impair  d'inversions.  Des  six  pei-mutations  a/37Se^,  aS^fe/S,  a^yffeB;  aB'^^ei^,  a^y^eS, 
af78f/S,  les  trois  premieres  ou  les  trois  demieres  sont  directes.  Nous  representerons  les 
trois  permutations  directes  par  (076).  Les  trois  droites  que  donne  le  th^oreme  de  Pascal, 
appliqud  aux  hexagones  correspondants  a  ce  symbole,  se  coupent  dans  un  des  vingt 
paints  dont  il  s'agit:  point  qui  peut  etre  reprdsentd  par  la  meme  notation  {aye).  En 
supposant  que   ay37Se5'  est   une   permutation    directe,   le    point    aye    correspond   au   point 

(00 J  de  M.  Pliicker.     Partout   dans   cette   section  on  pourra  changer  les  mots  "directe" 

et  "inverse." 
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Les   six   permutations   des    lettres   a,  y,  e  ne   donnent    qu'un   seul   point;   de  maniere 
que   les   vingt   points,  dont   il   s'agit,   sont 

123,     124,     125,     126,     134,     135,     136,     145,     146,     156, 
234,     235,     236,     245,     246.     256,     345,     346,     356,     456. 

Or,  pour  trouver  comment  il  faudra  combiner  ces  points,  j'dcris 

076 

/3sr 


et  je  tire  de  la  le  systems 


Les  quatre  points 


076        aS?        ^y^       /SSe 
/8Sf '      0ye '       aSe  '      075- 


076  ,      aS^  ,      ^y^,      /3Se 


seront  situ^s  sur  la  meme  droite,  que    Ton    pent   repr^senter  par  a/3 .  7S .  ef.     Les    quinze 
combinaisons,  quatre  a  quatre,  des  vingt  points,  seront 

r  135,     146,     236,     245  dans  la  droite  12.34.  56 


A. 


136,  154,  234,  256 

134,  165,  235,  264 

146,  152,  342,  356 

142,  165,  345,  362 

145,  126,  346,  325 

152,  163,  453,  462 

153,  126,  456,  423 
156,  132,  452,  436 

163,  124,  564,  523 

164,  132,  562,  534 
162,  143,  563,  542 

124,  135,  625,  634 

125,  143,  623,  645 
123,  154,  624,  653 


12.35.64 
12.36.45 
13.45.62 
13 .  46 . 25 
13.42.56 
14.56.23 
14.52.36 
14.53.62 
15.62.34 
15.63.42 
15.64.23 
16.23.45 
16.24.53 
16  .  25 .  34, 


oil  les  droites  s'obtiennent  en  permutant  dans  12  .  34 .  56  d'abord  les  derniers  trois 
num^ros  et  puis  dans  ces  trois  permutations  les  derniers  cinq  num^ros.  Par  la  la 
maniere  de   trouver  les  droites  est  claire. 

Cette   ^nonciation  des  points   et   des   droites,   dont  il   s'agit,  en  meme  temps  quelle 
est  parfaitement   symetrique,  est   la  seule   qui   se  prdsente  naturellement.     Cependant  la 
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syni^trie  en  est  si  compliqu^e  et  si  peu  manifeste  qu'il  sera  bon  d'adopter  une  autre 
notation.  Pour  cela,  je  forme  le  tableau  auxiliaire  suivant,  dont  I'arrangeinent  est  assez 
clair : 

135     ace  351     cea  513     eac 

246    hdf        246    fbd         246    dfb 


146 

acb 

235 

edf 

236 

acd 

145 

hef 

346 

cef 

251 

abd 

256 

ceb 

341 

fad 

546 

ead 

213 

cfb 

216 

eaf 

543 

deb 

245 

ac/         241 

eed         243     eab 

136    bde         356 

fba         516     dfc 

De  Ik,  en  ^crivant 

N 

■  123  =  bcf  , 
12i  =  cde  , 

125  =  abd, 

126  =  aef, 

234  =  abe , 

235  =  def, 

236  =  acd, 
245  =  acf. 

B. 

134  =  adf, 

135  =  aee  , 

246  =  bdf, 
256  =  bee  , 

■> 

136  =  bde , 

145  =  hef , 

146  =  abc , 
.  156  =  cd/, 

345  =  bed , 

346  =  cef , 
356  =  abf, 
456  =  ade; 

L»t  de  plus 

' 12.34 

56 

-ac  , 

13 .  45 .  62  =  a6  , 

14.56 

23  = 

=  bd. 

12.35 

64 

=  be. 

13.46.25  =  cd, 

14.52 

36  = 

=  ae  , 

C.     . 

12.36 

45 

=  df, 

13.42.C 

6  =  ef  , 

14.53 

C2  = 

-cf, 

15.62.34  =  rfe, 

16.23.45  =  ce  , 

15.  63. 42  =  6c, 

16  .  24 .  53  =  ad , 

> 

15 

64. 

23  =  ef, 

16.25. 

34  =  6/; 

savoir  (en  repr^sentant  les  points  123,  124,  &c.,  par  hcf,  cde,  &c.,  ct  Ics  droites  12.34.56, 
12.35.64,  &c.,  par  ac,  be,  &c.)  on  verra  dans  le  tableau  (A)  cjue  les  points  situ^s 
dans  la  droite  ae  sent  ace,  acb,  aed,  acf,  que  les  points  dans  la  droite  be  sont  bed,  hef, 
bea,  bee,  et  ainsi  de  suite,  de  manifere  que  ee  systeme  des  vingt  points  et  des  quinze 
Hroites  est  precisdment  le   systfeme   reciproque   de   celui   des  quinze  points   et   des   vingt 
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droites  que  nous  avons  consid(^re  dans  la  premiere  section  de  ce  mdmoire ;  ou,  autre- 
ment  dit,  que  les  vingt  points  et  les  quinze  droites  sont  les  projections  sur  un  plan, 
des  points  et  des  droites  d'intersection  de  six  plans  dans  I'espace.  Seulement  la  figure 
plane,  ainsi  forme'e,  contient  quatorze  quantitds  arbitraires,  tandis  que  le  systfeme  de 
six  points  sur  une  conique  n'en  contient  que  onze,  de  sorte  qu'il  doit  y  avoir  des 
relations  entre  ces  six  plans.  On  obtient  done  la  forme  suivante  plus  complete  du 
th^reme  de  M.  Steiner  (theoreme  qui  en  meme  temps  est  le  complement  du  th^oreme 
XII.  §  1  de  ce  mdmoire). 

Th^or^me  XIV.  "  Les  soixante  droites  correspondantes  aux  hexagones  formes  par 
six  points  d'une  conique  se  coupent  trois  a  trois  dans  vingt  points  qui  peuvent  etre 
considerds  comme  les  projections  des  points  d'intersection  d'un  systfeme  de  six  plans 
(dont  d'ailleurs   la  liaison   reste   encore   a   chercher)." 

Egalement 

TH^ORfeME  XIII.  "Les  soixante  points  correspondants  aux  hexagones  formes  par  six 
tangentes  d'une  conique  sont  situds  trois  a  trois  sur  vingt  droites  d^termin^es  par  des 
plans  qui  passent  par  trois  points  quelconques  d'un  systeme  de  six  points  dans  I'espace 
(la  liaison  de  ce  systeme  de  six  points  dtant  encore  k  chercher)." 


§IV. 

Soient  a,  f;  b,  g;  c,  h  les  points  correspondants  d'un  systfeme  de  points  situds  sur 
la  meme  droite,  et  en  involution.  Nommons  "faisceau"  les  trois  cotds  d'un  quadrilatere 
qui  se  coupent  dans  un  meme  point  et  "  triangle "  les  trois  cotds  qui  ne  se  coupent  pas 
dans  un  meme  point  (de  sorte  que  dans  tout  quadrilatere  il  y  aura  quatre  faisceaux  et 
quatre  triangles).  Les  quadrilateres  dont  les  cOtds  passent  par  les  six  points  en  involu- 
tion, peuvent  etre  class^  en  deux  systemes:  Dans  le  premier  les  faisceaux  passeront  par 
f,  g,  h;  f,  h,  c;  g,  c,  a;  h,  a,  b,  et  les  triangles  par  a,  b,  c;  a,  g,  h;  b,  h,  f;  c,  f,  g; 
dans  I'autre  il  en  sera  le  contraire.  Deux  quadrilateres  qui  appartiennent  a  ces  deux 
systfemes  respectivement,  peuvent  etre  dits  "en  rapport  inverse  I'un  k  I'autre."  Soient 
ABGD,  A'B'CU  deux  quadrilateres  non  situ&  dans  le  meme  plan,  et  soumis  k  la  condi- 
tion que  les  cot^s 

DA,  B'C;  DB,  C'A'-  DC,  A'B';  BC,  D'A';   CA,  D'B';  AB,  D'C 

coupent  la  droite  dans  les  points 

/     g,    h,     a,    b,     c 

respectivement.  Les  deux  tdtrafedres  A'BCD,  AB'C'D',  et  Egalement  les  tetrafedres  AB'CD 
et  A'BCD';  ABG'D  et  A'B'CU;  ABCD'  et  A'B'C'D  seront  respectivement  inscrits  et 
circonscrits  I'un  k  I'autre.  Car  en  consid^rant  par  exemple  ces  deux-ci:  A'BCD,  AB'CD': 
A'  est  dans  le  plan  B'C'D',  B  est  dans  le  plan  CD'A  (parce  que  les  droites  AB,  CD' 
se  rencontrent) ;  C  est  dans  le  plan  D'AB'  (parce  que  .4C  et  B'U  se  rencontrent),  et  D 
est  dans  le  plan  A  B'C  (parce  que  AD  et  B'C  se  rencontrent).     Egalement  A,  B',  C,  D' 
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8ont  situds  dans  les  plans  BCD,  CDA',  DA'B  et  A'BG  respectivement ;  et  cela  vdrifie 
la  relation  dont  il  s'agit.  Ce  thdorfeme  est  dd  k  M.  Mobius  qui  I'a  obtenu  par  son 
Calcul  Barycentri(iue  (ce  Journal,  t.  ill.  [1828],  p.  273),  et  en  considdrant  un  systfeme 
polaire  dans  letjuel  le  plan  rdciproque  d'un  point  quelconque  passe  toujours  par  le  point 
nieuie  (Statik,  c.  vi.  §  8C,  et  ce  Journal  t.  X.  [1833],  p.  317).  On  trouve  aussi  quelques 
reinarques  sur  ce  sujet  dans  I'ouvrage  "  Systematische  Entvnckelungen  u.  s.  w."  de  M. 
Steiner,  p.  247.  Jo  ne  croyais  pas  inutile  d'en  faire  voir  la  relation  avec  la  thdorie 
de  I'involution.  Remanjuons  aussi  que  non  seulement  les  quadrilateres  A  BCD  et  A'B'C'D', 
mais  awssi  ceux-ci  ABC'D'  et  A'RCD,  ACB'D'  et  A'C'BD,  ADB'C  et  A'UBC  sont  en 
rapport  inverse  entre  eux.  Par  cela  la  sym^trie  de  la  figure  est  compl^t^e ;  mais  on 
n'en  tire  pas  de  nouveaux  systfemes  de  tdtraedres  inscrits  et  circonscrits. 

M.  Mobius  a  d^montrtj  qu'il  n'existe  pas  des  quadrilateres  rt^els  simples,  a  quatre 
cot&  et  quatre  angles,  inscrits  et  circonscrits.  Mais  en  consid^rant  les  points  imaginaires, 
I'existence  en  est  possible,  et  on  trouve  des  systfemes  de  cette  sorte  parmi  les  neuf 
points  d'inflexion  d'une  courbe  de  troisifeme  ordre.  Je  renvoie  cette  discussion  k  une 
Xutre  occasion,  §  V. 

Je  me  bomerais,  sans  examiner  de  plus  pres  la  figure  qui  en  resulte,  k  d^montrer 
le  th^rfeme  suivant:  "Si  un  point  et  n  droites  sont  donnas,  les  points  d'intersection 
de  cha(jue  droite  avec  la  polaire  du  point,  relative  aux  autres  n  —  \  droites,  sont  situ^s 
sur  une  meme  droite  polaire  du  point,  relative  au  systfeme  des  droites."  Je  prends  un 
sj-stfeme  de  droites,  consider^  comme  formant  une  courbe,  et  j'entends  par  polaire  ou 
droite  polaire,  la  dernifere  des  polaires  successives  du  point,  relative  a  la  courbe.  En 
reprt^sentant  analytiquement  la  courbe  par  F=0,  V  est  une  fonction  homogfene  d'un 
ordre  quelconque  en  "a;,  y,  z;  et  si  a  :  /3  :  7  sont  les  valeurs  de  x  :  y  :  z  relatives  au 
point,  r^quation 

(aa^  +  ^a,,  +  79,)P-'[7=0 

est  celle  de  I'une  quelconque  des  polaires  successives. 

Soit  p  =  0,  q  =  0,  r  =  0,  ...  les  Equations  des  droites,  p,  q,  r,  ...  seront  des  fonctions 
lin^aires  de  x,  y,  z.  Soient  comme  plus  haut  x  :  y  :  z  =  a  :  ^  :  y  les  Equations  qui 
d^terminent  le  point:  I'^uation  de  la  droite  polaire  du  point,  relative  aux  n  droites, 
est 

{<xd^  +  ^dy  +  yd,)^'pqr  ...=0. 

Soient  a,b,c,  ...  ce  que  deviennent  p,  q,  r,  ...  en  ^crivant  a,  y8,  7,  ...  au  lieu  de  x,  y,  z,  ... , 
on  obtient  aisement 

aSx  +  y89y  +  ydz  =  adp  +  bdg+  ...  ; 

et  de  1^  on  tire 

(adp  +  bdg  +  cdr+.. .)"-' M''  ■■■  =0, 

pour  la  polaire   cherch^e.     Les  differentiations  ^tant   efifectudes  selon  p,  q,  r,  ...  ,  comme 
variables  ind^pendantes,  on  obtient 

pbc  ...  +  aqc  ...  +  ...  =0 
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ou,  ce  qui  est  la  meme  chose : 


P     <7     *■ 

a      0      c 

De  meme  la  polaire  du  point,  relative  aux  droites  5  =  0,  r  =  0,  . . .  ,  est 

Q     r 

1  +  -+  ...=0, 
0     c 

et  par  cette  raison  rinterseetion  de  cette  droite  avee  ^  =  0  est  dviderament  sitii^e  sur 
la  droite  polaire  du  point,  relative  a  toutes  les  droites;  ce  qui  prouve  la  proposition 
dont  il  s'agit. 

Par  exemple,  en  considerant  les  droites  BC,  CA,  AB  qui  passent  par  trois  points 
A,  B,  C :  la  polaire  d'un  point  0,  relative  aux  droites  AB,  AC,  est  une  droite  Aa  telle 
que  AB,  AC;  AO,  Aa  ferment  un  faisceau  harmonique.  Soit  a  le  point  d'intersection  de 
4  a  et  BC,  et  supposons  le  meme  pour  les  points  /8,  7:  les  points  a,  /3,  7  seront  situ^s 
(comme  on  le  salt)  sur  une  mfime  droite,  qui  est  celle  que  je  nomme  polaire  de  0, 
relative  aux  c6t^s  du  triangle,  et  que  M.  Plucker  a  nommd  " harmonicale''  On  sait  de 
plus  que  les  droites  Aa,  B0,  Cy  peuvent  etre  construites  comme  suit :  en  prenant 
a,  b,  c  pour  les  points  d'intersection  de  OA,  OB,  OC  avec  BC,  CA,  AB  respectivement, 
les  droites  be,  BC;  ca,  CA;  ab,  AB  se  rencontreront  dans  les  points  a,  /3,  7;  ce  qui 
offre  une  regie  facile  pour  construire  la  polaire  d'un  point,  relative  a  un  nombre  quel- 
conque  de  droites. 

Remarquons  en  finissant  que  la  conique  qui  passe  par  les  points  A,  B,  C,  et  qui 
touche  deux  des  trois  droites  Aa,  B^,  Cy,  toucho  aussi  la  troisifeme  et  est  effectivement 
la  polaire  conique  du  point,  relative  aux  trois  cot^s  du  triangle.  En  combinant  cela  avec 
la  propriety  connue  que  la  r-'"™  polaire  de  0',  relative  a  la  meme  courbe,  passe  par  0,  si 
la  (n  —  r)'*™  polaire  d'un  point  0,  relative  a  une  courbe  du  «"'""'  ordre,  passe  par  un  point 
0',  on  obtiendra  le  th^orfeme  22  de  M.  Steiner  (ce  Journal,  t.  iv.  [1828]  p.  209). 
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56. 

DEMONSTRATION  OF  A  GEOMETRICAL  THEOREM  OF  JACOBI'S. 

N   [From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iii.  (1848),  pp.  48 — 49.] 

The  theorem  in  question  (Crelle,  t.  xii.  [1834]  p.  137)  may  be  thus  stated : 

"  If  a  cone  be  circumscribed  about  a  surface  of  the  second  order,  the  focal  lines 
of  the  cone  are  generating  lines  of  a  surface  of  the  second  order  confocal  to  the  given 
surface  and  which  passes  through  the  vertex  of  the  cone." 

Let  (a,  j8,  7)  be  the  coordinates  of  the  given  point, 

sc^     f     z^ 

the  equation  to  the  given  surface.  The  equation  of  the  circumscribed  cone  referred  to 
its  vertex  is 

whence  it  is  easily  seen  that  the  equation  of  the  supplementary  cone  (i.e.  the  cone 
generated  by  lines  through  the  vertex  at  right  angles  to  the  tangent  planes  of  the 
cone  in  question)  is 

{ax  +  ^y  +  yzy  -  a^a?  -  ff  -  c-z-  =  0.  (•) 

Suppose  we  have  identically 

{ax+^y+  yzy  -  aV  -  6y-  c^z'  -  h  {x-  +  f  +  z")  =  {Ix  +  my  +  nz)  (I'x  +  m'y  +  n'z) ; 

Ix  +  my  +  n^  =  0  will  determine  the  direction  of  one  of  the  cyclic  planes  of  the  supple- 
mentary cone,  and  hence  taking  the  centre  for  the  origin  the  equations  of  the  focal 
lines  of  the  circumscribed  cone  are 

x  —  a_y—^_z  —  <y 
I  m  n     ' 

'  Ax*  +  By''+C7^  +  iFyz  +  2Oxz  +  iHxy  =  0  being  the  equation   of  the   first  cone,   that  of  the   supplementary' 
-cone  is  aa:'  +  i3i/'  +  C2''  +  2JFi/2  +  2ffi2x  +  2J5xi/  =  0,  these  letters  [denoting  the  inverse  coefficients  BC -  F^,  &c.]. 
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It  only  remains  therefore  to  determine  the  values  of  I,  m,  n  from  the  last  equation 
but  one.  The  condition  which  expresses  that  the  first  side  of  this  equation  divides 
itself  into  factors  is  easily  reduced  to 

a-^  +  h^b'  +  h^ (?  +  h~    ^    '' 


Next,  since  the  equation  is  identical,  write 


/3 


^=;;rzT'      v^wn.'     ^  = 


we   deduce 


a^  +  h'       ^      ¥  +  h'  c^  +  h' 


Again,  putting 

I  _     ™  _      ** 

'^'oF+h'  y~wvh'  ^~(?Th' 


the  whole  equation  divides  by 


W         mm'      '  nn' 

+  TTT-L  +  li-TT  +  1 


\a?  +  h     bf  +  h     c'  +  h 

a  factor  whose  value  is  easily  seen  to  be  =  —  1.     And  rejecting  this,  we  have 

l^           m'           n-         -  ,„, 

+  ;.m  +  ;5:rT  =  0 (C). 


a'  +  h     b^  +  h     d'  +  h 

Thus  of  the  three  equations  (A),  (B),  and   (C),  the  first  determines  /(,  and  the  remaining 
two  give  the  ratios  I  :  m  :  n.     It  is  obvious  that 

a-'  «'  ^'        , 

+  T~T  +  -,—-,  =  1 


a=  +  A     6'  +  /t     c-  +  h 

Ls  the  equation  of  the  surface  confocal  with  the  given  surface  which  passes  through 
the  point  (a,  yS,  7).  The  generating  lines  at  this  point  are  found  by  combining  this 
equation  with  that  of  the  tangent  plane  at  the  same  point,  viz. 

„»  +  A  +  6»  +  A'^c»  +  A~    ' 

and  since  these  two  equations  are  satisfied  by  x=  a  +  Ir,  3/  =  /3  +  mr,  2  =  7  +  nr,  if  /,  m,  n 
are  determined  by  the  equations  above,  it  follows  that  the  focal  lines  of  the  cone  are 
the  generating  lines  of  the  surface,  the  theorem  which  was  to  be  demonstrated.  It  is 
needless  to  remark  that  of  the  three  confocal  surfaces,  the  hyperboloid  of  one  sheet 
has  alone  real  generating  lines ;  this  is  as  it  should  be,  since  a  cone  has  six  focal 
lines,  of  which  four  are  always  imaginary. 
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57. 

ON  THE  THEORY  OF  ELLIPTIC  FUNCTIONS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  in.  (1848),  pp.  50 — 51.] 

We  have  seen  [46]  that  the  equation 

n(?i-l)ar'2  +  (n-  l)(aa;-2«')^  +  (l  -a^+^)^-2«(a»-4)^  =  0 

is  integrable,  in  the  case  of  n  an  odd  number,  in  the  form  ^:  =  fi„  +  .Biir=' ... +5j(„_,)X"~'  ; 
and  the  coefficients  at  the  beginning  of  the  series  have  already  been  determined;  to 
find  those  at  the  end  of  it,  the  most  convenient  mode  of  writing  the  series  will  be 

^     ''^1.2...(2r+l)'' 
and  then  the  coefficients  i),  are  determined  by 

i?,+,  =  (2r  +  3)  (n  -  2r  -  3)  i),+,  a  -  2n  (a-'  -  4)  ^^' 

-  (2r  +  .3)  (2r  +  2)  (n  -  2r  -  2)  (n  -  2/- -  1)  Dr. 
The  first  coefficients  then  are 
A=l, 

A  =  (n-l)a, 

A  =  2(n-l)(n  +  6)  +  (n-l)(n-9)a», 

A  =  6(»-l)(n-9)(n  +  10)a+(n-l)(n-9)(«-25)a', 

A  =  -  36  (n  -  1)  (n»  -  ISn''  +  36»i  +  420) 
+  12  (»  -  1)  (re- 9)(n  -  25)(n  +  14)a» 
+  (n  -  1)  (n  -  9)  (n  -  25)  {n  -  49)  a*, 
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A  =  -  1 2  («  -  1)  (n  -  9)  (47?i'  -  Sooif-  +  3188n  +  31500)  a 
+  20  (n  -  1)  {n  -  9)  (n  -  25)  (n  -  49)  (n  +  18)  a' 
+  («-!)  («  -  9)  («  -  25)  (n  -  49)  (n  -  81)  a», 

Z>,  =  -24(?i-l)(n-9)(  23n^  +  2375n'-14638?j^  +  116100n+    693000) 

- 12  (n  - 1)  (»i  -  9)  (493n«  -  8882n'  +  70317n=  -  361641n  -  7276500)  cl' 

+  30  (n  - 1)  (n  -  9)  (7)  -  25)  (n  -  49)  (n  -  81)  (n  +  22)  a* 

+  ()i  -  1)  (n  -  9)  (n  -  25)  (n  -  36)  (n  -  49)  (n  -  81)  (n  -  121)  a«, 
&c. 

And,  in  general, 

Dr=  (n-l)(n-9) ...  {n-{2r-l)-]a'■ 

+  r  (r  -  I)  (71  -l)(n  -9)  ...  {n  -  (2r  -  3)^1  (n  +  4r  -  2)  oT-', 
&c. 

(where  however  the  next  term  does  not  contain  the  factor  (n  —  l)(n  —  9)  ...  {«  — (2j--  5)*}). 

In  the  case   when   n  =  i^*,   then   in   order   that   the   constant   term   may   reduce  itself 
to  unity,  we  must  assume 

^  =  (_)i(-i)^; 

this  is  evident  from  what  has  preceded. 
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58. 

NOTES   ON  THE  ABELIAN   INTEGRALS.— JACOBI'S   SYSTEM   OF 

DIFFERENTIAL  EQUATIONS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ill.  (1848),  pp.  51 — 54.] 

The    theory    of   elliptic    functions    depends,    it    is    well    known,   on    the    differential 

dtS  dtj 

equation     ,  .  ,  -  +     ^  -  =  0,  (fx  denoting  a  rational  and  integral  function  of  the  fourth 

order),  the  integral  of  which  was  discovered  by  Euler,  though  first  regularly  derived 
from  the  differential  equation  by  Lagrange.  The  theory  of  the  Abelian  integrals  depends 
in  like  manner,  as  is  proved  by  Jacobi,  in  the  memoir  "  Considerationes  generales 
de  transcendentibus  Abelianis"  {Crelle,  t.  ix.  [1832]  p.  394)  to  depend,  upon  the  system 
of  equations 

V^.)=»'  -7$)=" ^^r» «■ 

where  fx  is  a  rational  and  integral  function  of  the  order  2«  —  1  or  2n,  and  the  sums 
2  contain  n  terms. 

The  integration  of  this  system  of  equations  is  of  course  virtually  comprehended  in 
Abel's  theorem;  the  problem  was  to  obtain  (n  — 1)  integrals  each  of  them  containing 
a  single  independent  arbitrary  constant.  One  such  integral  was  first  obtained  by 
Richelot  {Crelle,  t.  xxiii.  [1842]  p.  354),  "Ueber  die  Integration  eines  merkwiirdigen  Sys- 
tems Differentialgleichungen."  by  a  method  founded  on  that  of  Lagrange  for  the  solution 
of  Euler's  equation ;  and  a  second  integral  very  ingeniously  deduced  from  it.  A  complete 
system  of  integrals  in  the  required  form  is  afterwards  obtained,  not  by  direct  integration, 
but  by  means  of  Abel's  theorem  :  there  is  this  objection  to  them,  however,  that  any  one 
of  them  contains  two  roots  of  the  equation  fw  =  0.  The  next  paper  on  the  subject 
is  one  by  Jacobi,  "  Demonstratio  Nova  theorematis  Abeliani"  {Crelle,  t.  xxiv.  [1842] 
p.    28),  in    which    a    complete    system    of   equations    is    deduced    by   direct    integration. 
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each  of  which  contains  only  a  single  root  of  the  equation  fx  =  0.  But  in  Richelot's 
second  memoir  "  Einige  neue  Integralgleichungen  des  Jacobischen  Systems  Differential- 
gleichungen"  (Crelle,  t.  xxv.  [1843]  p.  97),  the  equations  are  obtained  by  direct  inte- 
gration in  a  form  not  involving  any  of  the  roots  of  this  equation  ;  the  method  employed 
in  obtaining  them  being  in  a  great  measure  founded  upon  the  memoir  just  quoted 
of  Jacobi's.     The  following  is  the  process  of  integration. 

Denoting  the  variables  by  «,,  x^...  «„,  and  writing 

Fa  =(a-x^)(a-x^)  ...(a-x„), 
so  that 

F'Xi  =  (Wi  —  X,)  ...(«!-  Xn), 
&C. 

then  the  system  of  differential  equations  is  satisfied  by  assuming  that  j.\ ,  x.,...Xn  are 
functions  of  a  new  variable  t,  determined  by  the  equations 


dxi  ^  »J(fxj) 
dt        F'xi 


,  &c. 


dx  1 

(In  fact  these  equations  give  2    u  f  \  =  dt'S,  „-  =  0,  &c.) 


From  these  we  deduce,  by  differentiation, 

:««      ^dx,  (F'x.y^   F'x,        {x,-x)F'x 


d?x^ 


(where   2'    refers    to    all    the    roots    except    Xi)    and    a    set    of    analogous    equations    for 

Dividing  this  by  at  —  x, ,  where  a  is  arbitrary,  and  reducing  by 

1  _  1  /        jE  +  iEi  — 2a\ 

(a  —  a:,) (xi—x)     2(a- x)(a  — Xi)  \  x^  —  x     )  ' 


we  have 


1      d^x^ 


1  d^     fx, 

a -a;,   dV      2(a-«,)  dx-^  (F'x^y 


(ajj  +  x  —  2a) 


{a-x,)F'x^      {a-x)F'x 


F'xF'x,      {a-x)(a-x,)(x,-xy 


that  is 


1      d'xi 


1 


d        fx. 


a-xj  de'      2(a-a^)  dx,  (F'x,y 


+  h 


V(A) 


V(» 


(a  -  X,)  F'x,     (a-x)  F'x     ^  (a  -  x,y  (F'x,y 


h- 


M 


_         V(»V(/^,)  (^,  +  a;-2a)  . 

^         F'x  F'x,      {a-x)(a-x,)(x,-x)' 
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and   taking   the   sum    of   all    the   equations  of   this  form,   the   last   term   disappears    on 
account  of  the  factor  ;r,  —  :r  in  the  denominator,  and  the  result  is 

v_l     ^-ivj       d     fx  [^      V(/r)     ]»  fa_ 

*«-»  de~^^ a-x  dx  {F'xy^^r {a-x)F'x)      **  (a - a:)> (/"a:)»  " 

Thus  being  premised,  assume 


y='J{Fa), 


which,  by  differentiation,  gives 


* i.,v  J-  ^  _  _  i.,v    ■iiM 


i=-lyX 


a  —  x  dt 


=  -i2/2 


and  thence 


ipL-x)F'x' 

d1?~     ^dt^a-x  di'^  *^^  (a  -  ^)»  UJ  ~  *^^  (a  -^)  ^' ' 
*^  r  (a  -  X)  F'x)      *^^  (^3^HF^  -  ^^^  ^^x  df  ■ 


that  is  j^  = 

Substituting  the  preceding  value  of 


1      d^x 


a-x  d^' 


we  have 


that  is 


d>         ,    ^  fx  ,   V.     A 


1_     d^     /a: 

dx  (F'xy- ' 


d<»      ■^  r  (a  -  a;)'  (^'^)^        (a  -  ^)  rf^  {F'xy\  ~  "" 

Now  the  fractional  part  of  /„  ,    is  equal  to 

{Jfoi) 


fi^ ,5.     i       d     fx 


(a - xy (F'xy ^     a-x  dx  {F'xf ' 

Also  if  L  be  the  coefficient  of  of"  in  /a,  the  integi-al  part  is  simply  equal  to  L, 
(since  (i^'a)'  is  a  function  of  the  order  2«,  in  which  the  coefficient  of  a™  is  unity). 
Hence  the  coeflBcient  of  y  in  the  last  equation  is  simply 


(Fay     ^'     -^-^' 


or  we  have 


'  dC 


t-^vi^A 


L]  =  0, 
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viz.  multipl}-ing  by  the  factor  2  -^ ,  and  integrating, 

Hence  replacing  y  and  -^  by  their  values 

VW    and    -W(i^«)2^^^,^. 
we   have 


\    {a-x)F'x)       Fa  ' 


for  one  of  the  integrals  of  the  proposed  system  of  equations :  and  since  a  is  arbitrary, 
the  complete  system  is  obtained  by  giving  any  (n  —  1 )  particular  values  to  a,  and 
changing  the  value  of  the  constant  of  integration  C ;  or  by  expanding  the  first  side 
of  the  equation  in  terms  of  a,  and  equating  the  different  coefficients  to  arbitrary 
constants.  The  d  posteriori  demonstration  that  all  the  results  so  obtained  are  equivalent 
to  (n  —  1)  independent  equations  would  probably  be  of  considerable  interest. 
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ON   THE  THEORY  OF  ELIMINATION. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iii.  (1848),  pp.  116 — 120.] 

Suppose    the    variables    Z, ,    X, ... ,  g    in    number,   are    connected    by   the    h   linear 
equations 

e,=a^X^  +  CL,X,...=0, 
€f,  =  ^,X,  +  ^,X,...=0, 

these  equations  not  being  all  independent,  but  connected  by  the  k  linear  equations 

*,  =  a/0,+  a,'0,+  ...=O, 


these  last  equations  not  being  independent,  but  connected  by  the  I  linear  equations 

and  so  on  lor  any  number  of  systems  of  equations. 

Suppose  also  that  g  — h  +  k  —  l+...=0;  in  which  case  the  number  of  quantities 
X,,  Xf,...  will  be  equal  to  the  number  of  really  independent  equations  connecting 
them,  and  we  may  obtain  by  the  elimination  of  these  quantities  a  result  V  =  0. 


X 
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To  explain  the  formation  of  this  final  result,  write 
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V  = 


«!, 

A... 

o^, 

A 

<, 

au'... 

«.", 

A"... 

A', 

A' 

'^i\ 

A" 

<" , 

a/"... 

Pi  > 

A'" 

which  for  shortness  may  be  thus  represented, 


V  = 


n 

fl' 

fi" 

n'" 

where  12,   fl',  li",  fl'",   12"",...  contain  respectively  h,  h,  I,  I,  n,  n, ...   vertical   rows,  and 
g,  k,  k,  m,  m,  p, ...  horizontal  rows. 

It  is  obvious,  from  the  form  in  which  these  systems  have  been  ari-anged,  what  is 
meant  by  speaking  of  a  certain  number  of  the  vertical  rows  of  il'  and  the  supplementary 
vertical  rows  of  12 ;  or  of  a  certain  number  of  the  horizontal  rows  of  fl"  and  the 
supplementary  horizontal  rows  of  f2',  &c. 

Suppose  that  there  is  only  one  set  of  equations,  or  g  =  h:  we  have  here  only  a 
.single  system  Cl,  which  contains  h  vertical  and  h  horizontal  rows,  and  V  is  simply  the 
determinant  formed  with  the  system  of  quantities  12.     VVe  may  write  in  this  case  V  =  Q. 

Suppose  that  there  are  two  sets  of  equations,  or  g  =h  —  k:  we  have  here  two 
systems  12,  fl',  of  which  fi  contains  h  vertical  and  h  —  k  horizontal  rows,  f2'  contains  h 
vertical  and  k  horizontal  rows.  From  any  k  of  the  h  vertical  rows  of  12'  form  a 
determinant,  and  call  this  Q' ;  from  the  supplementary  h  —  k  vertical  rows  of  £1  form 
a  determinant,  and  call  this  Q :    then  Q'  divides  Q,  and  we  have  V  =  Q  -=-  Q'. 
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Suppose  that  there  are  three  sets  of  equations,  or  g  =  h-k+l:  we  have  here  three 
sj-Btems,  n,  il',  n",  of  which  il  contains  h  vertical  and  h-k  +  l  horizontal  rows,  il' 
contains  A  vertical  and  k  horizontal  rows,  fl"  contains  I  vertical  and  k  horizontal  rows. 
From  any  I  of  the  k  horizontal  rows  of  fl"  form  a  determinant,  and  call  this  Q" ;  from 
the  k-l  supplementary  horizontal  rows  of  fl',  choosing  the  vertical  rows  at  pleasure, 
form  a  determinant,  and  call  this  Q ;  from  the  h-k  +  l  supplementary  vertical  rows 
of  n  form  a  determinant,  and  call  this  Q:  then  Q"  divides  Q',  this  quotient  divides 
Q,  and  we  have  V  =  Q^-  (Q'-  Q"). 

Suppose  that  there  are  four  sets  of  equations,  or  g  =  h  —  k  + 1- m:  we  have  here  four 
systems,  il,  il',  il",  and  il'",  of  which  il  contains  h  vertical  and  h  —  k  +  l  —  m  horizontal 
rows,  il'  contains  h  vertical  and  k  horizontal  rows,  il"  contains  I  vertical  and  k  horizontal 
rows,  and  il'"  contains  I  vertical  and  m  horizontal  rows.  From  any  m  of  the  I  vertical 
rows  of  il'"  form  a  determinant,  and  call  this  Q"';  from  the  l  —  m  supplementary 
vertical  rows  of  il",  choosing  the  horizontal  rows  at  pleasure,  form  a  determinant,  and 
call  this  Q" ;  from  the  k  —  l  +  m  supplementary  horizontal  rows  of  il',  choosing  the 
vertical  rows  at  pleasure,  form  a  determinant,  and  call  this  Q' ;  from  the  h  —  k  +  l—m 
supplementary  vertical  rows  of  il  form  a  determinant,  and  call  this  Q :  then  Q"' 
divides  Q",  this  quotient  divides  Q',  this  quotient  divides  Q,  and  V  =Q -=- [Q'-^(Q"h- Q"')). 
The  mode  of  proceeding  is  obvious. 

It  is  clear,  that  if  all  the  coefficients  a,  /8, ...  be  considered  of  the  order  unity, 
V  is  of  the  order  h-2k  +  U-  &c. 

What  has  preceded  constitutes  the  theory  of  elimination  alluded  to  in  my  memoir 
"On  the  Theory  of  Invohition  in  Geometry,"  Journal,  vol.  II.  p.  .52 — 61,  [40].  And  thus 
the  problem  of  eliminating  any  number  of  variables  x,  y  ...  from  the  same  number  of 
equations  U—0,  F  =  0, ...  (where  U,  V,...  are  homogeneous  functions  of  any  orders 
whatever)  is  completely  solved;  though,  as  before  remarked,  I  am  not  in  possession  of 
any  method  of  arriving  at  once  at  the  final  result  in  its  most  simplified  form ;  my 
process,  on  the  contrary,  leads  me  to  a  result  encumbered  by  an  extraneous  factor, 
which  is  only  got  rid  of  by  a  number  of  successive  divisions  less  by  two  than  the 
number  of  variables  to  be  eliminated. 

To  illustrate  the  preceding  method,  consider  the  three  equations  of  the  second  order, 

f7  =  a  a?  +  hy^+  c  z'^  +  1  yz  +  m  zx+n  xy  =  Q, 
V=a'  u?  +  Vy""  +  (!  z^  +  V  yz  +  m'  zx  +  n'  xy  =  0, 
W  =  a"  a?  +  h"y"-  +  c"z"-  +  V'yz  +  m"zx  +  n"xy  =  0. 

Here,  to   eliminate   the   fifteen   quantities  x*,  y*,   z*,  y%  !»x,  x^y,  yz^,  zjfi,  xy\   y^z-,   z'-af, 
^y',  ^■^,  y*z^,  I'^y,  we  have  the  eighteen  equations 

afU  =  0,  y'U  =  0,  z'U  =0,  yzU=0,  zxU  =0,  xyU=0. 
x'V  =  0,  y^V  =  0,  zW  =  0,  rjzV  =  0,  zxV  =  0,  xijV  =  0, 
af>W=0,     y^W  =  0,     z'W  =  Q,     yzW  =  i),     zxW=0,     xyW=0, 
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equations,  however,  which  are  not  independent,  but  are  connected  by 

o'VF+  b"f-V  +  c"z'W+  l"yzV+  m"zxV+  n"xyV 

-  (a' a,''  W  +  by  W  +  c  V  W  +  I'yz  W  +  m'zx  W  +  n'xy  W)  =  0, 

ax'W  +  hy-W  +  cz^'W  +  lyzW  +  mzxW  +  ruvyW 

-  {a"x'  U  +  b'Y  U  +  c"z'  U  +  l"yz  U  +  m"zx  U  +  n"xy  U)  =  0, 

a'x'U+  b'y'  U+c'z'U  +  I'yz  U  + m'zx  17  +  n'xy  U 

-  (ax^V  +  by^V+  cz"-V  +  lyzV+  mzxV  +  nxyV)  =  0. 

Arranging  these  coefficients  in  the  required  form,  we  have  the  following  value  of  V. 


a 

b 

c 
m 

b 

c 

a' 

b' 
V 

d 
m! 

b' 

c' 

a" 
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c" 

n 
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which  may  bo  represented  as  before  b}- 
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V  = 


ft 


n' 


Thus,  for  instance,  selecting  the  tirsi,  second,  and  sixth  lines  of  il'  to  form  the 
determinant  Q',  we  have  Q' =  a"  (a'b"  —  a"b')  ;  and  then  Q  must  be  formed  from  the 
third,  fourth,  fifth,  seventh,  &c. ...  eighteenth  lines  of  il.  (It  is  obvious  that  if  Q'  had 
been  formed  from  the  first,  second,  and  third  lines  of  ft',  we  should  have  had  Q  =  0; 
the  corresponding  value  of  Q  would  also  have  vanished,  and  an  illusory  result  be 
obtained ;   and  similarly  for  several  other  combinations  of  lines.) 


I 
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60. 


ON  THE   EXPANSION   OF  INTEGRAL    FUNCTIONS    IN   A   SERIES 
OF   LAPLACE'S   COEFFICIENTS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iii.  (1848),  pp.  120,  121.] 

SUPPO.SE 

=  aQ,   +aiQ,-i  + (1), 

where,  as  usual,  Qo.  Qi,  &c.  are  the  coefficients  of  the  successive  powers  of  p  in 
{l  —  2iip+pr)~i.     Assume 

V(1  +  A0 
*-V(l-2/xA+A=)^ ^^^' 

where  A  refers  to  C;  then  expanding  this  expression,  first  in  powers  of  fi,  and  then 
in  a  series  of  terms  of  the  form  V(l  +  ^^)  ■  Q.  and  comparing  these  ^vith  the  preceding 
values  of  S, 

A      ■■■l-3--2g-l  /   2A    y 

^'-»~2.4...      29      U+AV       ' 

a._,=  V(l+A0.A'-.O  (3). 


Assume  :; .  ,  =  B,  that  is, 

1+  A-  ' 


A  =  |{l-V{l-S^)],     V(1+A)^  =  Y{1-V(1-S^)1» (4). 


Then  ^'(^  =  l^^-l^'-^' 


«.-.  =  ^.|l-V(l-SOri.C (5); 
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or,  expanding  this  last  equation  in  powers  of  S, 

(2r  +  l)./     1         IS'  .  (2r  +  7)  S*     (2r  +  9)(2r  +  11)  B*         N„ 

or,  replacing  the  successive  terms  of  the  form  8« .  0  by  their  respective  values, 

„         .g,.  ,.|2.4...        2r  4.6...(2r+4) 

'^-^^'^  +  ^)  \3 ,0  ...  {2r+l)2'^    '-'^  :i  .  5  ...{2r  +  3)2-+^'^'^-'  - 

(2k +2)  (2k +  4,)...      (2r  +  4k)                             ) 
"^3.5       ...(2r+2A;  +  l)2'-+"-*^'-'-^-"j ^'^■ 

Thus,  if  S  =  fi',  so  that  il,_r  =  0,  except  in  the  particular  case  ^  =  1, 
o-jt-i  =  0, 

^  _2a-4ifc+l  (2fc+2)(2A:+4)...       28 

°*    ~         2'  3.5      ...  (2s-2/fc+l)  ^'' 


1v</o._^^^in(2^+2)(2A:  +  4)... 2s_ 

(2s  -  2A:  +  1) 


M'  =  ^.S!(2.-4^+l)V     -    ^;     -    '■::.^2s-2k^l)^--^ (^>' 


which  of  course  includes  the  preceding  case.  By  substituting  the  expanded  values  of 
the  coeflBcients  Q,  or  again,  by  determining  the  value  of  (1  —  fj,)'  in  terms  of  these 
coefficients,  and  equating  it  with  that  given  in  Murphy's  Electricity,  [8".  Cambridge,  1833], 
p.  10,  or  in  a  variety  of  other  ways,  a  series  of  identical  equations  involving  sums  of 
factorials  may  readily  be  obtained.  The  mode  of  employing  the  general  theory  of  the 
separation  of  symbols  made  use  of  in  the  preceding  example,  may  easily  be  applied 
to  the  solution  of  analogous  questions. 
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61. 

ON  GEOMETRICAL  EECIPROCITY. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iii.  (1848),  pp.  173 — 179.] 

The  fundamental  theorem  of  reciprocity  in  plane  geometry  may  be  thus  stated. 

"The  points  and  lines  of  a  plane  P  may  be  considered  as  corresponding  to  the 
lines  and  points  of  a  plane  P"  in  such  a  manner  that  to  a  set  of  points  in  a  line 
in  the  first  figure,  there  corresponds  a  set  of  lines  through  a  point  in  the  second 
figure,  (namely  through  the  point  corresponding  to  the  line) ;  and  to  a  set  of  lines 
through  a  point  in  the  first  figure,  there  corresponds  a  set  of  points  in  a  line  in  the 
second  figure,  (namely  in  the  line  corresponding  to  the  point)." 

And  from  this  theorem,  without  its  being  in  any  respect  necessary  further  to 
particularize  the  nature  of  the  correspondence,  or  to  consider  in  any  manner  the  relative 
position  of  the  two  planes,  an  endless  variety  of  propositions  and  theories  may  be 
deduced,  as,  for  instance,  the  duality  of  all  theorems  which  relate  to  the  purely 
descriptive  properties  of  figures,  the  theory  of  the  singular  points  and  tangents  of 
curves,  &c. 

Suppose,  however,  that  the  two  planes  coincide,  so  that  a  point  may  be  considered 
indifferently  as  belonging  to  the  first  or  to  the  second  figure :  an  entirely  independent 
series  of  propositions  (which,  properly  speaking,  form  no  part  of  the  general  theory  of 
reciprocity)  result  from  this  particularization.  In  general,  the  line  in  the  second  figure 
which  corresponds  to  a  point  considered  as  belonging  to  the  first  figure,  and  the  line 
in  the  first  figure  which  corresponds  to  the  same  point  considered  as  belonging  to  the 
second  figure,  will  not  be  identical ;  neither  will  the  point  in  the  second  figure  which 
corresponds  with  a  line  considered  as  belonging  to  the  first  figure,  and  the  point  in 
the  first  figure  which  corresponds  to  the  same  line  considered  as  belonging  to  the 
second  figure,  be  identical. 
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In  the  particular  case  where  these  lines  and  points  are  respectively  identical  (the 
identity  of  the  lines  implies  that  of  the  points  and  vice  versd)  we  have  the  theory  of 
"  reciprocal  polars."  Here,  where  it  is  unnecessary  to  define  whether  the  points  or 
lines  belong  to  the  first  or  second  figures,  the  line  corresponding  to  a  point  and  the 
point  corresponding  to  a  line  are  spoken  of  as  the  polar  of  the  point  and  the  pole  of 
the  line,  or  as  reciprocal  polars. 

■'The  points  which  lie  in  their  respective  polars  are  situated  in  a  conic,  to  which 
the  polars  are  tangents."    Or,  stating  the  same  theorem  conversely, 

"  The  lines  which  pass  through  their  respective  poles  are  tangents  to  a  conic,  the 
points  of  contact  being  the  poles." 

To  determine  the  polar  of  a  point,  let  two  tangents  be  drawn  through  this  point  to 
the  conic,  the  points  of  contact  are  the  poles  of  the  tangents ;  hence  the  line  joining 
them  is  the  polar  of  the  point  of  intersection  of  the  tangents,  that  is,  "The  polar  of 
a  point  is  the  line  joining  the  points  of  contact  of  the  tangents  which  pass  through 
the  point." 

Conversely,  and  by  the  same  reasoning, 

"The  pole  of  a  line  is  the  intersection  of  the  tangents  at  the  points  where  the 
line  meets  the  conic." 

The  actual  geometrical  constructions  in  the  several  cases  where  the  point  is  within 
or  without  the  conic,  or  the  line  does  or  does  not  intersect  the  conic,  do  not  enter 
into  the  plan  of  the  present  memoir. 

Passing  to  the  general  case  where  the  lines  and  points  in  question  are  not  identical, 
which  I  should  propose  to  term  the  theory  of  "Skew  Polars"  (Polaires  Gauches),  we 
have  the  theorem, 

"  Considering  the  points  in  the  first  figure  which  are  situated  in  their  respective 
corresponding  lines  in  the  second  figure,  or  the  points  in  the  second  figure  which  are 
situated  in  their  respective  corresponding  lines  in  the  first  figure,  in  either  case  the 
points  are  situated  in  the  same  conic  (which  will  be  spoken  of  as  the  '  pole  conic '), 
and  the  lines  are  tangents  to  the  same  conic  (which  will  be  spoken  of  as  the  '  polar 
conic '),  and  these  two  conies  have  a  double  contact."  This  theorem  is  evidently  identical 
with  the  converse  theorem. 

The  corresponding  lines  to  a  point  in  the  pole  conic  are  the  tangents  through 
this  point  to  the  polar  conic ;  viz.  one  of  these  tangents  is  the  corresponding  line 
when  the  point  is  considered  as  belonging  to  the  first  figure,  and  the  other  tangent 
is  the  corresponding  line  when  the  point  is  considered  as  belonging  to  the  second  figure. 

The  corresponding  points  to  a  tangent  of  the  polar  conic  are  the  points  where 
this  line  intersects  the  pole  conic ;  viz.  one  of  these  points  is  the  corresponding  point 
when  the  line  is  considered  as  belonging  to  the  first  figure,  and  the  other  is  the 
corresponding  point  when  the  line  is  considered  as  belonging  to  the  second  figure. 
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Let  i  be  a  point  in  the  pole  conic,  and  when  i  is  considered  as  belonging  to 
the  first  figure,  let  il^  be  considered  as  the  corresponding  line  in  the  second  figure 
(/,  being  the  point  of  contact  on  the  polar  conic). 

Then  if  /  be  another  point  in  the  pole  conic,  in  order  to  determine  which  of 
the  tangents  is  the  line  in  the  second  figure  which  corresponds  to  j  considered  as  a 
point  of  the  first  figure,  let  il^  be  the  other  tangent  through  /:  the  points  of  contact 
of  the  tangents  through  j  may  be  marked  with  the  letters  Ji,  J^,  in  such  order  that 
/jjj,  /jJi  meet  in  the  line  of  contact  of  the  two  conies,  and  then  jJ^  is  the  required 
corresponding  line.  Again,  /  and  i,  as  before,  if  2?  be  a  tangent  to  the  polar  conic, 
then,  marking  the  point  of  contact  as  Jj,  let  J^  be  so  determined  that  I1J2,  I-^Ji 
meet  in  the  line  of  contact  of  the  conies :  the  tangent  to  the  polar  conic  at  J.^  will 
meet  the  pole  conic  in  one  of  the  points  where  it  is  met  by  the  line  B,  and  calling 
this  point  _;',  B  considered  as  belonging  to  the  second  figure  will  have  j  for  its 
corresponding  point  in  the  first  figure.  Similarly,  if  the  point  of  contact  had  been 
marked  J^,  Jy  would  be  determined  by  an  analogous  construction,  and  the  tangent  at 
J,  would  meet  the  pole  conic  in  one  of  the  points  where  it  is  met  by  the  line  B 
(viz.  the  other  point  of  intersection) ;  and  representing  this  by  /,  B  considered  as 
belonging  to  the  first  figure  would  have  /  for  its  corresponding  point  in  the  second 
figure,  that  is,  considered  as  belonging  to  the  second  figure,  it  would  have  j  for  its 
corresponding  point  in  the  first  figure  (the  same  as  before). 

Similar  considerations  apply  in  the  case  where  a  tangent  A  of  the  polar  conic, 
considered  as  belonging  to  one  of  the  figures,  has  for  its  corresponding  point  in  the 
other  figure  one  of  its  points  of  intersection  with  the  polar  conic;  in  fact,  if  A 
represents  the  line  il^,  then  A,  considered  as  belonging  to  the  second  figure  has  i  for 
its  corresponding  point  in  the  first  figure,  which  shows  that  this  question  is  identical 
with  the  former  one. 

To  appreciate  these  constructions  it  is  necessary  to  bear  in  mind  the  following 
system  of  theorems,  the  third  and  fourth  of  which  are  the  polar  reciprocals  of  the 
first  and  second. 

If  there  be  two  conies  having  a  double  contact,  such  that  K  is  the  line  joining 
the  points  of  contact,  and  k  the  point  of  intersection  of  the  tangents  at  the  points  of 
contact : 

1.  If  two  tangents  to  one  of  the  conies  meet  the  other  in  i,  i^  and  j,  ji  respectively, 
then,  properly  selecting  the  points  j,  ji,  the  lines  iji,  i^j  meet  in  K.     And 

2.  The  line  joining  the  points  of  intersection  of  the  tangents  at  i,  j^,  and  of 
the  tangents  at  I'l,  j  passes  through  k.     Also 

3.  If  from  two  points  of  one  of  the  conies,  tangents  be  drawn  touching  the  other 
in  the  points  /,  /j  and  /,  /,,  then,  properly  selecting  the  points  /,  J^,  the  lines 
IJi,  IiJ  meet  in  K.     And 

4.  The  line  joining  the  points  of  intersection  of  the  tangents  at  /jj,  and  of  the 
tangents  at  7,,  J  passes  through  k. 

48—2 


380 


ON   GEOMETRICAL  RECIPROCITY.  [61 


These  theorems  are  in  fact  particular  cases  of  two  theorems  relating  to  two  conies 
having  a  double  contact  with  a  given  conic. 

It  may  be  remarked  also  that  the  corresponding  points  to  a  tangent  of  the  pole 
conic  are  the  points  of  contact  of  the  tangents  to  the  polar  conic  which  pass  through 
the  point  of  contact  of  the  given  tangent,  and  the  corresponding  lines  to  a  point  of 
the  polar  conic  are  the  tangents  to  the  pole  conic  at  the  points  where  it  is  intersected 
by  the  tangent  at  the  point  in  question. 

We  have  now  to  determine  the  corresponding  lines  to  a  given  point  and  the 
corresponding  points  to  a  given  line,  which  is  immediately  effected  by  means  of  the 
preceding  results. 

Thus,  if  the  point  be  given, 

"Through  the  point  draw  tangents  to  the  polar  conic,  meeting  the  pole  conic  in 
Ai,  A,  and  £,,  B,  (so  that  A^B^  and  A^Bi,  intersect  on  the  line  joining  the  points 
of  contact  of  the  conies),  then  A^Bi  and  AiB^  are  the  required  lines." 

In  fact  Ai,  B,  and  Aj,  B,  are  pairs  of  points  corresponding  to  the  two  tangents, 
so  that  A^Bi  and  .4 A  are  the  lines  which  correspond  to  their  point  of  intersection, 
that  is,  to  the  given  point,  and  similarly  for  the  remaining  constructions.     Again, 

"  Through  the  point  draw  tangents  to  the  pole  conic,  and  from  the  points  of 
contact  draw  tangents  to  the  polar  conic,  touching  it  in  a^,  a,  and  y3,,  /Sj  (so  that  a^^.^ 
and  0^1  intersect  on  the  line  joining  the  points  of  contact  of  the  conic),  then  ai)9, 
and  0,(3,  are  the  required  lines." 

So  that  Aj,  Bj,  OimlSi  are  situated  in  the  same  line,  and  also  A^,  jB,,  a,,  /Sj. 

Again,  if  the  line  be  given, 

"Through  the  points  where  the  line  meets  the  pole  conic  draw  tangents  to  the 
polar  conic  C,,  (7,  and  A>  A  (so  that  the  points  CjA  and  G^Di  lie  on  a  line  passing 
through  the  intersection  of  the  tangents  at  the  points  of  contact  of  the  tangents), 
then  C,A  and  C^D,  are  the  required  points." 

Again, 

"  At  the  points  where  the  line  meets  the  polar  conic  draw  tangents  meeting  the 
pole  conic,  and  let  71,  7,  and  S,,  B,  be  the  tangents  to  the  pole  conic  at  these  points 
(so  that  the  points  7,8,  and  728,  lie  on  a  line  through  the  intersection  of  the  tangents 
at  the  points  of  contact  of  the  conies),  then  71,  Sj  and  7,,  S^  are  the  required  points"; 
so  that  C„  D,,  7,,  S,  pass  through  the  same  point  and  also  C.^,  A.  72.  S,. 

"  The  preceding  constructions  have  been  almost  entirely  taken  from  Plucker's 
"System  der  Analytischen  Geometric,"  §  3,  AUgemeine  Betrachtungen  iiber  Coordinaten- 
bestimmung.     I  subjoin  analytical  demonstrations  of  some  of  the  theorems  in  question. 

Using  X,  y,  z  to  determine  the  position  of  a  variable  point,  and  putting  for  shortness 

^=  ax  +  a'y  +  a"z, 

r)  =  bx  +  b'y  +  b"z, 

^=cx  +c'y  +  c"z. 
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then  if  the  position  of  a  point  be  determined  by  the  coordinates  a,  /3,  y,  the  equation 
of  one  of  the  corresponding  lines  is 

(that  of  the  other  is  obtainable  from  this  by  writing  a,  b,  c;  a',  b',  c' ;  a",  b",  c",  for 
a,  a',  a" ;  b,  b',  b" ;  c,  c',  c").  Hence  if  the  point  lies  in  the  corresponding  line,  this 
equation  must  be  satisfied  by  putting  a,  y9,  y  for  x,  y,  z;  or,  substituting  x,  y,  z 
in  the  place  of  a,  /8,  y,  the  point  must  lie  in  the  conic 

XJ=aa?->rb'y''-\-  c'z"  +  (6"  +  c')  yz-^{c^-  a")  zx  +  (a'  +  b)xy  =  0, 

(which  equation  is  evidently  not  altered  by  interchanging  the  coefficients,  as  above). 
Again,  determining  the  curve  traced  out  by  the  line  a^-\-  ^i)  +  y^=0,  when  a,  /3,  y 
are  connected  by  the  equation  into  which  U=Q  is  transformed  by  the  substitution  of 
these  letters  for  x,  y,  z ;    we  obtain 

V I  f      ,  7,      ,  f  =0, 

^,  2a  ,  a'  +b,  a"  +  c 
V,  a'  +b,  2b'  ,  b"+c' 
f,     a"  +  c,     b"  +  c',       2c" 

which  is  also  a  conic.  It  only  remains  to  be  seen  that  the  conies  U=0,  V  =0  have 
a  double  contact.     Writing  for  shortness 

V  = 


a  , 

b  , 

c 

a'. 

b', 

c' 

a", 

b", 

c" 

it  may  be  seen  by  expansion  that  the  following  equation  is  identically  true, 

V  =  iVU-[x  {ah"  -  a"b  +  a'c  -ac^  +  y  (b'c  -  be'  +  b"a'  -  b'a")  +  z  (cV  -  c'a"  +  cb"  -  c"b)]\ 

which  proves  the  property  in  question. 

Suppose   the   equations   of  the   two   conies   to   be  given,   and   let   it  be   required   to 
determine  the  corresponding  lines  to  the  point  defined  by  the  coordinates  a,  /3,  y. 

Writing,  to  abbreviate, 

(U  ^Aa?  +By^   +  Gz-'  +  2Fyz    +  2Gzx    +  2Hxy, 

U,  =  AoC  +B^  +  Cy  +  2F/37   +  20ya    +  2Ha0, 

W  =  AcuB  +  B^y  +  Cyi  +    F  (0z  +  yy)  +  G  (yx  +  az)  +  H  (ay  +  ffx), 

P  =lx+  my  +  nz, 

Po  =  la  +  mfi  +  ny, 
[K  =ABC-AF^-BG'-CH'  +  2FGH, 
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fl  =  5C-i^.    ii  =  CA-G',    (B=AB-m, 
§  =  GH-AF,    &  =  HF-BG.    ^  =  F6 -CH, 

e  =  gtfi  +  ^m'  +  ««'  +  2Jpmn  +  2€5nZ  +  ^Im, 

D  =  (a'  +  ?^"'  +  ®n)  (yy  - 132) 
+  (^l  +  ^vi  +£n)(az-yx) 

suppose  U  =  0  represents  the  equation  of  the  polar  conic,  U—P^  =  0  that  of  the  pole 
conic.  The  two  tangents  drawn  to  the  polar  conic  are  represented  by  UUo  —  TF*  =  0,  and 
by  determining  Jb  in  such  a  way  that  UU„- W''-k(U -P*)  may  divide  into  factors 
the  equation 

UUo-W'-k{U-P')  =  0, 

represents  the  lines  passing  through  the  points  of  intersection  of  the  tangents  with  the  pole 
conic.  Thus  if  k=Ut,  the  equation  reduces  itself  to  UoP'-  W^=0,  or  W  =  ±  ^{U^) P, 
the  equation  of  two  straight  lines  each  of  which  passes  through  the  point  of  inter- 
section of  the  lines  P  =  0,  W  =  0,  (that  is,  of  the  line  of  contact  of  the  conies,  and  the 
ordinary  polar  of  the  point  with  respect  to  the  polar  conic) ;  these  are  in  fact  the 
lines  AiBj,  A^Bi  intersecting  in  the  line  of  contact.  The  remaining  value  of  f,-  is  not 
easily  determined,  but  by  a  somewhat  tedious  process  I  have  found  it  to  be 

In  fact,  substituting  the  value,  it  may  be  shown  that 

0'  +  K{PP,-wy=K(Uo-Po'')(U-P')  +  (e-K)(uir„-  w), 

which  is  an  equation  of  the  required  form.  To  verify  this,  we  have,  by  a  simple 
reduction, 

B(UUo-  W')-n'  =  K(UPo'-2WPP,+  U,P'); 
or,  writing  for  shortness 

yy-  ^2  =  t     az-yx  =  ri,     fix- ay  =  t„ 
(a/'  +  i3m»  +  ©n'  +  2Jf  TO«  +  li&nl  +  T^lm)  (glf  +  i3»?=  +  CT?^  +  'l$f]K  +  2€5r|  +  '±T^^ri) 

-  [.^Zf  +  nmt)  +  CTnf  +  JF  {ni)  +  mf)  +  C5  {l\;  +  «f)  +  T^  {m^  +  ii?)]» 
=  K{A  (m?  -  n-qy  +  B  («|  -  It^Y  ^C{lij-  m^f 

which  is  easily  seen  to  be  identically  true. 
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ON  AN  INTEGEAL  TRANSFORMATION. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  III.  (1848),  pp.   286 — 287.] 

The    following    transformation,    given    for    elliptic   functions    by   Gxidermann    {Crelle, 
t.  XXIII.  [1842],  p.  330)  is  useful  for  some  other  integrals. 


If 


y  = 


dbc  —  dba  —  dca  +  abc  —  {he  —  ad)  z 


(be  —  ad)  +  (d-h  —  c  +  a)z       ' 

then,  putting  K  =  (bc—  ad)  +  (d  —  b  —  c  +  a)z, 

we  have,  supposing  a  <b <  c  <  d,  so  that  (6  —  a),  (c  —  a),  (d  —  b),  (d  —  c)  are  positive, 

K{y  —  a)={b-a){c  —  a)  (d  —  z), 
K{y-b)  =  {h-a){d-b){c-z), 
K{y-c)  =  {c-a)(d-c){b-  z), 
K (y - d)  =  (d-b)  (d  -  c)  (a  - z), 
K'dy       =-{b-a)(c-a)(d-b)(d-c)dz. 

In    particular,  if  a  +  /8  +  7+S  =  —  2, 

(y-aY(y-b)^(y-c)y(y-dydy=::-M(z-ay(z-b)y(z-c)^(z-d)''dz, 
where  M={b-  a)»+^+'  (c  -  a)«+r+i  (d  -  6)^+'+'  (d  -  c)>+*+'. 

Thu.s  ifa  =  ^  =  7  =  5  =  -i. 

dy  _  —dz 

{-(y-a){y^b)iy-c)(y-d)\i "  {-(z-a){z-b){z-c)  (z -  d)]i ' 

In   any  case  when   y  =  a,  y  =  b,   the   corresponding  values   of  z   are   z  =  d,  z  =  c;   the 
la-st  formula  becomes  by  this  means 


JA-(!/-'^)(!/-b)(l/-c)(>/-d)]i~Jc[-i^-a)(z- 


dy 


b)(z-c)iz-d)]i- 


384  [63 


63. 


DEMONSTRATION  D'UN  THEOEEME  DE  M.   BOOLE  CONCERNANT 

DES  INTEGRALES  MULTIPLES. 

[From   the  Journal  de   MatMmatiques  Pures  et  Appliqu4es  (Liouville),  torn.  Xlli.   (1848), 

pp.  245—248;] 

TH^ORfeME.     " Soient  P,  Q  des  fonctions  de  n  variables  x,  y, ... ;    lesquelles  foactions 
satisfont  k  la  condition 

J      ■■■da.rfy...e-'^°^<>'-"  =  ^^^l_  -  (1), 

>-«  \Ji  (v,  w) 

oil,  comme  k  I'ordinaire,  t  =  V— 1;  0{v,  w),  H(v,  w)  sont  des  fonctions  homogenes 
de  V,  w  des  ordres  1  et  m  respectivement  (on  verra,  dans  la  suite,  qu'il  y  a  plusieurs 
fonctions  P,  Q  qui  satisfont  k  une  Equation  de  cette  forme). 

Cela  ^tant,  posons 

F=J...(ixdy...-g£) (2), 

les  limites  de  I'int^gration  ^tant  donndes  par  la  condition  P  =  1 ;    et  soient 

^^.-)  =  '^'      ^(l'j)=-"^ (3)- 

On  aura  pour  I'int^grale  V  cette  formule, 

T{hi  +  q)Jo       V^       ^'' 

dans  laquelle 

S=^^^^^jy'^V['^  +  t(i-<^)]dt  (5)." 
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Ce  th^orfeme  remarquable  est  dii  a  M.  Boole,  qui  me  I'a  communique  sous  une 
forme  un  peu  diff^rente^  en  me  priant  d'y  supplier  la  demonstration  et  d'en  faire 
part  aux  gdomfetres;  il  ne  m'a  fallu,  pour  le  prouver,  que  modifier  un  peu  le  proc^d^ 
dont  s'est  servi  M.  Boole  meme,  dans  son  M^moire :  "  On  a  certain  Multiple  Definite 
Integral,"  Irish  Transactions,  t.  XXI.  [1848]. 

Je  vais  done  reproduire  cette  demonstration  en  I'appliquant  au  problfeme  dont  il 
s'agit. 

On  demontre  par  une  analyse  semblable  k  peu  prfes  a  celle  par  laquelle  se  ddmontre 
le  theorfeme  de  Fourier,  que  I'expression 

^,} ^  {^  dal     dv  [     rfwef"-'^  v-<iw+Uin+g),]  t  _    .y,Jn+9-i  Aj /g) 

7rr(Jft+5)Jo      J  0       J  0  •' 

se   r^duit   (en  n'y   faisant   attention  qu'^    la  partie   rdelle)   a    /4n+o   ou    a   zero,  selon    que 

la  quantity  P  se  trouve  ou  ne  se  trouvo  pas  comprise  entre  les  limites  0,  1.  Done, 
en  substituant  cette  int^grale  triple  dans  I'expression  de  V,  on  pent  ^tendre  depuis 
—  00  jusqu'^  00  les  integrations  par  rapport  aux  variables  x,  y,...;  de  cette  maniere, 
et  en  r^duisant  par  I'dquation  (1),  on  obtient  tout  de  suite 

V=:f^. dct]     dv\     dw -. — ^= fa  (7). 

Done,  en  ^crivant 

V  ,  vds 

w  =  -  ,         aw  = — 

s  s' 

{ce  qui  donne,  par  les  Equations  (3), 

G  (»,  w)  =  va,      H  (v,  w)  =  i>"s-"<^}, 

les  limites  par  rapport  a  la  nouvelle  variable  s  seront  x ,  0,  et  Ton  obtiendra,  en 
changeant  I'ordre  des  integrations, 

dans  laquelle  expression 

S  =  -e^i^  \   dn\   di;v«e"'-'""/a  (9); 

'  M.  Boole  kcni 


{-£}'"■ 


expression  &  la  yiniA  plus  simple,  mais  qai  donne  lieu,  ce  me  semble,  i  qnelques  diffioult^s. 
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et   il   ne  s'agit   plus  que   de   faire   voir   I'ideutit^    de   cette   valeur  avec    celle    qui   est 
donn^  par  r^juation  (5).     Pour  cela,  je  remarque  que  I'on  aura 

J»  > 

ou  =  r  (g  + 1)  e-*'»+«"-  (<r  -  a)-o-\  ^ 

1         /■" 
selon  que  (a-<r)  est  positif  ou  n^gatif;  les  valeurs  correspondantes  de  -e*«^  /    dvifl e'^-'^ 

le«+H«<r(3+l)(a-(r)-9-'   et   -c-*«<r(5r+ l)(o--o)-»-' (11); 


(10). 


.—a)n 


sont 


or,  en  ne  &isant  attention  qu'aux  parties  r^elles,  et  en  r^duisant  par  une  propri^t^ 
connue  des  fonctions  F,  ces  valeurs  se  rdduisent  k  =ry— — r  (a  -  a )-«-'  et  zdro  respective- 
meiit;   d'aprfes  cela,  1' Aquation  (9)  se  reduit  k 

'=r^)iy-^^-'-'^''^ (12)' 

et  enfin,  en  ^rivant 

a  =  a  +  t(l-a-),     di  =  {l-a)dt, 

on  obtient  pour  S  la  jaleur  donate  par  I'dquation  (5),  de  mani^re  que  la  formula  dont 
il  s'agit  se  trouve  compl^tement  d6montrde. 

II  parait  difficile  de  trouver  les  formes  gdn^rales  de  P,  Q  {rien  n'dtant,  je  crois, 
connu  sur  la  solution  des  Equations  telles  que  I'dquation  (1)} ;  mais  des  formes  parti- 
culiferes  se  prdsentent  assez  facilement.  Ainsi,  en  ne  consid^rant  que  les  exemples  que 
m'a  donnds  M.  Boole  (lesquels  j'ai  depuis  vdrifids),  soit 

P  =  2{lx  +  my +...),     Q  =  v=  +  a^  +  y'+ (13). 

En  substituant  ces  valeurs  dans  I'^quation  (1),  les  integrations  s'effectuent  sans  difficult^ 
et  sous  la  forme  ndcessaire,  et  Ton  obtient 

G  (v,  w)  =  wv'  — —  ,     H  {v,  w)  =  w", 

ou  enfin 


ff 


=  -  -{l'+m''+...)s,     0  =  1 (U). 


s 


Soit  encore  (ce  qui  comprend,  comme  cas  particulier,  le  problfeme  des  attractions) 
J'=f.  +  f.  +  -'     Q=v^  +  ia-xy  +  {b-yy+ (15): 
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on  obtient  sans  plus  de  difficult^ 


<f>  = 


V        a" 


o-  =  -  + 


s     f'  +  s     g^  +  s'" 


Soit  encore,  pour  dernier  exemple, 


on  aura,  pour  ce  cas, 
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(16). 


•(17); 


•(18),; 


les   formules  qui   se   rapportent  a  cet  exemple   aussi   bien   qu'au   premier   sont,  je   crois, 
entierement  nouvelles. 
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64. 


SUR   LA   GENERALISATION    D'UN    THEOREMS    DE    M.    JELLETT, 
QUI  SE  RAPPORTE  AUX  ATTRACTIONS. 


[From  the  Journal  de  Mathdmatiques  Pures  et  Appliqudes  (Liouville),  torn.  xiii.  (1848), 

pp.  264—268.] 


Les  formules  qu'a  donnees  M.  Jellett  pour  expriraer  les  attractions  d'un  ellipsoide 
au  moyen  de  rexpression  de  la  surface  de  I'ellipsoide  r^ciproque  (t.  xi.  de  ce  Journal, 
[1846],  page  92)  peuvent  s'^tendre  au  cas  d'un  nombre  quelconque  de  variablea 

Pour  d^montrer  celli,  je  pars  de  cette  formule 

fa? 


/, 


♦(?• 


4-^j...)da;dy 


[(a -xfAr{b-yy...+  M=]i"+«     (ll™'*^^   f^^g: 


=  1 


Tikn  +  qVn 


Ss-1-'  ds 


n  V(s +/=)(« +  ^»)...' 
dans  laquelle  «  est  le  nombre  des  variables  x,  y, ... ,  et  ou 


1  = 


s+f 
a' 


i  + 


u- 
^  s 


0). 


•(2). 


formule  due  k  M.  Boole  (jui  I'a  d^montr^e  sous  une  forme  uu  peu  differente  (Irish 
Transactions,  t.  xxi.).  La  modification  que  j'y  ai  introduite  se  trouve  d6montr^e  dans 
le   Cambridge  and  Dublin  Mathematical  Journal,  t.   il.  p.   223(')  [44]. 

'  Cette  formule  peut  d'aiUeurs  se  diduire  comme  cas  particulier  de  la  formule   tr^s-g^n^rale  de  M.  Boole 
que  M.  Cayley  a  d(Smontr6e  dans  le  cahier  prteedent.     (J.  L.)  ;   [63]. 
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On  ddduit  de  la,  en  ecrivant  fx,  gy,  . . .  au  lieu  de  a;,  y,  . . . ,  en  rdduisant  k  zdro  les 
quantit^s  a,  b,  ...  ,  u  (ce  qui  donne  aussi  tj  =  0),  et  en  donnant  une  forme  convenable  a 
la  fonction  ^, 

j         {f^a-+gY...r         ~T{^n-T)L^{s+f^){s  +  g-)...     ^' 

(les   limites   de    I'int^grale    au    premier    membre   de   cette    Equation    ^tant    donn^es    par 
a^  +  2/»...  =  1). 

Done,  en  dcrivant 

5  ^  f.^,,       f  {a?+f...)^-l^dxdy... 
J  J  ■■■}  (f.a-+gY-...y         ' 

on  aura 

r(in-2)  j„  V(m7"')(s+^o... 

Soit  2'  ce  que  devient  2  en  Ecrivant  ^,   -  ,  . . .  au  lieu  de  /,  ^r,  . . .  :   en  ecrivant  en  meme 

temps  -  au  lieu  de  s,  on  obtient 

^,_       27r>"  1       r  acfe 

ran-2)/^...  i,V(s+/»)(s  +  ^^)... ^^''' 

et  de  la,  en  ecrivant 

}4^'f='''     'g4^'^  =  ^- <«)' 

on  d^uit 

Cela  ^tant,  remarquons  que  I'int^grale 

f,  ^  (8) 

est  fonction  homogfene  de  I'ordre  (2  —  w)  par  rapport  aux  quantit^s  /  ^r,  ...  (en  effet,  cela 
86  voit  tout  de  suite  en  faisant  8=/^d).     Done 

J  A     «+/'     « +  5'' "V  V(« +/»)(« +  ^')...  J  o>/(s+f'){s  +  g')...' 

ou,  en  Airivant ^n,-  1.  &c.,  au  lieu  de =^^,  &c., 

8  +/ '  s  +/» 

J.  U  +/' ■*" «+7' '*'■■■/  V(7+/') (« + ^')T. ~  io  V(s+/o(s+^=)... 
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et  de  \k  aussi 

Done  enfin 

i.V      «+/'"7V(« +/»)(« +5'')... 


=*/: 


da 


As+f')(8  +  g'). 


(11). 


c'est-il-dire 


/:(' 


6= 


ds 


r(^-2)./gr... 


1^ (12). 


En  particularisant  d'une  manifere  convenable  la  formule  (1),  on  obtient,  pour  le  cas 

de  7-.  +  -....>  1,  cette  formule  connue 
/'     9* 


V 


~J[(a- 


dxdy... 


[{a-xf  +  {b-yf...'\i'' 


T^fg 

r(i" 


.(13) 


r^quation  des  limites  ^tant,  comme  auparavant,  ^  +  "—+...  =  11; 
et  de  Ul,  vu  la  formule  (12),  r&ulte 


2(n-2) 


(F+0...)-^^{-F+G+...)-^,(F-G+...)..^ 


.(14). 


L'expression   de   2,   en   dcrivant  r  cos  a,   r  cos  13, ...    au   lieu   de  x,  y, ... ,   rempla^nt 
dxdy...  par  r"~^drdS,  et  integrant  depuis  r  =  0  jusqu'^  r=l,  se  r^uit  a 


J=/y.../, 


rfS 


(/» cos='  a  +  £f^  cos''  yS  +  . .  .)^ 


.(15), 


de    sorte    qu'au    cas    de    n  =  3    cette    fonction    se    reduit    k    l'expression    qua    donn^e 
M.  Jellett    pour    la  surface   d'un   ellipso'ide.     Done,   en   se   rappelant  que   les    attractions 
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dV     dV     dV 
sont  representees  par  -j-  ,   -rr  ,    -r- ,   on   voit  que  I'dquation  (14)  dquivaut,  pour  ce  cas, 

aux   formulas  de   M.   Jellett. 

Remarquons,  qu'en  transformant  I'intdgrale  (4)  de  la  meme  mani^re  dont  nous  avons 
transform^  I'integrale  (8),  on  obtient 


si"-2  ds 


.(16), 


(«+/0(s+sr»)... 

ce   qui  donne   pour  n  =  3   cette  expression  trfes-simple   de   la  surface   de   I'ellipsoide  aux 
demi-axes  /,  g,  h, 

1  1    \  s-ids 


■"^•^*i.i^. 


.  +  ■ 


+p     s  +  g'     s  +  hV  V(s  +p)  (s  +  g'^)  {s  +  h?) 
formule  qui  se  v^rifie  tout  de  suite  au  cas  de  f=g  =  h. 

L'expression  encore  plus  simple  que  donne  I'dquation  (4),  savoir, 

8~^  ds 


•(17), 


S  =  -  ^pg'h'  ( 

J     0 


'J(8+p)(s  +  f)(s  +  h') 


.(18), 


n'est   pas  exempte   de  difficult^  k   cause    de    la   valeur    apparemment    infinie    du    second 
raembre  de  I'^quation. 


Au  cas  d'une  sphere,  cela  se  rdduit  k 

•^     Jo    (1+S)« 


ce  qui  serait,  en  efifet,  exact  si  la  formule 


J    0 


ds 


(l+»)" 


rmTn 


subsistait  pour  les  valeurs  negatives  de  m.     Cela  nous  apprend  que  les  int^grales   de   la 
forme 

'^'*  (19) 


J     0 


0  V(s+/»)(s+sr»)... 

ue  sont  pas  a  rejeter  au  cas  des  valeurs  positives  de  q;  il  est  m^me  facile,  en  r^pdtant 
continuellement  le  procdd^  de  reduction  que  nous  venons  d'employer,  de  presenter  ces 
intdgrales  sous  une  forme  oh  il  n'y  a  plus  de  tenne  infini.  En  m'aidant  de  I'analogie 
de  quelques  formules  qui  se  trouvent  dans  mon  M^moire  Sur  quelques  formules  du 
calcul  integral  (t.  xi.  de  ce  Journal,  p.  2.S1  [49]),  je  crois  meme  pouvoir  avancer  que 
cette   int^grale  doit  se   remplacer  par 

-  1       r  "  (A: +  «)-«-' ds 


/. 


.(20) 


asin^TT  j_^  -J(^k  +  8i+f')(k  +  8i  +  g')... 

oil,   comme   k   I'ordinaire,   i  =  V  —  1,  et  ou    k    denote    une    quantity    quelconque   dont    la 
partie  rdelle  ne   s'^vanouit  pas.     Mais  je  renvoie  cette  discussion  a  une  autre  occasion. 
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65. 


NOUVELLES  RECHERCHES  SUR  LES  FONCTIONS  DE  M.  STURM. 


[From  the  Journal  de  Maikimatiques  Pures  et  Appliqu^es  (Liouville),  torn.  xiii.  (1848), 

pp.  209—274.] 

En  ddveloppant  une  remarque  faite  pax  M.  Sylvester  dans  un  Mdmoire  publie  il  y 
a  huit  ou  neuf  ans  dans  le  Philosophical  Magazine,  j'ai  trouve  des  expressions  assez 
simples  des  fonctions  de  M.  Sturm,  compos^es  au  moyen  des  coefficients  m^mes;  ce  qui 
convient  mieux  que  d'exprimer  ces  fonctions,  comme  je  I'ai  d^j^  fait  dans  le  t.  xi.  de 
ce  Journal,  p.  297,  [48],  par  les  sommes  des  puissances.  D'ailleurs  il  ne  m'est  plus  ndces- 
saire  de  parler  des  expressions  de  M.  Sylvester,  ou  meme  des  divisions  successives  de 
M.  Sturm ;  mais  ma  methode  fait  voir  directement  que  les  fonctions  que  je  vais  ddfinir 
sont  doudes  de  la  propri^te  fondamentale  sur  laquelle  se  repose  la  thdorie  de  M.  Sturm, 
k  savoir  que,  en  considdrant  trois  fonctions  successives,  la  premiere  et  la  demiere  fonc- 
tion  sont  de  signe  contraire  pour  toute  valeur  de  la  variable  qui  fait  dvanouir  la  fonc- 
tion  intermddiaire ;  cependant  je  n'ai  pas  encore  rdussi  a  ddmontrer  dans  toute  sa 
g^ndralit^  I'equation  identique  d'ou  depend  cette  propri^t^. 

Soient  d'abord   V,  V  des  fonctions  du  meme  degrd  ?i, 

V  =ax"  +bx'"-'  +..., 
V'  =  a'x''  +  b'x»-'+..., 
et  ^rivons 


F^  = 

V, 
a 

r 

a' 

J 

F,= 

xV, 

V. 

xV, 

V 

a 

• 

a' 

' . 

b 

a 

b' 

a' 

c 

b 

c' 

b' 
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F-,= 


a^V, 

wV, 

V, 

a?V', 

xV, 

V 

a 

. 

a' 

b 

a 

. 

y 

a' 

c 

b 

a 

c' 

V 

a' 

d 

c 

b 

d' 

c' 

b' 

e 

d 

c 

e' 

d' 

c' 

,  &c. 


(ce  qui  suffit  pour  faire  voir  la  loi  de  ces  fonctions  successives  F^,  F^,...).  II  r^sulte 
des  propriet^s  Kidmen taires  des  determinants  que  ces  fonctions  sont  des  ordres  n  —  1, 
n  —  2,  M  —  3,  &c.,  respectivement,  par  rapport  k   la  variable  x.     En   effet,  dans  Fi   le   co- 


efficient  de  a;"  se   r^duit  k 


a,  a 
a   a' 


savoir,   a  zdro ;  do   meme,   dans   F«,  les   coefficients 


de  a;"  et  x"~^  se  reduisent  chacun  a  z^ro ;   et  ainsi  de  suite. 
Soient  encore 


P,' 


p.= 

a, 
b 

a' 
b' 

J 

p,= 

a, 

a. 

b 

a 

b' 

a' 

c 

b 

c 

b' 

d 

c 

d' 

c' 

p.= 

a, 

a', 

b 

a 

b' 

a' 

. 

c 

b 

a 

c' 

b' 

a! 

d 

c 

b 

d' 

c' 

V 

e 

d 

c 

e' 

d' 

c' 

f 

e 

d 

f 

e' 

d' 

&c., 


p.'= 


a, 

a 

y 

c 

c' 

a, 

a'. 

J 

b 

a 

b' 

a' 

c 

b 

c' 

b' 

e 

d 

e 

d' 

a, 

a', 

. 

b 

a 

b' 

a' 

. 

c 

b 

a 

c' 

b' 

a' 

d 

c 

b 

d' 

c' 

b' 

e 

d 

c 

e' 

d' 

c' 

9 

f 

e 

9' 

f 

e' 

&c. 


(ce  qui  suffit  pour  indiquer  la  loi).  On  aura  entre  ces  diffdrentes  fonctions  F,  P,  P' 
cette  suite  remarquable  d'^quations  identiques, 

P,»  F,  +  {xP,P,  +  P,  A'  +  Pa\)  F,  +  P,=  F,  =  0, 
P,»  F,  +  {xPJ",  +  P,P:  +  P^P,)  F,  +  P/  F,  =  0, 
&c., 

lesquelles  equations,  dans  ce  M^moire,  seront  prises  pour  vraies.  Cela  etant,  il  est 
Evident  que  Pj  et  P,  seront  de  signe  contraire  pour  touLe  valeur  de  x  qui  fait  ^vanouir 
P,;  Pj  et  P4  seront  de  signe  contraire  pour  toute  valeur  de  x  qui  fait  ^vanouir  P3;  et 
ainsi  de  suite. 
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Ces  fonnules  renferment  le  cas  oil  les  deux  fonctiona  V,  V  ne  sont  pas  du  meme 
dt'gn?  (en  effet,  pour  les  y  adapter,  on  n'a  besoin  que  de  faire  ^vanouir  quelques-uns 
des  premiers  coefficients  de  V  ou  de  V).  II  est  done  permia  de  supposer  que  V  soit 
la  d^rivde  de  V.  Dans  ce  cas,  Fi  =  aV',  et  on  verra  dans  un  moment  que  les  fonctions 
F„  F,,  ...  contiennent  chacune  le  facteur  a',  de  mani^re  qu'il  convient  d'^rire  F.i  =  n'-Vj, 

F,  =  a'Vg, Ce  facteur  a'  pent  dtre  ^videmment  ^cart^  et  ce   sera  de  meme  avec  le 

facteur  a  de  F,  pourvu,  ce  que  je  supposerai  dans  la  suite,  que  a  soit  positit  On  aura 
de  cette  manifere  les  fonctions  V,  V,  V,,  V,,  ...  douses  des  propridtds  des  fonctions  de 
M.  Sturm.  En  effet,  elles  seront  pr^cisdment  les  fonctions  fx,  f^x,  f^,  ...  du  Mdmoire 
deji  cit^,  ce  qui  cependant  pourrait  etre  difficile  a  d^montrer  k  priori. 


On  d^uit  tout  de  suite  des  expressions  de  F^,  F^,  ...  , 


aV,= 


V, 
a 


xV, 
na 


b     n-lb 


V 


na 


aV,: 


xV, 

V, 

a?V, 

xr. 

r 

a 

. 

na 

. 

. 

b 

a 
b 

c 

n-U 

na 
n-lb 

na 
n-\b 

c 

n-2c 

d 

n-^d 

n-'lc 

,  &c. 


Ces  formules  se  simplifient  an    moyen   des   propriet^s    connues  des  determinants,   et   en 
^rivant 

xV'-nV=-U, 


&c.; 


cela  donne 

aV,= 

V,   u.   r 

aV,= 

xV, 

V, 

xU,     U,        V 

a 

a 

. 

. 

b       b      na 

b 

a 

b 

c 

b 

2c       b         na 

d 

c 

3d      3c     n-lb 

HI  enfin,  et  en  Airivant  un  autre 

terme 

de  la  suite,  afin  de  mieux 

F,  =  - 

u,    V    , 

V 

3  =  ~ 

V, 

xU,    u,      r 

b      na  1 

a 

b 

b 

2c       b          na 

c 

3d     2c     n-lb 

F.  =  - 

xV, 
a 

V, 

b 

xU, 

V 

,  &c., 

b 

a 

2c 

b 

c 

b 

3d 

2c 

na 

d 

«  c 

4e 

3d 

n-lb 

e 

d 

5/ 

4e 

n-2c 
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f  V  =  aa;"  +    fta;"-'  +  ex'"-"-  +  ...  , 
<  V  =  nax''-'  +  n-1  hx"~-  +  . . .  , 

\u  =  6i»"-'  +  2ca;''-''  +  . . . , 

et  ou,  en  substituant  ces  valeurs,  on  peut  eommencer  pour  V^  avec  le  terme  qui  contient 
a^""-,  pour  F3  avec  le  terme  qui  contient  a;"""',  et  ainsi  de  suite,  puisque  les  termes  des 
ordres  plus  hauts  sevanouissent  identiquement.  Voila,  je  crois,  les  expressions  les  plus 
simples  des  fonctions  de  M.  Sturm. 

Je  donnerai  en  conclusion  ces  formes  d^velopp^es  des  fonctions  jusqua  V^. 
F  =     cw;"  +  6ic"-'  +  caf^'^  +  . . .  ; 


F  =     ncw;"-i  +  n  -  1  ba?^  +  n-  2cx"-^  +  ...; 


+  b{n-  Ibx"-^  +  n-  2ca;"-'  +  . . 


¥3=     [2nabc  -  n  -  Ib^ 


]  {dx"-' +  ex"-*  +  ... 
]  {4:ex'>-'  +  5fx"-*  +  ... 


+  [  -  2n»ac  +  n  -  1  ofr" 

+  [Sna^d - (Sn  -  2) a6c  +  (n  -  1) 6']  [Sdx"-^  +  iex"-*  +  ... 

+  [ - 3abd  +  iac' -  b'c  ]  {(w  -  2)  ex"-'  +  (n-  3) dx"-*  +  ...; 

+  B  {ex'>-*+faf'-'+  ... 
+  C  iQgx'*-*  +  7/ia;"-»  +  . . . 
+  D  {5/a;»-*  +  egx"-'  +  ... 
+  E  {ieaf*-*  +  bfa?^  +  ... 


■\-F  {n-  3<ir»-*  +  n  -  4ftr"-»  +  . . . ; 
dans  cette  demifere  expression  j'ai  mis,  pour  abr^ger, 

A  =     9na»6d»  -  Sna'tce  +  (4«  -  4)  oi'e  -  ( 1 0«  -  1 2)  ab-'cd 
+  (4«  -  8)  oic"  -  (n  -  2)  6'c»  +  (2w  -  2)  b^d, 

B  =     lOna'bcf-  12na%de  -  16«aVe  +  ISna'ccP  -  (5n  -  5)  ab^ 

+  (18n  -  16)  ab'ce  +  (3n  -  9)  ab^d^  -  (24«  -  36)  aic^d  +  (8n  - 16)  ac* 

-  (3n  -  3)  t*e  +  (5n  -  7)  6»cd  -  (2n  -  4)  6V, 

C  =     Sna'ce  -  9no'd»  -  (4w  -  4)  a'&'e  +  (lOn  -  12)  a^bcd 
-{4m -8)  a'c?  -  (2n  -  2)  a6'd  +  (w  -  2)  a6V, 

D=-  10na'c/+  12m»de  +  (5n  -  5)  a^b'f-  (2w  -  8)  a^bce 

-  (12«  -  9)  a'W  +  (4n  - 12)  aVd  -  (n  - 1)  ai»e  +  (9«  -  9)  oft'crf 

-  (4n  -  8)  a6e>  -  (2w  -  2)  i^tZ  +  (n  -  2)  6V, 
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L« 


>0 


E  =     \bna*df-  IGnaV  -  (15n  -  10)a'6c/+  (I7n  -  12) a?bde 
+  (16n  -  16)aV«  -  (15n  -  18)a''ccf  +  (on  -  5)(tb?f 

-  (17n  -  18)  ab'ce  +  (1+n  -  24)  a6c»d  -  («  -  3)  ah^d^ 

-  (4n  -  8)  oc*  +  (8n  -  3)  6*6  -  (3n  -  5)  fr-crf  +  (n  -  2)  6V, 

/"  =  -  15o»6d/+  lea'te*  +  20a»c'/-  27a»d'  -  48o»cde 

-  5ab*c/+  7ab'de  -  'iabd'e  -  ISabcd'  +  4a<j»d 

-  ^ce  +  46»cP  -  6Vd». 

II  serait  ^videmment  inutile  de  vouloir  pousser  plus  loin  ces  calculs. 
[MS.  addition  in  my  copy  of  Liouville. 

Quoique  ces  expressions  soient  ce  qu'il  y  a  de  plus  simple  pour  le  calcul  numerique 
des  fonctions  de  M.  Sturm,  cependant  sous  le  point  de  vue  analytique  il  convient  de 
nif^iifier  un  peu  la  forme  de  ces  expressions.     En  effet  en  ^crivant 


V=aaf  +  jba;''-^+  ...  , 


mettons 


P  =  cur"-'  +  ^  -  bx"-^  + 
M  —  1 


=  cw;"-' +  ^,  6a;"-- +  ...  , 
=  6ir"-'  +  01  ex"-''  +  ...  , 


Ton  aura 


V'  =  nP, 

V  =Px  +  Q: 
et  cela  donne  apres  une  reduction  Idgfere 


et  ainsi  de  suite.] 


P.    Q    ,         F,=  -|  xP,    P,    xQ,    Q 

a      b  a        .        b        . 

dj)       a      e,c     b 

e^    ej)   04  Ofi 

F,=    aFP,     xP,    P,     x'Q,     xQ,     Q 
a  ■         .        b         .         . 

d^b        a         .       0,c       b 
Qfi       0ib       a      04     d,c       b 

64      0.fi     0,b     0^      04  0,c 

6,e       04     0x     0J    0,e  04 
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66. 
SUR    LES    FONCTIONS    DE    LAPLACE. 

[From  the  Journal  de  MathSmatiques  Pares  et  Applique'es  (Liouville),  torn.  xiii.  (1848), 

pp.  275—280]. 

J'ai  reussi  a  ^tendre  a  un  nombre   quelconque  de  variables  la   thdorie   des  fonctions 
de  Laplace,  en  me  fondant  sur  le  th^orferae  que  voici : 

"Les  coefficients  I,  m I',  m',  ...  ^tant  assujettis  aux  conditions 

I'  +m»  +...=0,\ 

i'.  +  TO''+...  =  o,/ ^^^' 

et  les  limites  de  rint^gratioa  ^tant  donn^es  par 

x'  +  f+...  =  l    (2), 

Ton  aura  pour  toutes  valeurs  eatieres  et  positives  de  s,  s',  excepts  pour  s  =  s', 

((lx  +  my+...y{l'x  +  m'y+...yda;dy...=0 (3), 

et  pour  s  =  «', 

j  (Ix  +  my +...)'  (I'x  +  m'y  +...)» dxdy  ...=  iV,  {W  +  mm'  +...)« (4) , 

en  faisant,  pour  abr^ger, 

_     Tri-rjs  +  l) 
^'~2'r{in  +  s  +  l)      ^''>' 

(oil  n  denote  le  nombre  des  variables)." 

En   admettant    d'abord   comme    vrai    ce    thdoreme    qui    sera    ddmontrd    plus    bas,  je 
remarque  qu'il  est  permis  d'ecrire  -j-  ,   -r,,  ■■■ ,  -j—, .    jT'  >  •  •  •  >  ^'^  'i^*^  ^®  ^'  ^ ^''  ™',  •  •  •  > 

oil  ces   nouveaux    symboles  se  rapportent  h,  de  certaines  fonctions  /,  /'  de  a,  fc,  ...  et   de 
a',  h' ,  ...  respectivement.     De  1^  ce  nouveau  th^orfeme: 


(6). 
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"  Les  fonctions  /,  f  dtant  assujetties  aux  conditions 

on  aura  (entre  les  mfemes  limites  qu'auparavant),  excepts  pour  8  =  8', 
et  pour  «  =  «', 


[66 


(8)." 


II  est  &cile  de  voir  que  les  expressions 


id  d  \'  J-       (     d  d  .    „ 


satisfont  k  I'^uation 


da' 


dhi     dru  _ 


dV 


.(9), 


et,  de  plus,  qu'elles  sent  les  fonctions  entieres  et  homogenes,  des  degres  s  et  s'  respective- 
ment,  les  plus  gdn^rales  qui  puissent  satisfaire  h,  cette  Equation.     On  a  done  ce  th^oreme : 

"  Soient  V„  W^  les  fonctions  entieres  et  homogenes  des  degrds  s  et  s'  respective- 
raent,  les  plus  g^n^rales  qui  satisfassent  h  I'^quation  (9) ;  on  aura  toujours,  except^  au 
cas  de  s  =  s', 

{v,Widxdy  ...=0  (10) 

(les  limites  ^tant  les  memes  qu'auparavant)." 

^rivons  k  pr^nt 

/=(a»  +  6»+...)-i"+>, 

valeur  qui  satisfait  k  la  premiere  des  (Equations  (8),  et   nous   obtiendrons   par  la   differen- 
tiation successive,  en  faisant  attention  k  la  seconde  de  ces  mSmes  Equations, 


...(ii> 
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En  representant,  coinrae  auparavant,  par  Wg  la  fonction 

/     d  d  v., 

V'db:'  +  ^db'+-)^' 

soit  W,'  ce  que  devient   Wg  en  ecrivant  a,  6,  ...  au  lieu  de  x,  y,  ...  ,  c'est-k-dire  dcrivons 

«'-'-(«s+'i'+ •■■)>■ 

On  deduit  de  1^,  et  au  moyen  de  I'equation  (11),  en  substituant  dans  I'equation  (8),  la 
formule 

r^/(^^a  +  2'|+-J('^'  +  ^^-^->-^""^'^^^-  1     (12), 

=  M,  (a*  +  6»  +  . .  .)-i"-'+'  F;  J 

en  faisant,  pour  abrdger, 

ou  bien 

^' "  r(ire-  1)  («  +  2s)  (n  +  2s-  2)  (^"^^• 

Soit  maintenant 

[(a  -  a;)'  +  . .  .]*""'  ~  (a^  +  6=*  +  .  ..)*»-'  " ' '  "^  (a"  +  6'  +  .  ..)*"+'-'   ^^^^' 

ou,  autrement  dit,  soit 

e.  =  r|?r)(-^„+yl  +  -)'(«'+^^  +  -)-^»- (1^)' 

I'equation  (12)  devient 

^Q,W.dxdy...  =  M,W,'     (16) 

{ou  la  valeur  de  M,  est  donn^e  par  I'equation  (13)}.  Les  deux  Equations  (10)  et  (16) 
contiennent  la  throne  des  fonctions  W„  Q„  lesquelles  eomprennent  evidemment,  comme 
cas  particulier,  les  fonctions  de  Laplace. 

Pour  ddmontrer  le  thdorfeme   exprim^   par   les   Equations  (1),  (2),  (3),  (4),  (5),  je  fais 
d'abord  abstraction  des  Equations  (1),  et  j'dcris 

x=  i^+  i'v+  n-.., 

y  =  m^  +  m'tj  +  ffi"f . . . , 
ou  les  coefScients  sent  tels  que  I'equation 
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toit  identitiuement  vraie.  Cela  suppose  que  les  valeure  de  p,  p',  q  soient  respectiveinent 
f  +  m*+...,  t*  +  m''+ ... ,  et  W +  mm' + ... ,  et  que  les  sommes  de  produits  telles  que 
ie'  +  mm"+  ....  l'l"  +  m'm"  +  ...  se  r^uisent  chaeune  k  zero.     De  \k 

dady  ...  =  V>y  -  g'  V^' ...  d^dvd^... , 
Ix  +my  +  ...  =p^  +  qv> 
t'x  +  m'y+  ...  =q^  +  p'v- 
Eh  repr^ntant  par  /  rintdgrale  au  premier  membre  de  I'^quation  (3),  cela  donne 

/  =  V^^^'  ^p"  ...fip^  +  qvY {g^+P'vf  d^drjd^..., 

!'«^uatioD  des  liraites  ^tant 

p^  +  2?^7  +  pV  +P'V  +  . . .  =  1. 
C»tte  int^grale  se  simplifie  en  ^crivant 


car  alors 


'Jpp'  -  q-  'Jp"  ...  d^dr,d^...=dldr,,d^,  ...  , 

P^  +  qv  ='^pI, 

^  qi  +  p'v  =  -r  (??  +  "^PP'  -  f  vX 
\p 


et  de  la 


/  =  pi  (^)  j  I'  (ql  +  \fpp'  -  <f  r,,y  dl  dr,,  d^..., 
r^quation  des  limites  dtant 

En  supposant  s  >  s',  Tint^grale  s'^vanouit  pour  p  =  0,  et  de  meme  quand  s'  >  s,  elle 
s'^vanouit  pour  p'  =  0.  Done,  en  ^crivant  p  =  0,  p'  =0,  on  aura  toujours,  except^  pour 
.«=»',  lequation  7  =  0;  ce  qui  revicnt  k  I'dquation  (3).  Au  cas  de  s  =  .i',  en  ecrivant  de 
m^me  p  =  0,  p'  =  0,  on  trouve 


'  =  ^jl'i^,  +  iv,Ydldv,d^,. 


(ou,  comme   k  I'ordinaire,  i  =  V  —  1).     En   faisant   attention  a  la  valeur  de  q,  et   en   com- 
parant  avec  I'^quation  (4),  cette  dernifere  Equation  sera  ddmontree  en  vt^rifiant  la  formule 

Soient  pour  cela 

^,  =  p  cos  6,        v,  =  P  sin  ff- 
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Cela  donne  (en  omettant  la  partie  imaginaire  qui  s'evanouit  ^videmment) 

J\r,  =  f  p^+'  cos*  e  cos  sO  dp  ddd^,.... 

En  efFectuant  d'abord  I'intdgration  par  rapport  a  ?,,...,  les   limites   de   ces  variables   sent 
donndes  par 

et  Ton  trouve  tout  de  suite 


If,  =  J^~  [  p=«+'  (1  -  p")*"-'  cos*  e  cos  sd  dp  de. 
1  (in)  J 


Cette  formule  doit  etre  int^grde  depuis  p  =  0  a  /3  =  1,  et  depuis  6  =  0  a  6  =  2Tr;  mais  en 
multipliant  par  quatre,  on  peut  n'^tendre  I'intdgration  par  rapport  a  6  que  depuis  ^  =  0 
jusqua  6  =  ^tt.     De  la 

4_}n-l     /•!  /-Jit 

K,  =  'ttt-x  J    P"'^'  (1  -  P")  *""'  <^/»  J     cos»  e  cos  s^  d5 ; 
et  enfin,  au  moyen  des  formules  connues 

I     cos*  0  cos  S0  dd  =  o^  , 

on  retrouve  la  formule  (5),  laquelle  il  s'agissait  de  ddmontrer.  Ainsi  le  th^oreme  fonda- 
mental  est  compl^tement  etabli. 
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67. 

NOTE  SUR  LES  FONCTIONS  ELLIPTIQUES. 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  torn,  xxxvil.  (1848), 

pp.  58—60.] 

SoiT  x  =  >Jksia.amu  et   a  =  k+j:    la    fonction   V^sinamnw   (ou   n   est   un    entier), 

peut  ^tre  exprimde  sous  forme  d'une  fraction  dont  le  d^nominateur  est  une  fonction 
rationnelle  et  entifere  par  rapport  a  a;  et  a.  En  exprimant  ce  de'nominateur  par  z,  on 
aura 

/7»  (J^z  (Jz 

»»(»»"-  l)a:»^  +  (n»-  1)  {txx -  2a?)^  + {I  -  aa?  +  x*)^-2n» {a? -  4) ^=  O---  (!)• 

Cette  Equation  est  due  k  M.  Jacobi,  (voyez  les  deux  m^moires  "  Suite  des  notices  sur 
les  fonctions  elliptiques,"  t.  III.  [1828]  p.  306  et  t.  iv.  [1829]  p.  185.) 

En  essayant  d'intdgrer  cette  equation  k  moyen  d'une  suite  ordonn^e  suivant  les 
puissances  de  x,  et  en  considdrant  en  particulier  les  cas  n  =  %  3,  4  et  5,  j'ai  trouv^ 
que  les  diflKrentes  puissances  de  a  se  prdsentent  et  disparaissent  d'une  maniere  assez 
bizarre :  (voyez  mon  m^moire  "  On  the  theory  of  elliptic  functions,"  Cambridge  and  Didylin 
Math.  Journal,  t  II.  [1847],  p.  256,  [45].)  J'ai  reconnu  depuis  que  cela  vient  de  ce  que 
la  valeur  de  z  est  compos^e  de  plusieurs  series  ind^pendantes ;  une  quelconque  de  ces 
series  ordonnee  selon  les  puissances  descendantes  de  a  va  a  I'infini ;  mais,  en  combinant 
les  difFi^rentes  stories,  les  termes  qui  contiennent  les  puissances  negatives  de  a  se 
d^truisent.  Par  rapport  k  x  chacune  de  ces  series  ne  contient  que  des  puissances 
paires  et  positives,  car  les  puissances  ne^gatives  qui  y  entrent  apparemment,  se  r^uisent 
toujours  k  z€to.  En  effet,  on  satisfait  k  I'dquation  (1)  en  supposant  pour  z  une 
expression   de  la   forme 

z,=  2"i"-*»  a»"'-"'Z„ ...+(—  1)7 2" I"""!"-' a* <""**'"»  .Zg (2) 
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(oil  s  est  arbitraire).     Cela  donne  pour  Zg  I'^quation  aux  differences  melees: 


4Z,_, 


128n^  [s {n-2s)-q+  2]  Zq_^  =  0. 


Pour  integrer  cette  Equation,  supposons 


^«     '^r{a+l)T\q-a+\) 


gjms+2q-A« 


oil  la  sommation  se  rapporte  a  o-  et  s'(^tend  depuis  o-  =  0  jusqu'k  o-  =  9.  Toute  reduction 
faite,  et  ayant  mis  pour  plus  de  simplicity  v?  —  2ns  =  X,  2n8  =  fi,  on  obtient  pour 
Zg'  I'expression 

4.  [~(q-a-)\-(Tfi  +  (q-2ay]Zg' 

+  (q-  a)  (\-  2q  +  'ia-+  2)(\-2q  +  4X7  +  I)  Zg_' 
+  a-(jj.  +  2q-ia-  +  2)(ij.  +  2q-ia  +  l)Zg_^'~' 
+  16a(q-a-)  [Xfi  -2(q-2)(X  +  fi)]  Zg_r'  =  0. 

En  supposant  la  valeur  de  Z^"  4ga.\e  k  I'unit^,  les  valeurs  de  Zg"  se  trouvent 
eompl^tement  ddtermindes ;  malheureusement  la  loi  des  coefficients  n'est  pas  en  Evidence, 
except^  dans  le  cas  de  o-  =  0,  ou  (T  =  q.     En  calculant  les  termes  successifs,  on  obtient 


z,  =     (4a)«i»-=») .  ar" 
—  (4a)' '""*'"'  "i 


r     1 

-X.x^+' 


1.2 


+  i^y 


(n— Ml— s 


X  (\  -  3)  a*"+< 


.^,(x..2-;%j^ 


1.1 

1 
.""1:2 

^        1 


-(4a)' 


!»-»)— 3^ 


1.2.3 


/t(/4-3)ar»«-' 

X  (X  -  4)  (\  -  5)  a~»"+« 


40_?2M^^,. 


1.2.3 


fi(ji.-i)(jj,-5)  af"-" 


+  &C. 
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On  aurait  une  valeur  assez  g^ndrale  de  z  en  multipliant  les  diflfi^rentes  fonctions 
t,  chacune  par  une  constante  arbitraire,  et  en  sommant  les  produits;  mais  dans  le  cas 
actuel  oil  *  denote  le  d^nominateur  de  V^sinamnu,  la  valeur  convenable  de  «  se 
r^uit  ji 

z  =  z^±z^ ...  ±z,..., 

oil  a  eat  un  nombre  en  tier  et  positif,  entre  zdro  et  ^n  ou  ^(w  — 1).  On  aura  par 
exenaple  dans  le  cas  n  =  5  (les  signes  4tant  tons  positife  si  n  est  impair,  et  alternative- 
ment  positife  et  n^gatife  si  n  est  pair),  en  supprimant  les  puissances  negatives  de  a 
(lesqnelles  s'entreddtruisent) : 

z,  =  e+a'aJ"  -  a»  (160afi  +  240x")  +  a  (140a:"  +  SeSx'"  +  360x>«) 

-  (SOar*  +  125ir»  +  SOOa^'  +  275aJ«), 
>  z,=  16a»a* -  a  (80«"  +  20a^)  +  (170a:"  +  62a^  +  5a^), 

et  de  Ilk,: 

^  =  1  -  50a-  +  IWaaf  -  (125  +  160a')  a^  +  (368a  +  640')  a^»  -  (300  +  240a») x" 
+  360aar'<  -  105a;'«  -  80aaJ«  +  (62  +  lea'')  a^  -  20aa;*'  +  5a^ ; 

ce    qui   est    effectivenient    la  valeur  de   z   que  j'ai   trouve^e   dans   le   m^moire    cit^   pour 
ee  cas  particulier. 
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68. 


ON  THE  APPLICATION  OF  QUATERNIONS  TO  THE  THEORY  OF 

ROTATION. 


[From  the  Philosophical  Magazine,  vol.  xxxiii.  (1848),  pp.  196 — 200.] 

In  a  paper  published  in  the  Philosophical  Magazine,  February  1845,  [20],  I  showed 
how  some  formulae  of  M.  Olinde  Rodrigues  relating  to  the  rotation  of  a  solid  body 
might  be  expressed  in  a  very  simple  form  by  means  of  Sir  W.  Hamilton's  theory  of 
quaternions.  The  property  in  question  may  be  thus  stated.  Suppose  a  solid  body 
which  revolves  through  an  angle  9  round  an  axis  passing  through  the  origin  and 
inclined  to  the  axes  of  coordinates  at  angles  a,  b,  c.     Let 


and  write 


X  =  tani^cosa,         fi=ta.n^dcosb,         v  =  tan  ^^  cos  c, 
A  =  1  +  iX  +jfi  +  kv ; 


let    X,  y,  z    be    the    coordinates    of    a    point    in    the    body   previous    to    the    rotation, 
^1.  yi.  •^^i  those  of  the  same  point  after  the  rotation,  and  suppose 

n  =  ir  +  jy  +  kz , 
Tly  =ixi+jyr  +  k2^; 

then  the  coordinates  after  the  rotation  may  be  determined  by  the  formula 

n,  =  AHA-' ; 
viz.,  developing  the  second  side  of  this  equation, 

ni  =  i(a  X  +^  y  +  yz  ) 
+j(a'x+^'y  +  y'z) 
+  k(a"x  +  0"y  +  y"z), 
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whore,  puttbg  to  abbreviate  «  =  1  +  V  +  /t'  + 1^,  we  have 

Ka  =  l+X'-fi*-V,  Ka;=2(XfjL+v)  ,  Ka"=2(\v-fi) 
«y9  =  2(V-»')  .  «j8'=1-X'  +  m'-»^.  >c^'  =  2{hv  +  \) 
Ky  =  2(\p  +  ^i)  .     Ky'=2{^LP-\)  .     >cy"  =  1 -X' -  ,i' +  v' ; 

thew  values  satisfying  identically   the   well-known    system    of  equations   connecting    the 

■juantities  a,  /9,  7,  a',  ^,  7'.  "■">  ^''  l"- 

The  quantities  a,  h,  c,  6  being  immediately  known  when  X,  /*,  v  are  known,  these 
last  quantities  completely  determine  the  direction  and  magnitude  of  the  rotation,  and 
may  therefore  be  termed  the  coordinates  of  the  rotation;  A  will  be  the  quaternion  of 
the  rotation.  I  propose  here  to  develope  a  few  of  the  consequences  which  may  be 
deduced  from  the  preceding  formulae. 

Suppose,  in  the  first  place,  11  =  A -1,  then  ni  =  A-l,  which  evidently  implies 
that   the   point   is  on   the  axis  of  rotation.     The    equation    IT,  =  IT    gives    the    identical 

eqihitions 

X(a-l)  +  /*/9  +1/7  =0, 

Xa'         +^(/3'-l)  +  i^7'  =0, 

Xa"        -I-/./S"        +1/(7"- 1)  =  0; 

from  which,  by  changing  the  signs  of  X,  fi,  v,  we  derive 

X(a-1)-1-At  o'         +v  a"         =0, 
X  ^  +^{^'-l)+v  /3"         =0, 

X  7  +M  7'         +i'(7"-l)=0. 

Hence  evidently,  whatever  be  the  value  of  IT, 

ADA-'  -  n  =  0, 

if  after  the   multiplication   i,  j,   k  are   changed   into  X,  fi,  v,  a   property   which    will   be 
required  in  the  sequel. 

By  changing  the  signs  of  X,  fi,  v,  we  also  deduce 
A-'ITA  =i  {ax  +a'y  +  oi'z) 

+  k  {yx  +  y'y  +  y'z), 
where  a,  /9,  7,  a',  0',  7',  a",  0",  7"  are  the  same  as  before. 

liCt  the  question  be  proposed  to  compound  two  rotations  (both  axes  of  rotation 
being  supposed  to  pass  through  the  origin).  Let  L  be  the  first  axis,  A  the  quaternion 
of  rotation,  L'  the  second  axis,  which  is  supposed  to  be  fixed  in  space,  so  as  not  to 
alter  its  direction  by  reason  of  the  first  rotation.  A'  the  corresponding  quaternion  of 
rotation.     The  combined  effect  is  given  at  once  by 

Hi  =  A'  (AnA->)  A'-', 

that  is,  n,  =  A'An(A'A)->     ; 
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or  since   (if  A,   be   the   quaternion   for  the   combined   rotation)   Hi  =  AjIIAr',   we   have 

clearly 

Ai  =  ifiA'A, 

Ml  denoting  the  reciprocal  of  the  real  part  of  A'A,  so  that 

ilfi^'  =  1  —  \X'  —  /x./i'  —  vv. 

Retaining  this  value,  the  coeflBcients  of  the  combined  rotation  are  given  by 

Xi  =  ifi  (X  +  X'  +  fLV  -  fJiv)  , 

fj^  =  Mi(jj,  +  fi'  +v'\  —  v\')  , 
Vi  =  Mi{v-\-v'  -\-  X'fj,  —  \fi')  ; 

to  which  may  be  joined  [if  k,  =  1+  Xf  +  /li'  +  Vi^], 

«1  =  Ml"  KK, 

K,  K,  Ki  as  before.  A  or  A'  may  be  determined  with  equal  facility  in  terms  of 
A',  A,,  or  A,  A].  These  formulae  are  given  in  my  paper  on  the  rotation  of  a  solid 
body  (Cambridge  Mathematical  Journal,  vol.  ill.  p.  226,  [6]). 

If  the  axis  L'  be  fixed  in  the  body  and  moveable  with  it,  its  position  after  the 
first  rotation  is  obtained  from  the  formula  11,  =  AHA"'  by  writing  n=A'  — 1.  Repre- 
senting by  A"  — 1  the  corresponding  value  of  Hi,  we  have  A"  =  AA'A~',  which  is  the 
value  to  be  used  instead  of  A'  in  the  preceding  formula  for  the  combined  rotation, 
thus  the  quaternion  of  rotation  is  proportional  to  AA'A~'A,  that  is  to  AA'.  Hence 
here 

A,  =  Jlf,AA', 

which  only  differs  from  the  preceding  in  the  order  of  the  quaternion  factors.  If  the 
fixed  and  moveable  axes  be  mixed  together  in  any  order  whatever,  the  fixed  axes 
taken  in  order  being  L,  L',...  and  the  moveable  axes  taken  in  order  being  Z(,,  L^  ... 
then  the  combined  effect  of  the  rotations  is  given  by 

A,  =  ilf ...  A"A'AA^o'..., 

M  being  the  reciprocal  of  the  real  term  of  the  product  of  all  the  quaternions. 

Suppose  next  the  axes  do  not  pass  through  the  same  point.  If  a,  S,  y  be  the 
coordinates  of  a  point  in  L,  and 

r  =  ai+  Sj  +  yk, 
then  the  formula  for  the  rotation  is 

n,  -  r  =  A  (n  -  T)  a-», 

or  ■  n,  =  ADA-'  -  (AFA-'  -  T), 

where  the  first  term  indicates  a  rotation  round  a  parallel  axis  through  the  origin,  and 
the  second  term  a  translation. 
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For  two  axes  L,  L'  fixed  in  space, 

n.  =  A'An  (A'A)-  -  (ATA'-'  -  P)  -  A'  (AFA-  -  T)  A'-  ; 

and  so  on  for  any  number,  the  last  terms  being  always  a   translation.     If  the   two   axes 
art?  parallel,  and  the  rotations  equal  and  opposite, 

A  =  A'-S 

whence 

n,  =  n  +  A'  (r-  F)  a'--  (r  -  ro ; 

or  there  is  only  a  translation.  The  constant  term  vanishes  if  i,  j,  k  are  changed  into 
X',  /i',  v,  which  proves  that  the  translation  is  in  a  plane  perpendicular  to  the  axes. 

Any  motion  of  a  solid   body  being  represented  by  a   rotation  and   a   translation,  it 
may  be  required  to  resolve  this  into  two  rotations.     We  have 

n,  =  A.nAr'  +  T, 

where  T  is  a  given  quaternion  whose  constant  term  vanishes.  Hence,  comparing  this 
with  the  general  formula  just  given  for  the  combination  of  two  rotations, 

A,  =  ilf.A'A, 

T  =-  (AT'A'-'  -  F)  -  A'  (AFA-  -  T)  A'-', 

the  second  of  which  equations  may  be  simplified  by  putting  A'^^TA'  =  S,  by  which 
it  may  be  reduced  to 

-    S  =  (A' -'FA'  -  F)  -  (AFA-'  -  T), 

which,  with  the  preceding  equation  A,  =  M^K'A,  contains  the  solution  of  the  problem. 
Thus  if  A  or  A'  be  given,  the  other  is  immediately  known ;  hence  also  S  is  known. 
If  in  the  last  equation,  after  the  multiplication  is  completely  effected,  we  change 
i,  j,  k  into  X,  ft,  v,  or  X',  ft!,  v,  we  have  respectively, 

S  =  A'-T'A'-F,    S  =  -(ArA-'-r), 

which  are  equations  which  must  be  satisfied  by  the  coefficients  of  T'  and  F  respectively. 
Thus  if  the  direction  of  one  axis  is  given,  that  of  the  other  is  known,  and  the  axes 
must  lie  in  certain  known  planes.  If  the  position  of  one  of  the  axes  in  its  plane  be 
assumed,  the  equation  containing  S  divides  itself  into  three  others  (equivalent  to  two 
independent  equations)  for  the  determination  of  the  position  in  its  plane  of  the  other 
axis.  If  the  axes  are  parallel,  \,  /n,  v  are  proportional  to  X',  /*',  v  ;  or  changing 
i,  j,  k  into  X,  /i,  v,  or  X',  /*',  v,  we  have  »Si  =  0;  or  what  is  the  same  thing,  T=0,  which 
shows  that  the  translation  must  be  perpendicular  to  the  plane  of  the  two  axes. 

If  p,   q,   r  have   their   ordinary   signification    in    the   theory   of   rotation,   then    from 
the  values  in  the  paper  in  the  Cambridge  Mathematical  Journal  already  quoted, 

«(ip+i3  +  ir)  =  2^A  +  J; 
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but  I  have  not  ascertained  whether  this  formula  leads  to  any  results  of  importance. 
It  may,  however,  be  made  use  of  to  deduce  the  following  property  of  quaternions,  viz, 
if  A,=il/iA'A,  3/1  as  before,  then 

1^2^A,  +  ^^  =  lf2^A  +  ^'^' 


dt 


dt  J      k\    dt 


dt 


in  which  the  coefficients  of  A'  are  considered  constant. 


To   verify   this    a   j}ostei-io)i',,    if    in    the    first    place    we    substitute    for    Kj    its    value 
Mi'tcK,  we  have 


and  thence 


Als 


dxi  _  j,r„  ,dK      2    dMi 
W~     ''"  di'^W,  ~dt   "" 


dAi  .    ,    1   d3Ii         ,,,  ,aA  . 
dt  Ml    dt     '  dt 


dAi  .       /  1    dM,   .     ,   i,TK,d^\.        1    dMi  .  „      i,f,,,dA.,. 


which  reduces  the  equation  to 

Hence  observing  that 

A,=  +  *:i  =  2Ai=2if,A'A, 

and  omitting  the  factor  A  from  the  resulting  equation, 

2    dM,  .>dA  ,dA 

M^'dt^  ^^W^^^Tt' 

or  since 

^       1      >^'  '         ' 

-JJ^  =  1  —  A.A,   —  fl/X,   —  VV  , 

substituting  and  dividing  by  A',  we  obtain 

f   ,d\       ,d/i      ,dv\       ,.,_,dA     dA  ., 
^[^dt+''di-^''di)-'^      It-li^' 
or  finally, 


dl  ■  ■  dtr^'-"^'-'-'l''-'"'">yTt*'  dt+''dt 
-(.v.>....,(.-|,,-|.,|)_(,|,/|,,*)(,.-,,,.,,,), 


which  is  obviously  true. 
c. 
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69. 

SUR  LES   DETERMINANTS   GAUCHES. 


\ 


[From  the  Journal  filr  die  reim  und  angewandte  Mathematik  (Crelle),  torn,  xxxviii.  (1848), 
pp.  93 — 96:   continued  from  t.  xxxil.  p.  123,  52.] 

J'ai  nomm^  "Determinant  gaucfie"  un  determinant  formd  par  un  systeme  de 
quantit^s  \r.«,  qui  satisfont  aux  conditions 

^.r^-K.sir^s) (1), 

(oil  les  valeure  de  r,  s  s'^tendent  depuis  I'unitd  jusqu'^  n). 

Or  ces  determinants  peuvent  facilement  etre  exprimds  par  un  systfeme  de  deter- 
minants pareils,  dont  les  termes  satisfont  k  ces  conditions  m^me  dans  le  cas  ou  les 
valeurs  de  r  et  s  deviennent  egales,  ou  pour  lesquels  on  a 

K.8  =  -\.r(r'¥s);    X^.r  =  0  (2); 

ces  determinants  peuvent  dtre  nommds  "  gauches  et  symitriques." 

En  efifet,  soit  fl  le  determinant  gauche  dont  il  s'agit,  cette  fonction  peut  etre 
presentee  sous  la  forme 

n  =  flo  +  OiXi  .1  +  fijXa.o . . .  +  HuXiiXj.. (3), 

oil  n,  est  ce  que  devient  fl  si  Xi.i,  Xj.j,  &c.  sont  reduits  k  zero;  Oj  est  ce  que  devient 
le  coefficient  de  Xj  ,  sous  la  meme  condition,  et  ainsi  de  suite;  c'est-k-dire :  flo  est 
le  determinant  forme  par  les  quantites  X, ,  en  supposant  que  ces  quantites  satisfassent 
aux  conditions  (2),  et  en  donnant  ^  r  les  valeurs  1,  2,  3,  ...n;  flj  est  le  determinant 
forme  pareillement  en  donnant  k  r,  s  les  valeurs  2,  3, . . .  n ;  £1^  s'obtient  en  donnant 
i  r,  «  les  valeurs  1,  3,  ...n,  et  ainsi  de  suite;  cela  est  aise  de  voir  si  Ton  range  les 
(juantites  X^.,  en  forme  de  carre. 
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Or  les  determinants  gauches  et  symdtriques  (savoir  les  determinants  dont  les  termes 
satisfont  aux  conditions  (2))  se  r^duisent  a  z^ro  pour  un  n  impair,  et  pour  un  n  pair 
aux  Carres  des  fonctions  que  M.  Jacobi  a  traitdes  dans  son  memoire  "  Ueber  die  Pfafif'- 
sche  Integrations-Methode "  (t.  II.  [1827],  p.  354,  de  ce  journal)  et  dans  le  mdmoire 
"Theoria  novi  multiplicatoris  aequationum  differentialium "  t.  xxix.   [1845],  p.   236,  &c. 

En  effet,  on  voit  d'abord  (par  ce  que  dit  M.  Jacobi)  que  le  determinant  s'^vanouit 
pour  un  n  impair,  et  que  pour  un  n  pair  il  aura  pour  facteur  la  fonction  dont  il 
s'agit ;  mais  je  ne  sais  pas  si  Ton  a  ddjk  remarque  que  I'autre  facteur  se  rdduit  a  la 
meme   fonction. 

On  obtient  ces  fonctions  (dont  je  reprends  ici  la  theorie),  par  les  propridtes  gendrales 
d'un  determinant,  defini  de  la  maniere  que  voici  :  en  exprimant  par  (12  ...  n)  une 
fonction  quelconque  dans  laquelle  entrent  les  nombres  S3Tnboliques  1,  2,  ...w,  et  par  +, 
le  signe  correspondant  a  une  permutation  quelconque  de  ces  nombres,  la  fonction 

S±(12...n) 

(ou  S  designe  la  somme  de  tous  les  termes  qu'on  obtient  en  permutant  ces  nombres 
d'une  maniere  quelconque)  est  ce  qu'on  nomme  Determinant.  On  pourrait  encore 
generaliser  cette  definition  en  admettant  plusieurs  systemes  de  nombres  1 ,  2, . . . « ; 
1',  2',  .••«';•••  qui  alors  devraient  6tre  permutes  independamment  les  uns  des  autres; 
on  obtiendrait  de  cette  manifere  une  infinite  d'autres  fonctions,  mentionnees  (t.  xxx.  [1846] 
p.  7).  Dans  le  cas  des  determinants  ordinaires,  auquel  je  ne  m'arreterai  pas  ici,  on  aura 
(12  ...n)  =  X..,  \p  2 ...  \».„.  Pour  les  cas  des  fonctions  dont  il  s'agit  (les  fonctions  de 
M.  Jacobi),  on  supposera  n  pair,  et  Ton  ecrira 

(12...n)  =  Xi.„\3,,...  X„_i,„, 

ou  X,.,  sent  des  quantites  quelconques  qui  satisfont  aux  equations  (1).  La  fonction  sera 
composee  d'un  nombre  1.2...n  de  termes;  mais  par  mi  eux  il  n'y  aura  que  1.3  ...(/i— 1) 
termes  differents  qui  se  trouveront  repetes  2*"  (1 . 2 ...  ^n)  fois,  et  qu'on  obtiendra  en 
permutant  cycliquement  d'abord  les  n  —  1  demiers  nombres,  puis  les  n  —  3  derniers 
nombres  de  chaque  permutation,  et  ainsi  de  suite ;  le  signe  etant  toujours  + .  II 
pourra  ^tre  demontrd,  comme  pour  les  determinants,  que  ces  fonctions  changent  de  signe 
en  permutant  deux  quelconques  des  nombres  symboliques,  et  qu'elles  s'evanouissent  si 
deux  de  ces  nombres  deviennent  identiques.  De  plus,  en  exprimant  par  [12...n]  la 
fonction  dont  il  s'agit,  la  rfegle  qui  vient  d'etre  enoncee,  donnera  pour  la  formation  de 
ces   fonctions: 

[12...n]=X,.,[34...n]  +  X,3[4...«-2]...+X,.„[23...(»i-l)]. 

Cela  pose,  revenons  aux  determinants  gauches  et  symetriques ;  et  soit  d'abord  n  un 
nombre  impair.  Alors  le  determinant  sera  compose  de  plusieurs  termes,  chacun  multiplie 
par  le  produit  de  I'une  des  quantites  X]  o,  X,  3, ...  Xi.„  par  une  des  quantites  X,  ,,  X3.1, ...  X„.i. 
II  est  facile  de  voir  que  pour  chaque  terme,  multiplie  par  Xj  ^  Xp .  1  (a  4=  ^8),  il  existera 
un  terme  egal  et  de  signe  contraire,  multiplie  par  \.p>^a.i-     Or  X,  ,,X^.i  =X<,.,  Xjjj:  done 
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068  doux  termes  se  cUtruiront.  Restcnt  les  termes  multiplife  par  X,..A..i:  le  coefficient 
d*un  Uirine  de  cette  forme  sera  un  determinant  gauche  de  I'ordre  n-2,  mais  prc^cisd- 
mcnt  de  la  forme  du  determinant  mdme  de  I'ordre  n  dont  11  s'agit.  Or  n  ^tant  impair, 
H  —  2  le  sera  egalement :  done  tout  determinant  gauche  et  symetrique  s'evanouira,  si 
cela  a  lieu  pour  les  determinants  pareils  d'un  ordre  inferieur  de  deux  unites.  Or  pour 
»i  =  3  on  a  evidemment  X,.,  X,  jX,  ,  +  X, jX, ,  Xj  j  =  0.  done: 

"Tout  determinant  gauche  et  symetrique  d'un  ordre  impair  est  z^ro." 

Soit  maintenant  n  un  nombre  pair.  Considerons  le  determinant  gauche  et  symetri- 
que plus  general  qu'on  obtient  en  donnant  k  r  les  valeurs  a,  2,  .3,  ...n,  et  k  s  les 
valeurs  /3,  2,  3, . . .  n.  En  developpant  cette  fonction  comme  on  vient  de  le  faire  dans 
le  cas  d'un  n  impair,  il  se  presentera  d'abord  un  terme  multiplie  par  X..^.  Mais  ce 
terme  sera  un  determinant  gauche  et  symetrique  de  I'ordre  n  —  1  (savoir  celui  que  Ton 
obtiendrait  en  donnant  k  r,  s  les  valeurs  2,  3,  . . .  n),  et  comme  w  —  1  est  impair,  ce 
tcnne  s'evanouira.  Puis  le  coefficient  de  —  X„.<.X^,p  (ou  de  Xa.a'X^.p)  sera  le  determi- 
nant gauche  et  symetrique  qu'on  obtient  en  donnant  a  r  les  valeurs  2,  3, ...  n  (a  exceptd), 
et  i  «  les  valeurs  2,  3,  ...n  (/3'  excepte).  En  admettant  que  ce  determinant  gauche 
se  i^uit  k  [(a'+l)...H2...(a'-l)][(/3'+l)...w2...(/3'-l)],  on  aura 

X.. ..  [(a' +  1) . . .  (a- -  1)] .  X,.  ^.  [(^' +  1)  ...  (/S' -  1)] 

pour  le  terme  general,  et  la  somme  de  tous  ces  termes  se  reduira  k 

;x..,[34  ...»i]^+X,.,[4  ...  n2]  +  ...].  [Xp.o[34  ...  n]  +  \^,,  [4  ...  n2]  +  ...}, 

ou  enfin  a  [a23 ...  7i]  [/323  ...  n].  Or  si  le  theorfeme  en  question  a  lieu  pour  n-2, 
il  aura  lieu  aussi  pour  n.  Pour  w  =  2  le  determinant  est  X^^Xj  „  — Xo  pX^.j,  c'est-a-dire 
Xa.jX^.j  ou  [a2].[/32]:  done  la  meme  chose  a  toujours  lieu  et  on  obtient  le  theoreme 
que   voici : 

"  Le  determinant  gauche  et  symetrique  qu'on  obtient  en  donnant  a  r  les  valeurs 
a,  2,  3,  ...n,   et  k  s   les   valeurs  /8,    2,  3, ...  w  (ou  n   est  pair),   se   reduit   a 

[a23...«].[;e23...n]; 

et  en  particulier,  en  donnant  k  r,  s  les  valeurs  1,  2,  ...n,  ce  determinant  se  reduit  k 
[12...  np-" 

Appliquons  ces  theor^mes  k  la  reduction  de  I'equation  (3).  En  supposant  pour 
plus  de  siraplicite  Xr.r  =  l.  on  aura  pour  un  n  pair: 

n  =  [123...«]'4-[34...wP-f-[56...  np+...  +  l  ; 

+  [24...«p 
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et  pour  im  n  impair: 

n=     [23...?ip  +  [45...«]»+  ...  +  1. 

+  [13...  n]^ 
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Particulierement  pour  )i  =  4  on  obtient : 

n  =  [1234]=  +  [12p+  [13]=  +  [14]'  +  [23]'+  [34]»+  [42]=+  1, 

=  (Xi.oXj   4  +  ^1.3^  .4  +^1.4  '^i.s)"  +  ^1.2'  +  ^!.3'  +  ^1.4'   +  ^S.j'  +   ^4.2'+  ^2.3"  +   Ij 

c't   pour   ?/  =  3  : 

n  =  [23]=  +  [31]=+[12]=+l, 

=  "•2.3'  +  A.3  i"  +  Xi  .."  +  1  : 

r^ultats    qui    s'accordent    parfaitement    avec    ceux    que    j'ai    donnes    dans    mon    premier 
niemoire    sur   ce   sujet. 

II  serait  possible  de  trouver  pour  les  quantites  A,.  »  (mdmoire  cit^)  des  expressions 
analogues  k  celles  que  nous  venons  de  donner  pour  fl :  raais  elles  seraient  beaucoup  plus 
compliqueea 
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70. 

SUE  QUELQUES  THEOREMES  DE  LA  GEOMETRIE  DE  POSITION. 

[From  the  Journal  filr  die  reine  und  angewandle  Mathematik  (Crelle^,  torn,  xxxviii.  (1848), 
pp.  97—104:   continued  from  t.  xxxiv.  p.  275,  55.] 

§  V. 

Le  th^orfeme  de  Pascal  appliqu^  au  cas  ou  une  conique  se  r^duit  h.  deux  droites, 
donne  lieu  a  un  systeme  de  neuf  points  situds  trois  a  trois  dans  neuf  droites  qui 
passent  r^ciproquement  trois  a  trois  par  les  neuf  points.     Je  representerai  ces  points  par 

1,  4,  7  ;     2,  .5,  8  ;     3,  6.  9, 

et   les  droites  par 

135,  426,  789  ;     129,  483,  756 ;     186,  459,  723. 

On  pent  prendre  pour  la  conique  dont  il  s'agit,  deux  quelconques  de  ces  droites 
qui  ne  se  rencontrent  pas  dans  un  des  neuf  points,  ou  ce  qui  revient  au  mSme,  deux 
quelconques  des  droites  qui  appartiennent  a  un  des  trois  systfemes  dans  lesquels  les 
<iroite8  viennent  d'etre  divisees ;  alors  la  troisieme  droite  sera  celle  qui  contient  les  points 
de  rencontre  des  c6tes  oppostfe  de  I'hexagone.  Par  exemple,  en  prenant  pour  conique 
les  deux  droites  135,  246,  I'hexagone  sera  123456,  et  les  points  de  rencontre  des  cdtds 
opposes,  savoir  de  12  et  45,  de  23  et  56,  et  de  34  et  61,  seront  respectivement  9,  7,  8 ; 
c'est-k-dire  des  points  situds  dans  la  droite  789 ;   de  maniere  que : 

THEORfeME  XV.  "La  figure  forrnec  par  neuf  points  situds  3  a  3  dans  9  droites  pent 
etre  considdr^e,  de  neuf  manieres  differentes,  comme  r^sultante  du  thdoreme  de  Pascal 
appliqud  au  cas  oil  la  conique  se  rdduit  k  deux  droites." 

II  y  a,  comme  I'a  remarqud  M.  Graves  dans  le  m^moire  cit(^  du  Philosophical 
Magazine,  une  autre  manifere  assez  singuliere  d'envisager  la  figure.  Considt^rons  pour 
ccla    les   trois  triangles   126,    489,    735,   qui   pen  vent   etre    derives    assez    simplement    de 
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rarrangement  135,  426,  789.  Le  premier  de  ces  triangles  est  circonscrit  au  second ;  ear 
les  c6t&  26,  61,  12  contiennent  respectivement  les  points  4,  8,  9  ;  dgalement  le  second 
est  circonscrit  au  troisieme ;  et  le  troisieme  au  premier.  On  tire  encore  du  meme 
arrangement  135,  426,  789  un  autre  systfeme  pareil  de  triangles ;  savoir  189,  435,  726. 
Pareillement  les  arrangements  129,  483,  756  et  186,  459,  723  donnent  lieu  chacun  a 
deux  systfemes  analogues.     Done: 

TH^ORfcME  XVI.  La  figure  formee  par  neuf  points  situds  3^3  dans  9  droites 
peut  etre  considerde,  de  six  mani^res  diffdrentes,  comme  composee  de  trois  triangles 
circonscrits  cycliquement  I'un  k  I'autre. 

Representons  maintenant  par  1,  2,  3,  4,  5,  6,  7,  8,  9  les  neuf  points  d'inflexion 
d'une  courbe  du  troisieme  ordre  (six  de  ces  points  seront  n^cessairement  imaginaires). 
Ces  points  sont,  comme  on  sait,  situ^s  3  a  3  dans  douze  droites  qui  passent  recipro- 
quement  quatre  a  quatre  par  les  neuf  points,  et  qui  peuvent  ^tre  representees  par 

135,426,789;    129,483,756;     186,459,723;    147,258,369; 

de  aorte  que  ce  systeme  est  ua  cas  particulier  de  celui  que  nous  venons  de  considerer. 
En  considerant  deux  quelconques  des  droites  qui  ont  un  point  en  commun,  par  exemple 
147,  186,  et  les  deux  autres  droites  qui  passent  par  ce  meme  point  135,  129,  on  obtient 
par  la  deux  quadrilateres  4876  et  3952  qui  ont  pour  centre  commun  le  point  7  et 
dont  chacun  est  circonscrit  k  I'autre.  On  aurait  pu  obtenir  par  ces  memes  droites 
147,  186,  135,  129  des  autres  systemes  pareils ;   done 

TH^ORfcME  XVII.  Huit  points  quelconques,  parmi  neuf  points  d'inflexion  d'une 
courbe  du  troisieme  ordre,  peuvent  6tre  consid^rds  de  trois  maniferes  differentes  comme 
formant  deux  quadrilatferes  circonscrits  I'un  k  I'autre.  Les  diagonales  de  ces  six 
quadrilatferes  se  reduisent  k  quatre  droites  qui  passent  par  le  neuvifeme  point  d'inflexion. 


§  VI.     Sur  les  figures  reciproques. 

Soient   f :  «,    t)  :  a,   p  :  a>   les    coordonn^es  d'un   point.     Les   deux   plans   definis    par 
les  ^nations 


(af  +  a'l)  +  a"p  +  a"'w)  x  "j 

•  =  0,  et  (  =  0, 

+  (c^  +  c't}  +  c"p+c"'(o)  z 


+  (a'  f  +  6'  7?  +  c'  /)  +  d'  (o)y 

+  (a"^+6"i;  +  c'>  +  d"«)  z 

+  (a"'f  +  6"'^  +  c"'p  +  d"'w)w 

seront  les  plana  rdciproques  du  point  donn^. 

II  peut  arriver  que  le  plan  rdciproque  d'un  point  quelconque  passe  par  ce  point 
m^me ;  ce  qui  implique  aassi  I'identitd  des  deux  plans  rdciproques.  Ce  cas  particulier 
a  ii6  I'objet  des  recherches  de  M.  Mobius.  Je  parlerai  dans  la  suite  des  reciproques 
de  cette  espfece  en  les  appelant  Reciproques  gauches. 

Mais  gdndralement,  pour  que  les  plans  reciproques  d'un  point  passent  par  ce  point 
mSme,   il   faut   que   le   point  soit   situd   sur   une    certaine    surface    du    second   ordre ;    et 
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alora  tous  los  ruciproques  des  points  situ^s  siir  cette  surface  seront  des  plans  tangentB 
d'unc  autre  surface  du  second  ordre.  Ces  deux  surfaces  pourront  ^tre  identiques ;  ce 
qui  iniplique  aussi  I'identit^  des  deux  plans  r^ciproques.  Ce  cas  particulier  constitue 
en  eflfet  la  th^rie  connue  des  Polaires  reciproques. 

Je  me  propose  ici  d'examiner  la  th^orie  du  cas  general,  oh  les  deux  surfaces  ne 
Bont  point  identicjucs.  On  pourra  d^montrer  que  dans  ce  cas  les  deux  surfaces  ont 
nAiessairement  en  commun  quatre  droites:  ces  droites  se  rencontrent  de  manifere  a 
former  un  quadrilattre  gauche  que  je  repr^senterai  par  ABCD.  II  est  Evident  que  les 
deux  surfaces  se  touchent  aux  points  A,  B,  C,  D.  En  efifct,  le  plan  DAB  est  le  plan 
tangent  de  I'une  et  de  I'autre  de  ces  surfaces  au  point  ^  ;  et  de  raeme  ABC,  BCD 
et  CDA  sont  respectivement  les  plans  tangents  aux  points  B,  C  et  D.  Les  deux 
r^proques  du  point  A  se  r^uisent  k  ce  meme  plan  DAB,  et  il  en  est  ^galement 
pour  les  points  B,  C,  D:  il  suit  de  1^  que  les  droites  AC  et  BD  sont  reciproques  I'une 
k  I'autre,  tandis  que  les  droites  AB,  BC,  CD,  DA  sont  respectivement  reciproques 
chaoone  k  elle-meme. 

Les  reciproques  d'un  point  quelconque  passent  par  la  droite  qui  est  I'intersection 
du  plan  polaire  du  point  par  rapport  k  la  premifere  surface,  et  de  la  r^ciproque  gauche 
du  point  ddtermint?  d'une  manifere  qui  sera  expliqu^e  tout  k  I'heure.  Done  les  recipro- 
ques d'un  point  quelconque  de  la  premifere  surface  passent  par  la  droite  qui  est 
I'intersection  du  plan  tangent  de  la  premifere  surface  au  point  dont  il  s'agit,  et  de  la 
r^iproque  gauche  du  meme  point;  de  maniere  que  si  cette  droite  d'intersection  ^tait 
connue,  les  reciproques  d'un  point  de  la  premiere  surface  seraient  les  plans  tangents 
de  la  seconde  surface  men^s  par  cette  droite  d'intersection ;  ou,  pour  trouver  les 
reciproques  d'un  point  de  la  premiere  surface,  on  n'a  qu'a  chercher  la  rdciproque  gauche 
dont  je  viens  de  parler. 

Dans  ce  systfeme  de  reciproques  gauches,  les  reciproques  gauches  des  points  A,  B,  C,  D 
sont  (comme  dans  le  systeme  des  reciproques  que  nous  considerons)  les  plans  DAB, 
ABC,  BCD  et  CAD,  et  de  1^  les  droites  ^C  et  DB  sont  reciproques  gauches  I'une 
a  I'autre,  tandis  que  les  droites  AB,  BG,  CD,  DA  sont  reciproques  gauches  chacune  a 
elle-m^me.  Mais  cela  ne  suffit  pas  pour  determiner  le  systeme  des  reciproques  gauches. 
En  effet,  le  systeme  des  reciproques  que  nous  considerons  n'est  pas  complfetement 
determine  au  moyen  des  deux  surfaces ;  il  contient  encore  une  quantite  arbitraire  (on 
pent  facilement  se  satisfaire  de  cela).  Or  remarquons  que  la  reciproque  gauche  d'un  plan 
quelconque,  passant  par  la  droite  AB  (ou  par  I'une  (juelconque  des  droites  AB,  BC, 
CD,  DA),  est  situee  dans  cette  meme  droite.  Considdrons  un  plan  donne  quelconque 
pAB  passant  par  cette  droite  AB;  la  reciproque  gauche  de  ce  plan  sera  un  point  F 
de  la  droite  AB,  dont  la  position  pourra  dtre  prise  a  volonte.  Au  moyen  de  ce  plan 
pAB  et  de  sa  reciproque  gauche  P,  sur  la  droite  AB,  on  pourra  facilement  construire 
le  systfeme  complete  des  reciproques  gauches.  Car  soit  q  un  point  quelconque,  et 
representons  par  Q  la  reciproque  gauche  du  plan  qAB  (Q  sera  aussi  un  point  de  la 
droite  AB) ;  considerons  les  quatre  plans  DAB,  CAB,  pAB,  qAB  qui  so  rencontrent 
selou  la  droite  AB,  et  qui  ont  respectivement  pour  reciproques  gauches  les  points 
A,  B,  P,   Q   (situes  sur  cette   meme   droite   AB)  :    le   rapport   anharmonique   des   quatre 
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plans  sera  egal  au  rapport  anharmonique  des  quatre  points ;  ce  qui  suffit  pour  determiner 
le  point  Q,  puisque  les  quatres  plans  et  les  trois  autres  points  sent  donnas,  et  la 
construction  graphique  pour  determiner  ce  point  Q  est  parfaitement  connue.  II  est 
d'ailleurs  evident  que  la  droite  men^e  par  un  point  donn^,  de  sorte  qu'elle  rencontre 
des  droites  reciproques  gauches  I'une  a  I'autre,  est  situee  dans  la  r^ciproque  gauche 
de  ce  point.  Done,  en  menant  par  le  point  q  la  droite  qui  rencontre  les  deux  droites 
AC  et  BD,  le  plan  passant  par  cette  droite  et  par  le  point  Q,  est  la  r&iproque  gauche 
du  point  q  qu'il  s'agissait  de  trouver'.  Egalement,  on  pourrait  construire  la  reciproque 
gauche  d'un  plan  donn^. 

Done  enfin,  pour  trouver  les  reciproques  d'un  point  de  la  premiere  surface : 

(A)  "  Construjsez  le  plan  tangent  a  ce  point  de  la  premiere  siirface,  et  construisez 
de  la  manifere  expliqude  ci-dessus,  la  reciproque  gauche  du  point.  Par  la  droite  d'inter- 
.section  de  ces  deux  plans  menez  deux  plans  tangents  a  la  seconde  surface :  ces  deux 
plans  seront  les  reciproques  qu'il  s'agissait  de  trouver." 

On  pourra  construire  d'ime  manifere  analogue  les  reciproques  d'un  plan  tangent  de 
la  premiere  surface.     En  effet : 

(B)  "  En  construisant  les  reciproques  dii  point  de  contact  avec  la  premiere  surface 
du  plan  dont  il  s'agit,  les  points  de  contact  avec  la  seconde  surface,  de  ces  deux 
plans,  seront  les  reciproques  dont  il  s'agissait." 

Egalement,  pour  trouver  les  reciproques  d'un  plan  tangent  donne  de  la  seconde 
surface : 

(C)  "  Construisez  le  point  de  contact  de  ce  plan  avec  la  seconde  surface,  et  con- 
struisez la  reciproque  gauche  de  ce  m^me  plan:  la  droite  menee  par  ces  deux  points 
rencontrera  la  premiere  surface  dans  deux  points  qui  seront  les  reciproques  que  Ton  desirait." 

Et  pour  trouver  les  reciproques  d'un  point  de  la  seconde  surface : 

(D)  "  Construisez  les  reciproques  du  plan  tangent  passant  par  le  point  donne  de 
la  seconde  surface :  les  plans  tangents  k  la  premiere  surface  passant  par  ces  deux  points, 
seront  les  reciproques  qu'il  s'agissait  de  trouver." 

En  effet  les  theorfemes  (C,  D)  ne  sont  que  des  transformations  des  theorfemes 
(A,  B)  au  moyen  de  la  theorie  des  polaires  reciproques. 

Enfin,  pour  trouver  les  reciproques  d'un  point  quelconque,  menez  par  ce  point  trois 
plans  tangents  ou  k  la  premiere  ou  h,  la  seconde  surface,  et  construisez  les  reciproques 
de  ces  plans  au  moyen  du  theorfeme  (B  ou  C) :  les  deux  plans  menes  par  ces  points 
reciproques,  pris  trois  et  trois  ensemble,  et  combines  de  maniere  que  1 'intersection  des 
deux  plans  coincide  avec  I'intersection  de  la  polaire  par  rapport  k  la  premiere  surface 
et  de  la  reciproque  gauche  du  point  donne,  selon  la  remarque  ci-dessus,  seront  les 
reciproques  cherchees ;  et  de  la  meme  manifere  pour  les  reciproques  d'un  plan  quelconque. 

'  II  y  a  un  cas  trts  simple  qui  mfirite  d'etre  consid^rd ;  savoir  cclui  oh  le  point  P  coincide  avec  A. 
Dans  ce  cas  Q  coincide  ausHi  avec  A,  et  la  reciproque  gauche  de  ^  se  r^duit  au  plan  qAC.  De  mSme,  si 
les  points  P,  B  coincident,  la  r^proqne  gauche  de  9  se  r^dnit  au  plan  qBD. 

c.  53 
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Je  n'esBaicrai  pas  d'»5num^rer  ici  le  grand  nombre  de  relations  descriptives  qui 
pourraiont  etre  tiroes  des  constructions  qu'on  vient  d'expliquer.  L'on  remarquera  sans 
peine  I'analogie  parfaite  qui  existe  pour  toute  cette  th6one  et  la  th^rie  correspondante 
do  la  g^in^trie  &  deux  dimensions,  telle  que  M.  Pliicker  I'a  exposde,  "System  der 
analytischen  Georoetrie,"  [V,  Berlin,  1835],  pp.  78 — 83.  On  pourra  aussi  consulter  sur  ce 
point  un  m«5moire  [61]  que  je  viens  de  composer  pour  le  Cambridge  arid  Dublin  Mathe- 
matical Journal,  et  qui  paraitra  prochainement. 

La  verification  analytique  de  ces  th^orfemes  donne  lieu  k  des  d^veloppements  assez 
int^ressants.  Pour  obtenir  I'^quation  de  la  premifere  des  surfaces  du  second  ordre,  il 
suffit  d'^rire  f,  »/,  p,  w  au  lieu  de  w,  y,  z,  w,  dans  I'^uation  de  I'un  ou  de  I'autre  des 
plans  reciproques.  En  supposant  que  x  =  0,  y  =  0,  z  =  0,  w  =  0  soient  des  plans  conjugutis 
par  rapport  k  la  surface,  et  en  remarquant  que  chacune  de  ces  coordonn^es  pent  etre 
censee  contenir  un  facteur  constant,  I'^quation  de  la  premiere  surface  peut  etre  dcrite 
sous  la  forme 

x'  +  f  +  z'  +  iv'-O. 

On  aura  alors  pour  a,  b,  c,  d;  a',  b',  c',  d' ;  a",  b",  c",  d" ;  a'",  b"',  c'",  d"'  un  systemo 
de  la  forme  I,  —h,g,  —a;  h,  I,  —f,  —b;  —  g, /,  I,  —c;  a,  b,  c,  I,  et  les  equations  des 
plans  r«5cipro<)ue8  deviendront 

(fa;  +  Tiy  +  pz  +  aw)  ± 


I 


x(      .  —hrj+gp  —  aco)  ^  =  0  : 
+  y(     h^  ■       -fp-bm) 
+  ^i-9S+fy     ■     -cw) 
-\-w{    a^+br)+  cp     .     )  ^ 

ce  qui  prouve  le  th^oreme  ^noned  ci-dessus ;  savoir  que  les  deux  reciproques  passent 
par  la  droite  d'intersection  de  la  polaire  et  de  la  rdciproque  gauche  du  point.  On 
obtient  sans  diflBcultd,  pour  r^quation  de  la  seconde  surface : 

{x-hy  +  gz-  aw)"  +  {hx-\-y  -fz-buif +  {-gx+fy  +  z- cw)"  +  (ax  +  by  +  cz  +  w)-  =  0, 

ou  sous  une  autre  forme  plus  commode: 

{x"  +  y"  +  z"  +  tu^) 

+  (.-hy  +  g2- amy  +  (hx.-fz- bw)"  +  (- gx  +fy .  -  cw)"  +  {ax -^  by  +  cz . )-  =  0. 

Les  coordonnees  des  points  A,  B,  C,  D  seront  determindes  au  moyen  des  expressions 

.-hy  +  gz  —  aw  _  hx.  -fz-bw  _  -  gx  +fy .  -  cw  _ax  +  by+cz. 
X  y  ~  z  w~        ' 

ou,  en  introduisant  la  quantity  indeterminde  s: 

sx  —hy+gz  —  aw  =  0, 

hx  +  sy  —fz  —bw  =  0, 

—  gx  +/y  +  SZ  —cw  =  0, 

ax  +  by  +cz  +SW  =0. 
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En  effet,  on  demontrera  ais^ment,  non  seulement  que  les  points  ddfinis  par  ces  Equations 
sont  situes  dans  I'intersection  des  deux  surfaces,  mais  aussi  que  les  deux  surfaces  se 
touchent  dans  ces  points- ci;  ce  qui  fait  voir  qu'en  combinant  convenablement  les  quatre 
points,  les  deux  surfaces  doivent  se  couper  (comme  nous  I'avons  ddja  avancd),  suivant 
les  droites  AB,  BC,  CD,  DA. 

Je   vais   examiner   encore   de   plus  pres   le   systeme   d'dquations   qui  ddterminent   ces 
points.     On  en  tire  tout  de  suite,  pour  determiner  s,  I'dquation 

s*  +  fis^  +  @-=  0, 

oil  Ton  a  fait  pour  abrdger : 

fj,=a'  +  b^+  c-  +/-  +^^  +  h-, 

©  =  af+  hg  4-  ch. 
Supposons  encore 

et  s'a+f@=F,     s'b+g@  =  G,     s'c  +  h@  =  H: 

r^quation  qui  determine  s,  pourra  etre  ^crite  sous  cette  autre  forme : 

AF+BG  +  CH  =  0. 

.Tai  trouv^  que  les  Equations  des  droites  AC  et  BD  peuvent  etre  pr^sent^es  sous  les 
formes  assez  ^l^gantes 


-Hy  +  Gz-Aw  =  Q,^^ 
Hx      .     -Fz-  Brv  =  0, 
-Gx  +  Fy      .     -Cw  =0, 
Ax  +  By  +Gz  =  0,  ^ 


-Cy  +  Bz-Fw  =  0,] 
Cx      .    -Az-Gw  =  0, 
-Bx  +  Ay     .     -Hw=0, 
Fx  +  Gy  +  Hz     .     =0,j 


ou   chacun    de    ces    systfemes    d'dquations    n'est    (Equivalent    qu'a    un    systeme    de    deux 
Equations.      En   entrechangeant    les   racines    de    I'^quation   en  s^,  c'est-k-dire   en   ^crivant 

—  au   lieu   de  «",  les   deux   systfemes   ne   font   que   s'entrechanger ;   comme  en   effet   cela 

doit  etre. 

Enfin,  les  ^nations  des  plans  ACD,  BAC,  ou   des  plans   ABD,  BDC  peuvent   ^tre 
exprim^es  sous  les  formes 

PQ  =  (  .  -  Hy  +  Gz  -  Awy  +  (Hx.-  Fz  -  Bwf  +  i-  Gx  +  Fy .-  Cwy  +  (Ax  + By +  Cz.y^O, 
RS={.-  Cy  +Bz-Fw'f+(Cx.-Az-Gw)''  +  (- Bx  +  Ay. -Hwy  +  (Fx  +  Gy+Hz.y  =  0; 

Equations  desquelles  on  tire  les  relations  identiques 
PQ+    i?&'=-«='(/i''-4©»)(ar'+?/=  +  z»  +  w»), 
(i^PQ  +  8*RS  =  8*(fi''-  46=) 

^  [(•  -hy  +  gz  —  awy  +  (hx  ...fz—lnuf  +  {-gx-fy.  - ciuf  +  {ax  +  hy  +  cz .f], 

qui  mettent  en  evidence  ce  que  Ton  savait  M]h,  savoir,  que  les  deux  surfaces  contiennent 
les  droites  AB,  BC,  CD,  DA. 
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MettoDs  pour  un  moment,  pour  abr^ger: 

.   -hri   -^gp-atd^l  , 
Af  —fp  —ba=m, 

-9^-fy         ■    -CO)  =n, 
a^+bri   +cp     .      =p, 

de  eorte   que   I'^uation  de   la  r^iproque  gauche   du    point   (f,  rj,  p,  to)  deviant 

Ix  +  my  +  nz  +  pw  =  0 ; 

supposous  de  plus  que,  en  corabinant  cette  t^quation  avec  les  equations  des  droites 
AC  et  BL  respectivement,  on  obtient  x  :  y  :  z  :  w  =  X  :  Y  :  Z  :  W  et  x  :  y  :  z  :  w 
=  X,  :   Y,  :  Z,  :   W,  respectivement.     De  1^  on  tire 


X=  .  -Cm  +  Bn-Fp, 
Y=  CI  .  -An-Gp, 
Z  =-Bl  +  Am  .  -Hp, 
W=     Fl+Gm  +  Hn 


X,=       .    -Hm  +  Gn-Ap,\ 
Y,=     HI      .      +Fn-Bp, 
Z^  =-Gl  +Fm        .    -Cp, 
F,=     Al  +  Bm  +C«      . 


et  de  \k,  identiquement : 


0(0''-s*)i7  =@Y -^Y,  , 
0(0»-s*)/[)  =@Z  -^Z,  , 
&(&'-s*)w  =  &W-^W,: 

ce  qui  correspond  en  effet  au  th^orfeme  ^noncd  ci-dessus,  savoir  que  la  r^ciproque  gauche 
d'un  point  rencontre  les  droites  AC,  BD  en  deux  points  tels  quo  la  droite  passant  par 
ces  deux  points  passe  par  le  point  meme.  Les  di^monstrations  des  difFerents  thdoremes 
d'analyse  dont  je  me  sers,  n'ont  point  de  difficult^s. 
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NOTE    SUE    LES    FONCTIONS    DU    SECOND    ORDRE. 


[From  the  Journal  fur  die  reine  and  angewandte  Mathematik  (Crelle),  torn.  XXXVIII.  (1848), 

pp.  105—106.] 

SoiENT  X,   y, ...  des  variables  dont   le   nombre   est  2n  ou    2h  + 1 ;  repr^sentons  par 
^,  71,  ■■■  un  nombre  egal  de  fonctions  lineaires  des  variables  x,  y, ...  et  soit 

U=^x   +Tiy   +... 
=  Ax'  +  By^+...+2Hxy+  ... 


et 


F  = 


f,    A,    H 
V,    H,    B 


J'ai  trouv^  que  lea  deux  fonctions  U  et   V  peuvent  6tre  r^duites  a  la  forme 

F=\'n  +  /e, 

oil  X,  fi,  \',  fj.'  sent  des  coefficients  constants,  ft  est  une  fonction  du  second  ordre  des 
n  variables  (fonctions  lin^ires  de  x,  y,...),  et  0  est  une  fonction  de  n  ou  de  n+1 
variables  (fonctions  linfeaires  de  x,  y, ...);  selon  que  le  nombre  des  variables  x,  y, ... 
est  2n  ou  2n  +  1. 

Par  exemple  pour  trois  variables  x,  y,  z,  on  a 

U=\x'-\-  fiyz, 
V  =  W  +  fi'yz ; 

et  les  coniques  representees  par  les  equations  U=0,  F  =  0  ont  entre  elles  un  contact 
double.  Cela  se  rapporte  k  la  theorie  des  reciproques  dans  la  geometric  plane,  telle 
que  M.  Plucker  I'a  presentee  dans  son  "System  der  analytischen  Geometric"  [4°,  Berlin, 
18.33]. 
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De  mdnie  pour  quatre  variables  x,  y,  z,  w  on  & 

U=\xy  +  fizw, 
V=\'a;y  +  fi'zw, 

et  lea  surfaces  repr^ent^es  par  les  equations  U=0,  F=0  se  coupent  dans  (juatre 
droitcs,  ou  bieu  se  touchent  aux  quatre  sommets  d'un  quadrilatfere  gauche.  Cela  se 
rapporte  dgalement  k  la  theorie  des  rdciproques  dans  I'espace:  th^orie  dont  j'ai  parl^ 
dans  mon  Mdmoire  "  Sur  quelques  thdorfemes  de  la  gdomdtrie  de  position,"  §  VI,  [70]. 

II  y  a  k  remarquer  que  dans  le  cas  ou  les  coefficients  de  x,  y,...   dans  les  fonctions 
f ,  ly, . . .  forinent  un  systfeme  symdtrique,  c'est-£l-dire,  oil 

^=  Ax  +  Hy-\- ...  , 
f)  =  Hx+By  +  ...  , 


im  n  \  :  fi  =  \'  :  fi',  et  de  \k  V=  KU,  K  ^tant  donn^  par  I'^quation 

A,    H,.. 


K  = 


H,    B, 


ce  qui  est  connu. 

Remarquons  enfin  que  dans  le  cas  g^n^ral  ou 

^  =  ax  +  hy  +  ... , 
r)=a'x  +  b'y+  ...  , 

la  fonction   V  ne  change  pas  de  valeur  en  ecrivant  au  lieu  de  ces  expressions: 

^  =  ax  +  a'y  +  . . .  , 
tj^bx  +  h'y  +  . . .  ,■ 


propri^te'  qui  se   rapporte   aussi   k   la   theorie   des   ri^ciproques. 


72] 


423 


72. 


NOTE    ON    THE    THEORY    OF    PERMUTATIONS. 


[From  the  Philosophical  Magazine,  vol.  xxxiv.  (1849),  pp.  527 — 529.] 


It  seems  worth  inquiring  whether  the  distinction  made  use  of  in  the  theorj'  of 
determinants,  of  the  permutations  of  a  series  of  things  all  of  them  different,  into 
positive  and  negative  permutations,  can  be  made  in  the  case  of  a  series  of  things 
not  all  of  them  different.  The  ordinary  rule  is  well  known,  viz.  permutations  are  con- 
sidered as  positive  or  negative  according  as  they  are  derived  from  the  primitive 
arrangement  by  an  even  or  an  odd  number  of  inversions  (that  is,  interchanges  of 
two  things) ;  and  it  is  obvious  that  this  rule  fails  when  two  or  more  of  the  series  of 
things  become  identical,  since  in  this  case  any  given  permutation  can  be  derived 
indifferently  by  means  of  an  even  or  an  odd  number  of  inversions.  To  state  the  rule 
in  a  different  form,  it  will  be  convenient  to  enter  into  some  preliminary  explanations. 
Consider  a  series  of  n  things,  all  of  them  different,  and  let  ahc  ...  be  the  primitive 
arrangement ;  imagine  a  8)rmbol  such  as  {(cyz)  (u)  (vw) . . .  where  x,  y,  &c.,  are  the  entire 
series  of  n  things,  and  which  symbol  is  to  be  considered  as  furnishing  a  rule  by  which 
a  permutation  is  to  be  derived  from  the  primitive  arrangement  abc ...  as  follows,  viz. 
the  (xyz)  of  the  symbol  denotes  that  the  letters  x,  y,  z  in  the  primitive  arrange- 
ment ahc  ...  are  to  be  interchanged  x  into  y,  y  into  z,  z  into  x.  The  (tt)  of  the 
symbol  denotes  that  the  letter  u  in  the  primitive  arrangement  ahc  ...  is  to  remain 
unaltered.  The  {vw)  of  the  symbol  denotes  that  the  letters  v,  w  in  the  primitive 
arrangement  are  to  be  interchanged  v  into  w  and  w  into  v,  and  so  on.  It  is  easily 
seen  that  any  permutation  whatever  can  be  derived  (and  derived  in  one  manner  only) 
from  the  primitive  arrangement  by  means  of  a  rule  such  as  is  furnished  by  the  symbol 
in  question' ;  and  moreover  that  the  number  of  inversions  requisite  in  order  to  obtain 
the   permutation   by   means  of  the   rule   in   question,  is  always   the   smallest   number  of 

'  See   on    this  subject  Canchy's  "Mimoire   sur  les   Arrangemens  Ac",   Exercises   d' Analyse   el  de  Physique 
MatMmatique,  t.  in.  [1844],  p.  151. 
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inversions  by  which  the  perrautation  can  be  derived  Let  a,  ^  ...  be  the  nunaber  of 
letters  in  the  components  {xyz),  (u)  {vw),  &c.,  \  the  number  of  these  components.  The 
number  of  inversions  in  question  is  evidently  a  —  1+/3-1+  &c.,  or  what  comes  to  the 
same  thing,  this  number  is  (n  — X).  It  will  be  convenient  to  term  this  number  X  the 
e.xponent  of  irregularity  of  the  permutation,  and  then  (»  — X)  may  be  termed  the 
supplement  of  the  exponent  of  irregularity.  The  rule  in  the  case  of  a  series  of  things, 
all  of  them  different,  may  consequently  be  stated  as  follows:  "a  permutation  is  positive 
or  negative  according  as  the  supplement  of  the  exponent  of  irregularity  is  even  or 
odd."  Consider  now  a  series  of  things,  not  all  of  them  different,  and  suppose  that 
this  is  derived  from  the  system  of  the  same  number  of  things  abc  ...  all  of  them 
originally  different,  by  supposing  for  instance  a  =  b  =  &^., /=g  =  &cc.  A  given  permuta- 
tion of  the  system  of  things  not  all  of  them  different,  is  of  course  derivable  under 
the  supposition  in  question  from  several  different  permutations  of  the  series  abc  .... 
Considering  the  supplements  of  the  exponents  of  irregularity  of  these  last-mentioned 
several  permutations,  we  may  consider  the  given  permutation  as  positive  or  negative 
according  as  the  least  of  these  numbers  is  even  or  odd.  Hence  we  obtain  the  rule, 
"a  permutation  of  a  series  of  things  not  all  of  them  different,  is  positive  or  negative 
according  as  the  minimum  supplement  of  irregularity  of  the  permutation  is  even  or 
odd,  the  system  being  considered  as  a  particular  case  of  a  system  of  the  same  number 
of  things  all  of  them  different,  and  the  given  permutation  being  successively  considered 
as  derived  from  the  different  permxitations  which  upon  this  supposition  reduce  them- 
selves to  the  given  permutation."  This  only  differs  from  the  rule,  "a  permutation  of 
a  series  of  things,  not  all  of  them  different,  is  positive  or  negative  according  as  the 
minimum  number  of  ipversions  by  which  it  can  be  obtained  is  even  or  odd,  the 
.system  being  considered  &c.,"  inasmuch  as  the  former  enunciation  is  based  upon  and 
indicates  a  direct  method  of  determining  the  minimum  number  of  inversions  requisite  in 
order  to  obtain  a  given  permutation ;  but  the  latter  is,  in  simple  cases,  of  the  easier 
application.  As  a  very  simple  example,  treated  by  the  former  rule,  we  may  consider 
the  permutation  1212  derived  from  the  primitive  arrangement  1122.  Considering  this 
primitive  arrangement  as  a  particular  case  of  abed,  there  are  four  permutations  which, 
on  the  suppositions  a  =  6  =  l,  c  =  d  =  2,  reduce  themselves  to  1212,  viz.  acbd,  bead,  adbc, 
bdac,  which  are  obtained  by  means  of  the  respective  symbols  (a)  (6c)  (d) ;  (abc)  (d) : 
{u)(bdc);  (abdc),  the  supplements  of  the  exponents  of  irregularity  being  therefore 
1,  2,  2,  3,  or  the  permutation  being  negative ;  in  fact  it  is  obviously  derivable  by 
means  of  an   inversion   of  the   two   mean   terms. 
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ABSTRACT  OF  A  MEMOIR  BY  DR  HESSE  ON  THE  CONSTRUCTION 
OF  THE  SURFACE  OF  THE  SECOND  ORDER  WHICH  PASSES 
THROUGH  NINE  GIVEN  POINTS. 

[From  the  Canibridge  and  Dublin  Matliematical  Journal,  vol.  iv.  (1849),  pp.  44 — 46.] 

The  construction  to  be  presently  given  of  the  surface  of  the  second  order  which 
passes  through  nine  given  points,  is  taken  from  a  memoir  by  Dr  Hesse  (Crelle,  t.  xxiv. 
[1842],  p.  36).     It  depends  upon  the  following  lemma,  which  is  there  demonstrated. 

Lemma.  The  polar  plane  of  a  fixed  point  P  with  respect  to  any  surface  cjf  the 
.second  order  passing  through  seven  given  points,  passes  through  a  fixed  point  Q  (which 
may  be  termed  the  harmonic  pole  of  the  point  P  with  respect  to  the  system  of 
.surfaces  of  the  second  order). 

Problem.  Given  the  seven  points  1,  2,  3,  4,  5,  6,  7,  and  a  point  P,  to  construct 
the  harmonic  pole  Q  of  the  point  P  with  respect  to  the  system  of  surfaces  of  the 
second  order  passing  through  the  seven  points. 

The  required  point  Q  may  be  considered  as  the  intersection  of  the  polar  planes 
of  the  point  P  with  respect  to  any  three  hyperboloids,  each  of  which  passes  through 
the  seven  given  points;  any  such  hyperboloid  may  be  considered  as  determined  by 
means  of  three  of  its  generating  lines.  These  considerations  lead  to  the  construction 
following. 

1.  Connecting  the  points  1  and  2,  and  also  the  points  3  and  4,  by  two  straight 
Hues,  and  determining  the  three  lines,  each  of  which  passes  through  one  of  the  points 
5,  6,  7,  and  intersects  both  of  the  first-mentioned  lines,  the  three  lines  so  determined 
are  generating  lines  of  a  hyperboloid  passing  through  the  seven  points. 
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Two  other  systems  of  generating  lines  (belonging  to  two  new  hyperboloids)  are 
deU-m>ined  by  the  like  construction,  interchanging  the  points  1,  2,  3,  4.  And  by 
interchanging  all  the  seven  points  we  obtain  105  systems  of  generating  lines  (belonging 
to  OS  many  different  hj'perboloids,  unless  some  of  these  hyperboloids  are  identical). 

2.  It  remains  to  be  shown  how  the  polar  plane  of  the  point  P  with  respect  to 
one  of  the  105  hyperboloids  may  be  constnicted.  Drawing  through  the  point  P  three 
lines,  each  of  which  passes  through  two  of  the  three  given  generating  lines  of  the 
hyperboloid  in  question,  the  points  of  intersection  of  the  lines  so  determined  with  the 
generating  lines  which  they  respectively  intersect,  are  points  of  the  hyperboloid.  Hence, 
constructing  upon  each  of  the  three  lines  in  question  the  harmonic  pole  of  the  point 
P  ^vith  respect  to  the  two  points  of  intersection,  the  plane  passing  through  the  three 
harmonic  poles  is  the  polar  plane  of  P  with  respect  to  the  hyperboloid.  Hence, 
constructing  the  polar  planes  of  P  with  respect  to  any  three  of  the  105  hj^erboloids, 
the  point  of  intersection  of  these  three  polar  planes  is  the  required  point  Q. 

Problem.  To  construct  the  polar  plane  of  a  point  P  with  respect  to  the  surface 
of  the  second  order  which  pa.sses  through  nine  given  points  1,  2,  3,  4,  5,  6,  7,  8,  9. 

Consider  any  seven  of  the  nine  points,  e.g.  the  points  1,  2,  3,  4,  5,  6,  7,  and 
construct  the  harmonic  pole  of  the  point  P  with  respect  to  the  system  of  surfaces  of 
the  second  order  passing  through  these  seven  points.  By  permuting  the  different  points 
we  obtain  36  different  points  Q,  all  of  which  lie  in  the  same  plane.  This  plane 
(which  is  of  course  determined  by  any  three  of  the  thirty-six  points)  is  the  required 
polar  plane.    Hence  we  obtain  the  solution  of 

Problem.  To  construct  the  surface  of  the  second  order  which  passes  through  nine 
given   points  1,  2,  3,  4,  5,  6,  7,  8,  9. 

Assuming  the  point  P  arbitrarily,  construct  the  polar  plane  of  this  point  with 
respect  to  the  surface  of  the  second  order  passing  through  the  nine  points.  Join  the 
point  P  with  any  one  of  the  nine  points,  e.g.  the  point  1,  and  on  the  line  so  formed 
determine  the  harmonic  pole  R  of  the  point  1  with  respect  to  the  point  P,  and  the 
point  where  the  line  PI  is  intersected  by  the  polar  plane.  i2  is  a  point  of  the 
required  surface  of  the  second  order,  which  surface  is  therefore  determined  by  giving 
every  possible  position  to  the  point  P. 

This  construction  is  the  complete  analogue  of  Pascal's  theorem  considei-ed  as  a 
construction  for  describing  the  conic  section  which  passes  through  five  given  points.  And 
it  would  appear  that  the  principles  by  means  of  which  the  construction  is  obtained 
ought  to  lead  to  the  analogue  of  Pascal's  theorem  considered  in  its  ordinary  form,  that  is, 
as  a  relation  between  six  points  of  a  conic,  or  in  other  words  to  the  solution  of  the 
problem  to  determine  the  relation  between  ten  points  of  a  surface  of  the  second  order; 
but  this  problem,  one  of  the  most  interesting  in  the  theory  of  surfaces  of  the  second 
order,  remains  as  yet  unsolved.  The  problem  last  mentioned  was  proposed  as  a  prize 
question    by    the    Brussels    Academy,   which    subsequently    proposed    the    more    general 
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(Question  to  determine  the  analogue  of  Pascal's  theorem  for  surfaces  of  the  second  order. 
This  of  course  admitted  of  being  answered  in  a  variety  of  different  ways,  according  to 
the  different  ways  of  viewing  the  theorem  of  Pascal.  Thus,  M.  Chasles,  considering 
Pascal's  theorem  as  a  property  of  a  conic  intersected  by  the  three  sides  of  a  triangle, 
dLscovered  the  following  very  elegant  analogous  theorem  for  surfaces  of  the  second  order. 

"  The  six  edges  of  a  tetrahedron  may  be  considered  as  intersecting  a  surface  of 
the  second  order  in  twelve  points  lying  three  and  three  upon  four  planes,  each  one  of 
which  contains  three  points  lying  on  edges  which  pass  through  the  same  angle  of  the 
tetrahedron ;  these  planes  meet  the  faces  opposite  to  these  angles  in  four  straight  lines 
which  are  generating  lines  (of  the  same  species)  of  a  certain  hyperboloid." 

It  is  hardly  necessary  to  remark  that  all  the  properties  involved  in  the  present 
memoir  are  such  as  to  admit  of  being  transformed  by  the  theory  of  reciprocal  polars. 
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ON  THE  SIMULTANEOUS  TRANSFORMATION  OF  TWO  HOMOGE- 
NEOUS FUNCTIONS  OF  THE  SECOND  ORDER. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iv.  (1849),  pp.  47 — .50.] 

The  theory  of  the  simultaneous  transformation  by  linear  substitutions  of  two 
homogeneous  functions  of  the  second  order  has  been  developed  by  Jacobi  in  the  memoir 
"  De  binis  quibuslibet  functionibus  &e.,  Crelle,  t.  xii.  [1884],  p.  1 ;  but  the  simplest 
method  of  treating  th^  problem  is  the  one  derived  from  Mr  Boole's  Theory  of  Linear 
Transformations,  combined  with  the  remark  in  his  "  Notes  on  Linear  Transformations," 
in  the  Cambridge  Mathematical  Journal,  vol.  iv.  [1845],  p.  167.  As  I  shall  have  occasion 
to  refer  to  the  results  of  this  theory  in  the  second  part  of  my  paper  "  On  the  Attraction 
of  Ellipsoids,"  in  the  present  nutnber  of  the  Journal  [75],  I  take  this  opportunity  of 
developing  the  formula  in  question ;  considering  for  greater  convenience  the  case  of  three 
variables  onlyi 

Suppose  that  by  a  linear  transformation, 

a;  =  a  a)i+^  y^  +  y  Zt, 

y  =  a'a;,  +  /S'i/,  +  7'^:„ 

We  have  identically, 

ax'  +  by^  +cz^  +  2/yz  +2gx2  +2kcy  ^OiXi'+bjyr  +  ca'-  +  2/iy,^,  +2g,2iXi  +2h,Xjy,, 
Aaf  +  Bf^  Cz'  +  2Fyz  +  20zx  +  2Hxy  =  A^xi'  +  B,y,-  +  0,^,=  +  2F,yyZ^  +  2G,z^x,  +  2H,x,y, . 

Of  course,  whatever  be  the  values  of  a,  b,  c,  f,  g,  h,  the  same  transformation  gives 
aai'  +  hy'+  cz^  +  2iyz  +  2gzx  +  2\ixy  =  a,a;,»  +  b,y,'  +  c,2:,»  +  2f,y,^,  +  2g,z,Xi  +  2h,a;,y, , 
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provided  that  we  have 

'a,  =  aa=   +bai'^  +  ca"^  +  2fa'a"  +  2ga"a  +2haa'  , 

b,  =  a/3^  +  b/9'-^  +  c^"=  +  2f^'/3"  +  2g;3"/3  +  2h^^', 

Ci  =  a7=  +  by'^  +  C7"=  +  2f7'7"  +  2g7"7  +  2h77' , 

f,  =  a^7+  b/3V  +  c/3"7"  +  f  (/SV"  +  /3V)    +  g  (^"t  +  /Sv")  +  h  W  +  /3'7). 

gi  =  aya  +  b7'a'  +  C7"a"  +  f  (7'a"  +  7"  a')     +  g  (7"a  +  7a")  +  h  (7a'  +  7'  a), 

t  h,  =  aa/3  +  ba'/S'  +  ca"/3"  +  f  (a'^"  +  a"^')    +  g  (a"^  +  ayS")  +  h  (a^'  +  a'/3). 

Representing   for  a  moment   the   equations   between   the    pairs  of    functions    of  the 
second  order  by 

u=  Ui,     U  =  Ui,     V  =  Vi, 

we  have,  whatever  be  the  value  of  \, 

Xu+  U  +  v=  XUi  +  Ui  +  Vi. 
Hence,  if 


a',    ^, 

a",     ^". 

\a,  +  ^, +a,,  XA,  +  ^,  +  h,,  XgTi  +  Gi  +  gi 
\A,  +  /^i  +  h„  \6,  +  fi,  +  b.,  \/  +  i?',  +  f, 
5^1  +  G^i  +g, ,    X/,  +  F,+{,,     Xci  +  C,  +  c, 

Hence,  since  a,  b,  c,  f,  g,  h,  are  arbitrary, 
\g,  +  G, ,    V,  +  /', ,    \c,  +  C, 


7 

7 
7 


n :    then 


Xa  +  A+B,,  Xh  +  H+h,  Xg+G+g 
Xh  +  H  +  h,  Xb  +  B+h,  \f+F+i' 
\g  +  Q+g,     \f  +  F+f.     Xc+C+c 


=  W 


Xa  +  A,  Xh  +  H,  Xg  +  G 
Xh+H,  Xb  +  B,  Xf  +  F 
Xg  +  G,     Xf+F,     Xc  +  G 


which    determine    the    relations    which    must    subsist    between    the    coeflBcients    of    the 
functions  of  the  second  order.     We  derive 

a,    h,    g 

h,     b,    f 

and  by  comparing  the  coefficients  of  a,  &c.,  if  we  write  for  shortness, 


a,, 

K, 

9x 

=  n» 

hi. 

h, 

/. 

ffi' 

/.. 

Ci 

.a= 


,    U  +  B,     Xf+F 
,    Xf+F,     Xc+G 


&c.,  then 
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«,«•    +»./8«   +(1,7'    +2iF./3  7  +2<!5,7a  +  2|^,  a  )3  =0=^, 

«,a^  +  »./3^  +  «,7''  +  2iF./3'  7'  +  2<S,7'  <^  +  2|^. «'  ^'  =  n=l3, 

«,«"'  + 13./9"'  +  C.7'"  +  2JF./9"7"  +  2ffi.7"a"  +  2?^.  a"r  =  n=ffi, 

»,«'«"  +  13.y9'/9"  +  ®,7V'  +  iF.  (/9V'  +  /3"7')  +  CG.  (7'«"  +  7"«')  + 1^.  («'  /9"  +  a"/9' )  =  n^Jf. 
ja,a"«  +ffl,/8"y9  +®,7"7  +iF.(/8"7  +  ySy)  +  (5,  (V'a  +  7  a")  + 1^,  (a"/3  +  a /3")  =  H^, 
a,aa'  +  13,/9/3'  +©.7  7  +iF.(/9  7  +/9'7)  +  ®.(7  «' +  7'"  ) +?^.  («  ^  +  a'/3  )  =  m|^. 

each  of  which  virtually  contains  three  equations  on  account  of  the  indeterminate 
<juantity  X.  A  somewhat  more  elegant  form  may  be  given  to  these  equations ;  thus 
the  first  of  them  is 


«».  /3,  7. 

a,    \a,  +  ^i,    Xhj  +  Hi,    Xg^  +  Gi 

y,    X(7,  +  G, ,    X/x  +  F,  ,    Xci  +  0, 


=  n' 


1  .         ■ 

.  ,    \b  +  B,     \f+F 
.  ,   \f+F,    Xc  +  C 


from  which  the  form  of  the  whole  system  is  sufiSciently  obvious.  The  actual  values 
of  the  coeflBcients  a,  ^,  &c.  can  only  be  obtained  in  the  particular  case  where 
f^  =  g^  =  hi  =  Fj=  Gi  =  Hi  =  0.  If  we  suppose  besides  (which  is  no  additional  loss  of 
generality)  that  a,  =6i  =  Ci  =  l,  then  the  whole  system  of  formulae  becomes 


(4,  +  >.)(£i  +  X)(C,  +  X)  =  n» 


i  =  n> 


a, 

h, 

9 

h, 

b, 

f 

9> 

/. 

c 

Xa  +  A,  Xh  +  H,  Xg  +  G 
Xh  +  H,  Xb  +  B,  Xf  +  F 
Xg  +  G,    Xf+F,    Xc  +  C 

or  II"  =  «~'  suppose ;  and  then 


(B,  +  X)(C,  +  X)a=  +(C.  +  X)(A  +  X)/3»  +(^, +  X)(£i  +  X)f  =^a 
(5,+X)(C,  +  X)a'2  +(C,  +  X){Ai+X)^'^  +(Ai  +  X)(Bi  +  X)y"-  =-13 
(B,+X)(C,4-X)a"»   +(C,  +  X)(Ai  +  X)0"'    +  (A^  +  X)  {B,  +  X)  y"'   =-© 


(5,  +  X)  (C.  +  X)  a'a"  +  (C,  +  X)  (A,  +  X)  /3'yS"  +  (J..  +  X)  {B,  +  X)  7'^'  =  Jp 
(fl,  +  X)  (C.  +  X)  a"a  +  (Ci  +  X)  (4.  +  X)  ^"^  +  (4,  +  X)  {B^  +  X)  7'^  =  i  ffi 
(5,  +  X)  ((7.  +  X)  a  a'  +  (C,  +  X)  (^ ,  +  X)  ;8  /3'  +  (^1  +  X)  (A  +  X)  7  7'=  -  ?^ 
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where,  writing  down  the  expanded  values  of  ^,  i3,  (B,  jf,  (5,  |^ 

(Kb  +  B)  (\c  +  c)-  {\f + Fr         =  a 

{\c+  C){\a  +  A)-i\(f  +  Gy  =2D 

(\a  +  A)(U  +  B)-  {\h  +  HY  =  CD; 

{\g+  G)(\h  +  H)-i\a  +  A){\f  +  F)  =  ;ff 
{\h  +  H)(\f+  F)  -  {\b  +  B) (\g  +  G)  =ffi 
(\/  +  F){\g  +  G)-{\c  +  C)(\h  +  H)  =  ^. 

By  writing  successively  X=  — ^4,,  \  =  — i^, ,  X,  =  — C, ,  we  see  in  the  first  place  that 
.4,,  Bj,  (7,  are  the  roots  of  the  same  cubic  equation,  and  we  obtain  next  the  values  of 
a-,  ^,  y",  &c  in  terms  of  these  quantities  A^,  £,,  C,,  and  of  the  coefficients  a,  b,  &c., 
-.4,  B,  &c.  It  is  easy  to  see  how  the  above  formulae  would  have  been  modified  if 
a, ,  bi,  Ci ,  instead  of  being  equal  to  unity,  had  one  or  more  of  them  been  equal  to 
unity  with  a  negative  sign.  It  is  obvious  that  every  step  of  the  preceding  process  is 
equally  applicable  whatever  be  the  number  of  variables. 
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ON  THE  ATTRACTION   OF   AN   ELLIPSOID. 

[From  the  Cambridge  and  Dvblin  Mathematical  Journal,  vol.  iv.  (1849),  pp.  50 — 65.] 

Part  I. — On  Legendkk's   Solution   of  the   Problem   of   the   Attraction   of   an 

Ellipsoid  on  an  External  Point. 

I  propose  in  the  following  paper  to  give  an  outline  of  Legcndre's  investigation 
of  the  attraction  of  an  ellipsoid  upon  an  exterior  point,  ["  Mdmoire  sur  les  Integrates 
Doubles,"  Paris,  Mem.  "Acad.  Sc.  for  1788,  published  1791,  pp.  454—486],  one  of  the 
earliest  and  (notwithstanding  its  complexity)  most  elegant  solutions  of  the  problem. 
It  will  be  convenient  to  begin  by  considering  some  of  the  geometrical  properties  of  a 
system  of  cones  made  use  of  in  the  investigation. 

§  1.  The  equation  of  the  ellipsoid  referred  to  axes  parallel  to  the  principal  axes, 
and  passing  through  the  attracted  point,  may  be  written  under  the  form 

I  {x  -  o)^  +m(y-  by  +  n(z  -  cf  -  k  =  0, 
(where  ./-;,    a/  -  ,    */-    are    the    semiaxes,   and    a,   b,   c    are    the    coordinates    of    the 

^  y  I    y  m    y  n 

attracted   point    referred   to    the    principal    axes).     Or   putting   la' +mb'  +  ')w''  — k —  8,   this 

equation  becomes 

laf  +  my^  +  nz''-2  (lax  +  mby  +  ncz)  +  S  =  0. 

The  cones  in  question  are  those  which  have  the  same  axes  and  directions  of 
circular  section  as  the  cone  having  its  vertex  in  the  attracted  point  and  circumscribed 
about  the  ellipsoid.  The  equation  of  the  system  of  cones  (containing  the  arbitrary  para- 
meter «)  is 

(la?  +  my^  +  nz')  h  —  {lax  +  mby  +  ncz)-  +  to- {a?  +  y"  +  z-)  =  Q  \ 

or  as  it  may  also  be  written, 

(w'  +  lh-  Pa')  a^  +  (o)-  +  mS  -  m'6=)  r/=  +  (o)'  +  nh  -  n-c")  z-  -  2mnbcyz  -  2nlcazx  -  2lmabxy  =  0. 
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For  £D  =  0,  the  cone  coincides  with  the  circumscribed  cone ;  as  tu  increases,  the 
aperture  of  the  cone  gradually  diminishes,  until  for  a  certain  value,  «» =  fl,  the  cone 
reduces  itself  to  a  straight  line  (the  normal  of  the  confocal  ellipsoid  through  the 
attracted  point).     It  is  easily  seen  that  iV  is  the  positive  root  of  the  equation 


its 

a  different  form  of  which  may  be  obtained  by  writing  H-  =  ^ ,  ^  being  then  determined 

by  means  of  the  equation 

la?  mb-  nc-     _  - 

are  the  semiaxes  of  the  confocal  ellipsoid  through  the  attracted  point. 

In  the  case  where  eu  remains  indeterminate,  it  is  obvious  that  the  cone  intersects 
the  ellipsoid  in  the  curve  in  which  the  ellipsoid  is  intersected  by  a  certain  hyperboloid 
of  revolution  of  two  sheets,  having  the  attracted  point  for  a  focus,  and  the  plane  of 
contact  of  the  ellipsoid  with  the  circumscribed  cone  (that  is  the  polar  plane  of  the 
attracted  point)  for  the  corresponding  directrix  plane :  also  the  excentricity  of  the  hyperboloid 

is  — -JiPa?  +  m^b^  +  n-c'),   which   suffices    for    its    complete    determination.     For   «i)  =  0,    the 

hyperboloid  reduces  itself  to  the  plane  of  contact  of  the  ellipsoid  with  the  circum- 
scribed cone,  and  for  <b  =  II,  the  hyperboloid  and  the  ellipsoid  have  a  double  contact, 
viz.  at  the  points  where  the  ellipsoid  is  intersected  by  the  normal  to  the  confocal 
ellipsoid  through  the  attracted  point. 

If  m  remains  constant  while  k  is  supposed  to  vary,  that  is,  if  the  ellipsoid  vary  in 
magnitude  (the  position  and  proportion  of  its  axes  remaining  unaltered),  the  locus  of 
the  intersection  of  the  cone  and  the  ellipsoid  is  a  surface  of  the  fourth  order  defined 
by  the  equation 

{la?  +  my^  +  nz^  —  lax  —  mby  —  nczf=  <o^  {u?  +  y'  +  ^'), 

and  consisting  of  an  exterior  and  an  interior  sheet  meeting  at  the  attracted  point, 
which    is    a   conical    point    on    the    surface,    viz.    a    point   where    the    tangent    plane    is 


replaced   by  a  tangent   cone.     The   general   form  of  this  surface  is   easily  seen   from   the 

figure,  in  which  the  ellipsoid  has  been  replaced  by  a  sphere,  and  the  surface  in  question 

c  55 
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is  that  generated  by  the  revolution  of  the  curve  round  the  line  CM.  The  surface  of 
the  fourth  order  being  once  described  for  any  particular  value  of  w,  the  cone  corre- 
sponding to  any  one  of  the  series  of  similar,  similarly  situated,  and  concentric  ellipsoids 
is  at  once  determined  by  means  of  the  intersection  of  the  ellipsoid  in  question  with 
the  surface  of  the  fourth  order.  It  is  clear  too  that  there  is  always  one  of  these 
ellipfloids  which  has  a  double  contact  with  the  surface  of  the  fourth  order,  viz.  at  the 
points  where  this  ellipsoid  is  intersected  by  the  normal  to  the  confocal  ellipsoid 
through  the  attracted  point;  thus  there  is  always  an  ellipsoid  for  which  the  cone 
corresponding  to  a  given  value  of  (o  reduces  itself  to  a  straight  line. 

Consider  the  attracting  ellipsoid,  which  for  distinction  may  be  termed  the  ellipsoid 
S,  and  the  two  cones  C,  C,  which  correspond  to  the  values  a,  m  —  do)  of  the  variable 
parameter.  Legendre  shows  that  the  attraction  of  the  portion  of  the  ellipsoid  S 
included  between  the  two  cones  C,  C  is  independent  of  the  quantity  k,  which  determines 
the  magnitude  of  the  ellipsoid :  that  is,  if  there  be  any  other  ellipsoid  T  similarly  situated 
and  concentric  to  and  with  the  ellipsoid  S,  and  two  cones  D,  D',  which  for  the 
eilip.soid  T  correspond  to  the  same  values  w,  w  —  dco  of  the  variable  parameter ;  then  the 
attraction  of  the  portion  of  the  ellipsoid  S,  included  between  the  two  cones  C,  C,  is 
equal  to  the  attraction  of  the  portion  of  the  ellipsoid  T  included  between  the  two 
cones  D  and  D'.  By  taking  for  the  ellipsoid  T  the  ellipsoid  for  which  the  cone  D 
Induces  itself  to  a  straight  line,  the  aperture  of  the  cone  D'  is  indefinitely  small,  and 
the  attraction  of  the  portion  of  the  ellipsoid  T  included  within  the  cone  D'  is  at  once 
determined ;  and  thus  the  attraction  of  the  portion  of  the  ellipsoid  S  included  between 
the  cones  C,  C  is  obtained  in  a  finite  form.  Hence  the  attraction  of  the  portion 
of  the  ellipsoid  S  included  between  any  two  cones  (7,,  C,,  corresponding  to  the  values 
tt>,,  to,,   of  the   variable   parameter,  is  expressed   by   means   of  a   single   integral,   and   by 

extending    the    integration    from    w  =  0    to    a)=  ./  ( -r  1 ,   the    attraction    of    the    whole 

ellipsoid  is  obtained  in  the  form  of  a  single  integral  readily  reducible  to  that  given 
by  the  ordinary  solutions.  It  is  clear  too  that  the  attraction  of  the  portion  of  the 
ellipsoid  S  included  between  any  two  cones  C,,  (7„,  is  equal  to  that  of  the  portion 
of  the  ellipsoid  T  included  between  the  corresponding  cones  D,  and  B,,.  Hence  also, 
assuming  for  the  ellipsoid  T,  that  for  which  the  cone  D„  reduces  itself  to  a  stniight 
line,  and  supposing  that  the  cones  C,  and  D,  coincide  with  the  circumscribing  cones, 
the  attraction  of  the  portion  of  the  ellipsoid  S  exterior  to  the  cone  C„  is  equal  to 
the  attraction  of  the  entire  ellipsoid  T.  More  generally,  the  attraction  of  the 
portion  of  the  ellipsoid  S  included  between  the  cones  C,  and  C„  is  equal  to  the 
attraction  of  the  shell  included  between  the  surfaces  of  the  two  ellipsoids,  for  which 
the  cones  D,  and  D„  respectively  reduce  themselves  to  straight  lines. 

§    2.     Proceeding    to    the   analytical    solution,    and    resuming    the    equation    of    the 
ellipsoid 

lai'  +  my"  +  nz"-^  {lax  +  why  +  ncz)  +  3  =  0, 

and  that  of  the  cone 

{la?  +  my"  +  nz*)  h  -  {hx  +  mhy  +  nczy  +  w»  (ar"  +  y»  +  ^=)  =  0  ; 
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consider  a  radius  vector  on  the  conical  surface  such  that  the  cosines  of  its  incli- 
nations  to   the   axes   are 

I'  I-  i-  [®=^(P"-+Q^+m], 

P,  Q,  R  and  0  being  functions  of  the  parameter  <»,  and  of  another  variable  (j),  which 
determines  the  position  of  the  radius  vector  upon  the  conical  surface.  Also  let  p  be 
the  length  of  the  portion  of  the  radius  vector  which  lies  within  the  ellipsoid ;  then 
representing  by  dS  the  spherical  angle  corresponding  to  the  variations  of  to  ami  <f),  the 
attraction  in  the  direction  of  the  axis  of  x  is  given  by  the  formula 


A 


'II 


fg<*«. 


Also  by  a  known  formula 

Q'  [      \d<f>  dco     d<^  dt 
and  it  is  easy  to  obtain 


Q  ,'dR  dP  _dRdP\  'dP  dQ _  dP  dQ\\ 

\d<ji   du>     dco  d<f))  \d^  dco      Bco  d^j]  ' 


P  = 


2a)@= 


IP'  +  mQ^  +  nR'' 


The  quantities  P.  Q,  R  have  now  to  be  expressed  as  functions  of  co,  cf),  so  that 
their  values  substituted  for  x,  y,  z,  may  satisfy  identically  the  equation  of  the  cone. 
This  may  be  done  by  assuming 

P=^p,    ^ 


where 


Q  =  mb  (ft)'  +  nh)  ( ia  +  -^  cos  ^  j yj    nc  sin  if>, 

R  =  nc  (w'  +  mS)  [ Za  +  „ cos  c}>  j  -\ jj-  mb sin  cf>, 


p  =  (co*  +  mS)  (co"  +  nB)-  ni'ly'  (o)»  +  nS)  -  wV  {co-  +  mB), 
U'  =  m'6»  (ft)'  +  nS)  +  nV  (<»»  +  mB), 


D'  =  (ay'+  IB)  (u.'  +  niB)  (co"  +  nB) 


Pa' 


r  + 


+ 


nx-' 


ft)"  +  /S     ft)'  +  m8     o)"  +  riB 


a  system  of  values  which,  in  point  of  fact,  depend  upon  the  following  geometrical  con- 
siderations: by  treating  a;  as  a  constant  in  the  equation  of  the  cone,  that  is,  in  effect 
by  considering  the  sections  of  the  cone  by  planes  parallel  to  that  of  yz,  the  equation 
of  the  cone  becomes  that  of  an  ellipse;  transforming  first  to  a  set  of  axes  through 
the  centre  and  then  to  a  set  of  conjugate  axes,  one  of  which  passes  through  the 
point  where  the  plane  of  the  ellipse  is  intersected  by   the  axis  of  x,  then  the  equation 


and 


a;     X 


takes  the   form    i, +  ^  =  1.  and   is   satisfied   by  ^  =  Acoscp,  r)  =  Bs,\n^,  & 

of  course  linear  functions  of  these  values,  the  preceding  expressions  may  be  obtained. 
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The  substitution   of  the  above   values  of  P,  Q,  R   (a  somewhat   tedious  one   which 
docs    not    occur    iu    the    process    actually   made    use    of   by    Legendre)    gives    the    very 

simple  result, 

j„     P^fo  do)  d<f> 
dS=      -Q        ; 

and  the  formula  for  the  attraction  becomes 

P^m"  da,  d(f> 


-//. 


lP'  +  m(^  +  nR'' 
which  is  of  the  form  A  =2  I  la'du,  where 


r       P*d<i> 

^~]  IP'  +  mQ'- 


IP'  +  mi^  +  nB^' 

which  last  integral,  taken  between  the  limits  ^  =  0  and  <j)  =  2'ir,  and  multiplied  by 
2o)'rfa>,  expresses  the  attraction  of  the  portion  of  the  ellipsoid  included  between  two 
consecutive  cones.  The  integration  is  evidently  possible,  but  the  actual  performance  of 
it  is  the  great  difficulty  of  Legendre's  process.  The  result,  as  before  mentioned,  is 
independent  of  the  quantity  k,  or,  what  comes  to  the  same  thing,  of  the  quantity  B: 
assuming  this  property  (an  assumption  which  in  fact  resolves  itself  into  the  consideration 
of  the  ellipsoid  for  which  the  cone  reduces  itself  to  a  straight  line,  as  before  explained), 
the  integral  is  at  once  obtained  by  writing  S  =  A  where  A  represents  the  positive  root 
of  the  equation 

(o'  +  lA      w'  +  mA      &)»+«A        ~ 

This  gives 

p  _  I'a*  (o)'  +  mA)  (m'  +  wA) 

«» +  ;a 

Q  =  l'mab(a>'+  nA), 
R  =  Inac  {ay'  +  wiA), 

values  independent  of  <^,  or  the  value  of  /  is  found  by  multiplying  the  quantity  under 
the  integral  sign  by  2v.   and  hence  we  have 


A  =4iirla 


J  l'aUa,'  +  : 


a,^  (a,"-  +  lA)^  {a>-  +  wiA)^  ((o"-  4-  n^f  dm 


'  (a,'  +  7rtA)»  (w=  +  nA)»  +  m'6^  {a,'  +  iiAf  (o^  +  ^A)^  +  nV  (a,-  +  nA)=  (w*  +  lA)" 

where  of  course  A  is  to  be  considered  as  a  function  of  a>.  By  integrating  from 
0)  =  0,  to  a>  =  0),, ,  we  have  the  attraction  of  the  portion  of  the  ellipsoid  included 
between   any  two   of   the   series  of    cones,   and    to   obtain    the   attraction    of    the  whole 

ellipsoid  we   must  integrate  from  (»  =  0  to  <>>=</  i-^j  >  where  ^  is  determined  as  before 

by  the  equation 

la^  nib'  nd' 


k-^-l^     k  +  m^     k  +  n^ 


=  1 
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and     it     is     obvious    that    for    this    value   of    «u   we    have    A.  =  S.      The    expression    for 
the  attraction  is  easily  reduced  to  a  known  form  by  writing  t/  =  — ^ ;    this  gives 


A  =  4>Trla 


j  IV 


k^(k  +  lyf  {k  +  myf(k  +  nyfadm 


'  (k  +  niyy  (k  +  nyf  +  m?¥  (k  +  nyf  (k  +  hjf  +  n^c^  (k  +  lyf  (k  +  myf ' 

Also 

,      ,  /   l-a-  'm?lP  n-c- 


\k  +  ly     k  +  my     k  +  nyj  ' 
whence 

2{k  +  ly)-{k  +  myy(k  +  nyy 
dy 


and  thus  A  =  '2.iTl^la  \~      TTj 

Hk  +  lyy 


(k  +  lyf  {k  +  myf  (k  +  mjf ' 

where    for    the    entire    ellipsoid   the   integral    is  to   be   taken   from   y  =  ^  to  y=  cc.     A 

k+lP 
better  known  form   is   readily  obtained  by  writing  of  =  r — p  ,  in  which  case  the   limits 

for  the  entire  ellipsoid  are  a;  =  0,  x  =  I. 

It  may  be  as  well  to  indicate  the  first  step  of  the  reduction  of  the  integral  /, 
viz.  the  method  of  resolving  the  denominator  into  two  factors.     We  have  identically, 

(A  -  S)  (11^  +  mQ^  +  nR>)  =  o)'-  (P'  +  Q' +  If)  +  A  {IF' +  mQP  +  nBP)  -  {laP  -f  inbQ  +  ncKy, 

and  the  second  side  of  this  equation  is  resolvable  into  two  factors  independently  of 
the  particular  values  of  P,  Q,  R.  Representing  this  second  side  for  a  moment  in  the 
notation  of  a  general  quadratic  function,  or  under  the  form 

AP'  +  BQ'  +  CIi^  +  2FQR  +  2GRP  +  2HPQ, 

we  have  the  required  solution, 

iP»  4-  mQ»  +  nif  = 

I  [4P  +  {ZT  +  V(- «C)1  Q  +  {«  +  V(- 13)}  iJ]  [^P  +  {F -  V(- ®)}  Q  +  [(?  -  V(- J3)U] ; 

where,  as  usual,  33  =  CA  —0',  Q^  —  AB  —  Zf^  and  the  roots  must  be  so  taken  that 
V(- 13)  J{-  ®)  =  jF  { jF  =  {GH  -  AF)}. 

I  have  purposely  restricted  myself  so  far  to  the  problem  considered  by  Legendre : 
the  general  transformation,  of  which  the  preceding  is  a  particular  case,  and  also  a 
simpler  mode  of  effecting  the  integration,  are  given  in  the  next  part  of  this  paper. 
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Part  II.— On  a  Formula  for  the  Transformation  of  Certain  Multiple  Integrals. 
Consider  the  integral 


V  =  JFix,  y,...)dxdy..., 


where   the  number  of  variables  x,  y,...  is  equal   to  n,  and  F {x,  y,...)  is  a  homogeneous 
function  of  the  order  /i. 

Suppose  that  x,  y,  ...  are  connected  by  a  homogeneous  equation  -«^(a;,  y,  ...)  =  () 
containing  a  variable  parameter  <o  (so  that  <a  is  a  homogeneous  function  of  the  order 
zero  in  the  variables  x,  y, ...).    Then,  writing 

r'  =  x'+y^+... ,    X  =ra,     y  =  r^,... 
the  quantities  a,  /9,  ...  are  connected  by  the  equations 

a=  +  /3^+...  =  l,     t^(a,  /3,  ...)  =  0, 

and    we   may    therefore    consider    them    as    functions   of   w    and   of    (h  — 2)   independent 

variables  6,  <f>,  &c. ;  whence 

dxdy  ...  =  r"~' V  drdcodff  ...  , 

where 

da       dS 
da)'     dco' 

da       dS 

d0  '     dd' 

Also  F{x,  y,...)=^7-^F(ct,  ^...), 

and  therefore 

F=  l7*+'*-'F(a,  /3,  ...)V  drda)d0  ... , 
or,  integrating  with  respect  to  r, 

I  r''+"-'  dr= r^+", 

J  /t  +  »i 

which,   taken    between   the   proper  limits,   is   a   function    of    a,   ^8, ....   equal  /(a,    &,...) 
suppose;  this  gives 


V  =  jf{a,  ^,...)F{a,  ^,...)Vdcod0..., 


in   which   I   shall   assume   that   the   limits   of    w    are   constant.     If,   in    order   to  get   rid 
of  the  condition  a'  +  /3'...  =  l,  we  assume 
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vhich 


D  = 


p> 

q> 

dp 
du) ' 

dq 
d(o ' 

dp 

dd' 

dq 
dd  ' 

Assume 

p  =  P^  +  Fr,  +  P"^... 

q=Q^+Q'v  +  Q"K- 

where   the   number  of  variables   f,  77,  f ...    (functions  in   general   of  m,  6,  &c.)  is   /(,  and 
where  the  coefficients   P,  Q,  &c.  are  supposed  to  be  functions  of  a  only.     We  have 

dp_  pd^      p,dri         ,  d^ 
de~     dd'^     dO^      dd'^--' 


and,  sub.stituting  these   values   as   well   as  those    of  p,   q,   &c.,   but   retaining   the   terms 

dp      dq      ,       .      .,    . 
,    ,    -yi ,   &c.    m    their 
aa>     dto 

of  a  series  of  products, 


I    .    -r-  >  &c.   in   their   original   form,   the    determinant    D  resolves   itself    into    the   sum 
dot     dto  ° 


dp       dq 

dot '     d(o  ' 

P".    Q"  , 


dr]       d^ 
W     dd' 


Let  ^  be  the  fiinction  to  which  ifr  {p,  q,  ...)  is  changed  by  the  substitution  of  the 
above  values  of  p,  q,  ...  so  that  '^  is  a  homogeneous  function  of  f,  •»;,  f,  ...  and  we  have 
the  relation  ^  =  0.  (It  will  be  convenient  to  consider  |,  77,  f,  ...  as  functions  of 
o),  6,  &c.,  such  as  to  satisfy  identically  this  last  equation.)     We  deduce 


1 

1,    . 

X 

•     v  . 

r , 

dt) 

d? 

■     16' 

dd' 

1  I 


1, 


?  , 

.    f 

dd' 

d^ 
•    de 

I : 


=  &c.  =  S  suppose. 
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where  for  shortneas  X=    ,^,  7=  ^-,  Sk.    The  substitution  of  these  values  gives 

dF  an 


df 


i-s. 


£)=: ,  dp  dq 

d<o'  deo' 

X,    P  ,  Q   , 

Y,    F  ,  q  , 

Z,    F',  Q"  , 


where  it  will  be  remarked  that  the  successive  horizontal  lines  (after  the  first)  of  the 
determinant  are  the  differential  coeiBcients  of  '4',  p,  q, ...  with  respect  to  f ,  with  respect 
to  ti,  &c.  In  general,  if  •^  denote  any  function  of  p,  q,  ...  these  quantities  being 
themselves  functions  of  w,  ^,  ■>]>■••  >  ^"d  f ,  r), ...  containing  a ;  also  if  ^  be  what  i/r 
becomes  when  for  p,  q, ...  we  substitute  their  values  in  (o,  ^,  ri,  ... ;  then  we  have  identically 


=0.0 


d^ 
dco 

dp 
dm' 

dq 
d(o 

X   , 

P  , 

Q 

Y  , 

P'  , 

Q! 

z  , 

P", 

Q" 

In    the    present    case    however,   writing    for    shortness    yjr  (p,  q, ...)  =yjr,    this    function    -v/r 
contains  a  explicitly  as  well  as  implicitly  through  p,  q,  &c.     The  formula  is  still  true  if  for 

^   we   substitute       ,      — j^ ,    -y-  on    the    second   side    denoting   a    partial    differential 
rift)  dm        dm      d(o  or 

coefficient  taken  only  so  far  as  ft)  is  explicitly  contained  in  ■^.     And  considering  p,  q,...  as 

functions  of  ft),  f,  t?,  ...  (^,  v>---   themselves  functions  of  w  and  of  other  variables  which 

need  not  here  be  considered),  ^  or  ^  vanishes  identically,  and  we  have     y--  =  0.     Hence, 

in  the  last  formula,  we  have  to  write  —  t-^  instead  of    X ,  and  we  thus  derive 

dm  dm 


d^jr 

P, 

Q,... 



dp 

^'J-,... 

dm 

F, 

Q\ 

X, 

dm' 

P   , 

dm  '   " 

Q  , 

Y, 

F  . 

Q'  . 

z. 

P", 

Q". 

'  This  formula,  or  one  equivalent  to  it,  is  given  in  Jacobi's  memoir  "De  Determinantibus  Funotionalibns," 
CrelU,  t.   XXII.  [1841]  p.  319. 
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D  = 


P,    Q,... 
P\    Q', 


d4; 
da) 


S, 


which  is  the  value  to  be  made  use  of  in  the  equation 

The  principal  use  of  the  formula  is  where  a^  is  a  homogeneous  function  of  the  second 
order  of  ^,  q, ... .     Thus,  suppose 

also,  for  the  sake  of  conformity  to  the  usual  notation  in  the  theory  of  transformation 
of  quadratic  functions,  writing  a,  a', ...  /3,  y8',  ...  instead  of  P,  P',  ...  Q,  Q',...  and  putting 
after  the  differentiations  ^  =  1,  we  have 

p=  a+a'7;  +  a"f+..., 

values  which  we  may  assume  to  give  rise  to  the  equation 

(Ap'  +  Bq'...+2Hpq...)=(l-v'-^ -...), 

(where  77,  f,  ...  are  taken  to  be  functions  of  6,  &c.  such  as  to  satisfy  identically  the 
equation  1  =  77-  +  f'  +  . . .). 

Hence,  by  a  well-known  property,  if 


A,    H,... 
H,    B, 


=  ic, 


we   have 


jn 


(-)"-'!. 


80  that,  observing  that  in  the  present  case  X=\,  and  therefore 


S  = 


V    . 

r  ,... 

dr) 

de' 

d^ 

dd' 

; 

we   have 


^=F;=-ve.?.->o.-->^.'3t"- 


dd. 
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The  remainder  of  the  process  of  integration  may  in  many  cases  be  effected  by  the 
method  made  use  of  by  Jacobi  in  the  memoir  "De  binis  quibuslibet  functionibus  &c." 
Crdle,  t  XII.  [1834]  p.  1,  viz.  the  coefficients  a,  a',  &c.,  fi,  &c.,  may  in  addition  to  the 
conditions  which  they  are  ab-eady  supposed  to  satisfy,  be  so  determined  as  to  reduce 
any  homogeneous  function  of  p,  q,  r,  ...  entering  into  the  integral  to  a  form  containing 
the  squares  only  of  the  variables.  This  method  is  applied  in  the  memoir  in  question 
to  the  integrals  of  n  variables,  analogous  to  those  which  give  the  attraction  of  an 
ellipsoid ;  and  that  directly  without  effecting  an  integration  with  respect  to  the  radius 
vector.  I  proceed  to  show  how  the  preceding  investigations  lead  to  Legendre's  integral, 
and  how  the  method  in  question  effects  with  the  utmost  simplicity  the  integration 
which  Legendre  accomplished  by  means  of  what  Poisson  has  spoken  of  as  inextricable 
calculations. 

Consider  in  particular  the  formula 

^  Y_[{^.  y...Ydxdy... 

the   number  of    variables   being  as   before   n,    and    (as,   y, ...)''    denoting    a    homogeneous 
function  of  the  order  k     The  equation  for  the  limits  is  assumed  to  be 

l(x-ay  +  m(i/-b)^+  ...  =  k. 

Assume 

^lt(x,  y,...)  =  oy'(ai'  +  y'+  ...)  +  B{lx'  +  my^+  ...)-{lax  +  mby+  ...y, 

(where  S,  =  la*  +  mb^ ...  —k,  is  taken  to  be  positive) ;    or  more  simply, 

ylr{x,  y...)  =  (<o*  +  l8-l'a')x'  +  ((o'  +  mB-m'b')  y'+  ...  -  llmabxy  -  ... 

Here  /i  =  A  +  2i  —  3.     Also,  putting  for  shortness 

lap  +  mbq  + . . .  =  A,     lp^-\-  rruf  +...  =  <!), 

it  is  easy  to  obtain 

./p     q       \  1  ph+-A+n-3  [-(,Y  +  eap)''+gi+"-3  -  (A  -  ^pf+^i+n-^-^ 

^\p'  p'"')     h  +  2i  +  n-S  <ph+2i+n-3 

Al«,  ■F(p.,....)M.J^,       g.2„,. 

values  which  give 

Y-  ^  r(-)*(«2'  top"-'  [(A  +  copf+^+»-^  -  (A  -  a,p)*+»+"-»]  (p,q,...y'Sda,de  ... 

h  +  2i  +  n  —  Sj         «i  '  <J)A+!n+n-3  > 
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where  it  will  be  remembered  that  p,  q, ...  are  linear  functions  (with  constant  terms) 
of  (n  — 1)  variables  r],  2^,...,  these  last  mentioned  quantities  being  themselves  functions 
of  {n  —  2)  variables  6,  &c.  such  that  \—rf  —  }p—...=0  identically.     If  besides  we  suppose 

1  77- 

that  <I>  =  ijj'4-wi5'+ ...  reduces  itself  to  the  form   g-^— &c.,   we   have,   by  the   formula 

of  the  paper  "  On  the  Simultaneous  Transformation  of  two  Homogeneous  Equations  of 
the  Second  Order,"  [74], 


(-J)(-s)- 


<y+lh-  l\)  (w»  +  mS-  viX.) 


which  is  true,  whatever  be  the  value  of  X. 


1- 


Z=a' 


m''b' 


ox'  +  IS—  IK     (o'  +  mS  —  m\ 


It   seems  difficult   to  proceed  further  with  the  general  formula,  and  I  shall  suppose 
n=3,  t  =  0,  A  =  l,  (x,  y  ...)''=  X,  or  write 


V-- 


isd'+y^  +  z') 


r 


the  equation  of  the  limits  being 

l(x-ay  +  m(y-  b)'  +n(z-cf  =  k 

Here   we  may  assume  17  =  cos  ^,  J^=sin^,  (values  which  give  S  =  l).     And  we  have 

rm'dto  /"(a  +  a'  cos  ^  4-  a"  sin  6)  dd 
J  "1^']         1      coe'g      sin'g        ' 

p     q       R 

from  ^  =  0  to  ^  =  27r ;    or,  what  comes  to  the  same  thing, 

J     *i    j  1      cos'g     sin'g' 
P        Q  R 

from  ^  =  0  to  d  =  ^ir.     Hence 

r      ao,'P^{QR)d(o 
''~*'^jKi^{iP-Q)iP-R)}' 

we  have  from  the  formulae  of  the  paper  before  quoted, 

2  -9^  (B-mP)  {G-nP)-F'' 
"-  K  (P-'Q)(P-R)         • 

B,  C,  F,  being  the  coefficients  of  y',  ^^  yz  in  -^jr  (x,  y,  z),  viz. 

B  =  oy'  +  mh-  w?h-,     G=(o'  +  nS-  t?&,     F  =  mnhc ; 
and  consequently 


'  =  47r  I  < 


'di 


PQR  \(B-mP)(C-nP)-F'}i 
'    K  {P-Q){P-R) 
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Also  from  the  equation 

(■4)('-^)(>-|)- 

1  »         x/,  ^"■^  w'6'  n'c*       \ 

differentiating  with  respect  to  \,  and  writing  X  =  P, 

-}(-S(-5 

(«» +  iS  -  IF)  (»» +  m8  -  mP)  («•  +  nS  -  n/") 

=  ~  K  ((«» +  iS  -  /P)»  "^  («» +  ma  -  mP)»  "^  (a>»  +  nS  -  wP)»j  ' 
or,  as  this  may  be  written, 

PQR 
K{P-Q)iP-R) 

1 

(^.  +  IS-IP)  (0,'+  mS  -  mP)i<o^+  nh-nP)  {(^;^^g3XPy  +  (a,'+mS-mP)'  +  (o,'+ nS-nP)'} 
and  from  the  values  first  written  down,  for  B,  C,  F,  we  obtain  (B  —  mP)  (C  —  nP)  —  F' 

=(w»+m8)(o>»+n8)-7»'6'(a)»+«S)-n'c'(«a»+mS)-TOP(ar'+reS-w»c")-nP(ft)»+m8-m''fr')+mnP» 
=(«»  +  7ftS  -  mP)  (»» +  nS>-  nP)  -  m^b^  («»=  +  nB  -  nP)  -  n'd'  (to''  +  mB  -  mP) 

=    "  ^^  ~ — ,J   IP >  the  last  reduction  being  effected  by  means  of  the  equation 

_         l^a' ir^ wV 

a>'  +  lS-lP     a)»  +  mS-mP     a>'+nB-nP~ 

Hence 

PQR  {{B-mP)(C-nP)-F'}i 
K  (P-Q)(P-R) 

la 


(a.'+K-iP)*(a,'+m8-mP)*(a,^  +  «S-nP)*  \nJTflirP^.+7ZJT^^i:zrP^  + 


l^a?  w?}f  nV 


{w^+lB-lPy  ^  (<o''+mB-mPy     (w^+nB-nPy, 
Substituting  this  value,  and   multiplying   out   the   fractions   in   the  denominator, 

V  =  4vla  X 

m'  (o)'  +  IB  -  IPf  {(o^  +  mB  -  mPf  (to"  +  nB  -  nP)^  dco 


I: 


J^a\(o^+mB-mPy{a^+nB-nPy+m%'((o"-+nB-nPy((o^+lB-lPy+n'c\w^+lB-lPy'(<o'+mB-7nPy' 

the  reduction   of    which   integral    has    been    already  treated    of   in    the    former    part    of 
this  present  memoir. 
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ON    THE    TEIPLE    TANGENT    PLANES    OF    SUKFACES    OF    THE 

THIRD    ORDER. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  IV.  (1849),  pp.  118 — 132.] 

A  SURFACE  of  the  third  order  contains  in  general  a  certain  number  of  straight 
lines.  Any  plane  through  one  of  these  lines  intersects  the  surface  in  the  line  and  in 
a  conic,  that  is  in  a  curve  or  system  of  the  third  order  having  two  double  points. 
Such  a  plane  is  therefore  a  double  tangent  plane  of  the  surface,  the  double  points  (or 
points  where  the  line  and  conic  intersect)  being  the  points  of  contact.  By  properly 
determining  the  plane,  the  conic  will  reduce  itself  to  a  pair  of  straight  lines.  Here 
the  plane  intersects  the  surface  in  three  straight  lines,  that  is  in  a  curve  or  system  of 
the  third  order  having  three  double  points,  and  the  plane  is  therefore  a  triple  tangent 
plane,  the  three  double  points  or  points  of  intersection  of  the  lines  taken  two  and 
two  together  being  the  points  of  contact.  The  number  of  lines  and  triple  tangent 
planes  ia  determined  by  means  of  a  theorem  very  easily  demonstrated,  viz.  that  through 
each  line  there  may  be  drawn  five  (and  only  five)  triple  tangent  planes.  Thus, 
considering  any  triple  tangent  plane,  through  each  of  the  three  lines  in  this  plane 
there  may  be  drawn  (in  addition  to  the  plane  in  question)  four  triple  tangent  planes : 
these  twelve  new  planes  give  rise  to  twenty-four  new  lines  upon  the  surface,  making 
up  with  the  former  three  lines,  twenty-seven  lines  upon  the  surface.  It  is  clear  that 
there  can  be  no  lines  upon  the  surface  besides  these  twenty-seven ;  for  since  the  three 
lines  upon  the  triple  tangent  plane  are  the  complete  intersection  of  this  plane  with 
the  surface,  every  other  line  upon  the  surface  must  meet  the  triple  tangent  plane  in 
a  point  upon  one  of  the  three  lines,  and  must  therefore  lie  in  a  plane  passing  through 
one  of  these  lines,  such  plane  (since  it  meets  the  surface  in  two  lines  and  therefore 
in  a  third  line)  being  obviously  a  triple  tangent  plane.  Hence  the  whole  number  of 
lines  upon  the  surface  is  twenty-seven ;  and  it  immediately  follows  that  the  number 
of  triple  tangent  planes  is  forty-five.  The  number  of  lines  upon  the  surface  may  also 
be    obtained    by    the    following    method,    which    has    the    advantage    of    not    assuming 
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A  priori  the  existence  of  a  line  upon  the  surface.  Imagine  the  cone  having  for  its 
vertex  a  given  point  not  upon  the  surface  and  circumscribed  about  the  surface,  every 
double  tangent  plane  of  the  cone  is  also  a  double  tangent  plane  of  the  surface,  and 
therefore  btersects  the  surface  in  a  straight  line  (and  a  conic).  And,  conversely,  if 
there  be  any  line  upon  the  surface,  the  plane  through  this  line  and  the  vertex  of  the 
cone  will  be  a  double  tangent  plane  of  the  cone.  Hence  the  number  of  double  tangent 
planes  of  the  cones  is  precisely  that  of  the  lines  upon  the  surface.  By  the  theorems 
in  Mr  [Dr]  Salmon's  paper  "On  the  degree  of  a  surface  reciprocal  to  a  given  one," 
Journal,  vol.  n.  [1847]  p.  65,  the  cone  is  of  the  sixth  order  and  has  no  double  lines 
and  six  cuspidal  lines :  hence  by  the  formula  in  Pliicker's  "  Theorie  der  algebraischen 
Curven,"  [1839]  p.  211,  stated  so  as  to  apply  to  cones  instead  of  plane  curves,  viz.  n 
being  the  order,  x  the  number  of  double  lines,  y  that  of  the  cuspidal  lines,  u  that  of 
the  double  tangent  planes,  then 

«=in(n-2)(n«-9)-(2«  +  3y)(n«-n-(i)  +  2a;(a;-l)  +  6xy+fy(y-l), 

th^  number  of  double  tangent  planes  is  twenty-seven,  which  is  therefore  also  the 
number  of  lines  upon  the  surface. 

Suppose  the  equation  of  one  of  the  triple  tangent  planes  to  be  w  =  0,  and  let 
a;  =  0,  y  =  0,  be  the  equation  of  any  two  triple  tangent  planes  intersecting  the  plane 
w  =  0  in  two  of  the  lines  in  which  it  meets  the  surface.  Let  z  =  0  be  the  equation 
of  a  triple  tangent  plane  meeting  w  =  0  in  the  remaining  line  in  which  it  intersects 
the  surface.  The  equation  of  the  surface  of  the  third  order  is  in  every  case  of  the 
form  wP  +  kxyz  =  0,  P  being  a  function  of  the  second  order,  but  of  the  four  different 
planes  which  the  equation  z  =  0  may  be  supposed  to  represent,  one  of  them  such 
that  the  function  P  resolves  itself  into  the  product  of  a  pair  of  factors,  and  for  the 
remaining  three  this  resolution  into  factors  does  not  take  place.  This  will  be  obvious 
from  the  sequel :  at  present  I  shall  suppose  that  the  plane  z  =  0  is  of  the  latter  class, 
or  that  P  =  0  represents  a  proper  surface  of  the  second  order.  Since  x  =  0,  y  =  0,  z  =  0, 
are  treble  tangent  planes  of  the  surface,  each  of  these  planes  must  be  a  tangent 
plane  of  the   surface  of  the  second  order  P  =  0,  and  this  will  be  the  case  if  we  assume 

P^a^  +  y^  +  z'  +  u^ 

and  considering  x,  y,  z  and  w  as  each  of  them  implicitly  containing  an  arbitrary 
constant,  this  is  the  most  general  function  which  satisfies  the  conditions  in  question. 

We  are  thus  led  to  the  equation  of  the  surface  of  the  third  order: 
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I  have  found  that  by  expressing  the  parameter  k  in  the  particular  form 
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o'—(  Imn  —  ,- —  1 


k=- 


Ininj 


■V 


■  hnn  —  5 —  I 
ImnJ 


or,  as  this  equation  may  be  more  conveniently  written, 


k  = 


2(iJ-a)' 


a  =  Imn  + 


hnn' 


^-'^^-T^n'^^ 


the  equations  of  all  the  planes  are  expressible  in  a  rational  form.  These  equations  are 
in  fact  the  following :  [I  have  added,  here  and  in  the  table  p.  450,  the  reference 
numbers  12',  23',  &c.  constituting  a  different  notation  for  the  lines  and  planes.] 


{6) 

(2/) 
(^) 

(?) 
('?) 
(0 

(0 

(g) 

(h) 


w  =  0 12' 


Ix  +  my  +  nz  +  w 


X      y      z 
Imn 


n. 

m lire  — 

mj  \       n 


=  0, 
=  0, 


.23' 
31' 


a;  =  0 12.34.56 

y  =  o,     42' 

2=0 14' 

^n('"-3("-3"  =  ''     ''' 

^+l("-30-7)-  =  « ''' 

^n('-})(— 3-=«'  ''' 


lx  +  ^    +-  +w  =  0, 


m       n 
X  z 


7  +my  +  -  +w=0. 


.41' 
.34' 


f  +1    +nz+w  =  0 13.24.56 

(       m 


1  A  Bomewbat  more  elegant  form  is  obtained  by  writing  p  —  2q  +  a;   this  gives 
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(f)  I +»»y+»M+W  =  0,     24' 

(b)        lx  +  ^   +nz  +  w  =  0 14.23.56 

(E)         ir  +  my+  |+«'  =  0 *3' 

^^^p-a)^2mn^^Q^     12.35.46 

m(p  ~a)  +  2nl         „  eo/ 

(y)      y  +    '^p+^ «'  =  o ^2 

n  (»  —  a)  +  2im         .  if/ 

^  '^  i>  +  p 

(i)        ^     +  ' ^«,  =  0 12.36.45 

^   '  p-P 


:::(^-«)  +  „l 


m  ni,  .  fto/ 

(y)     y   + — jzr^ — «'  =  <>'   ^^ 

(z)  ^      +  ——5 w  =  0 16 

p-P 

(l) j-^ — -x  +  -y  +  nz  +  w  =  0,     56' 

^ '  m{p  —  a)        VI'' 

(m)  Ix .y+-z-\-w=0 45' 

^    '  n{p  —  a)^n 

(n)  7«'  +  "^y-^fr^)^+^  =  0'    ^'^ 

(1)         __J^'^x  +  my  +  ^z  +  w  =  0,     15.26.34 

^  '  n{p-  a)  "      n 

(E)  i«-T7 ^y+nz  +  w  =  0 16.24.35 

(n)  ia;+-y-— ,^^z  +  w=0 14.25.36 

'^   '  m"     m{p  —  a) 

-''^-"'^  x+y+nz+w^O,       65' 

2m  m 


(I) 

K)  i.-'J^y+^.  +  «;  =  0 46' 

(o^)  l«.  +  ^y_^_Z^.  +  «;  =  0,       4'6 
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16.25.34 


(m,)       J  x-'—^^j--^y  +  nz  +  w  =  0,     15.24.36 

(n,)        lx+  -y-    ^^~''K  +  w  =  Q,     14.26.35 

^   '  TO  "^  2to 

2'p  7/1 

(p) +ny  +  mz  +  [mn(p-a)-2l  (l-m^-n")] ?;  =  0,    51' 

(q)         rur-^^  +  Z^+[nZ(p-a)-2m(l-n^  -    P)]-^  =  0,    35' 

(r)         ma;  +  ly-~^+[lm(p-a)-2na-f   -ni'y]^^  =  0,    ...    13.25.46 


2x        1  1 

(p) +  -y-^-z  + 


(q) 


1  2w        1 

X ^  +  7Z  + 


1_  ,    _   .  _  2  r  _  J^  _   1 
1       1         2z      r  1   ,        ,     2  /,      1       1 


w 


2^' 


w 
w 


X     p—  a         z     ,      fl/,       1         1 


(^)     H-^V^y+^-^'««|^(i-^.  -  pJ(i>-«)- 


^'  TOt  2  \_n\         P       mV  t 


2" 

nl 

2^ 


p  —  a 


P  +  0 

w 
P^ 

w 
V  +  H 

w 


=  0,      26' 

=  0,  ...16.23.45 
=  0,    63' 

=  0,    25' 

=  0,  ...15.23.46 

=  0,  53' 


61' 


(P,)    --^ar  +  ny  +  TO^-^— [Z(l-m=-n^)(p-a)-2m«]^^--^=0,  .... 

(q,)       ruc-P^y  +  lz-^^^[m{\-n^-P){p-a)-2nl}^  =  Q 36' 


w 


(?,)        mx  +  ly-P-^z-^J_nO.-  P-TO0(i>-a)-2im]^-  =  0.  ...13.26.45 

In  fact,  representing  the  several  functions  on  the  left-hand  side  of  these  equations 
respectively  by  the  letters  placed  opposite  to  them  respectively,  the  function  U  is 
expressible  in  the  sixteen  forms  following 

TJ  =  wil  +  k^yz, 
=  Wgg  +  kr}ZX, 
=  whE  +  k^xy, 

=  wee  +  k^v^, 
c.  57 
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=  «;  iT,  +  kyzx, 
=  wmxa,+  kzxy, 
=  w  ua,  +  kxyz, 
=  w  1,1  +  kyzx, 
=  «;m,m  +  kzxy, 
=  wn,n  +  kxyz, 
=  w  pp,  +  k^yz, 
=  w  qq,  +  krjzx, 
=  w  IT,  +  k^xy, 
=  w  pp,  +  k^yz, 
—  t«  qq,  +  k^x, 
'^  =  w  rr,  +  ^•?xy, 

(being  the  forms  containing  w,  out   of  a  complete   system  of  one   hundred  and   twenty 
different  forms). 

The    forty-five    planes  pass    five    and    five    through    the    twenty-seven    lines    in    the 
following  manner : 


(a,)  {w,  X,  f,  X,  x) 

(6i)  (w,  y.  V,  y,y) 

(c,)  (w,  z,  ?■,  z,  2  ) 

(0,)  (f ,  f,  e,  p,  p,) 

(t.)  (^7.  g.  ^.  q.  q/) 

(C)  (?,  K,  0,  ?,  r,) 

(a,)  (f.  f,  5,  p.  p,) 

(6.)  (»;,  g.  ^.  q.  q,) 

(c.)  (?,  h,  ^,  r.  r,) 


12,  (a^)  («,  g ,  h  ,  1  ,  1^  )  ...  34,  (07)  (x,  m,,  n ,  q„  r ) 
'2',  (6,)  (y,  h  ,  f  ,  t5,  E,)  ...  24,  (6,)  (y,  n,  ,  1  ,  r,.  p) 

,    1,  (C4)  (2,  f  ,  g  ,  n,  n, ) ...  14,  (c,)  (z,  1,  ,  m,  p„  q) 

2,  K)  (a;,  g,  h  ,  1  ,  1,  )  ...  56,  (og)  (i,  m„  n  ,  q„  r  ) 
23,  (65)  (y,  h,  f  ,  m,  m,) ...    4,  (b^)  (y,  il,  ,  T  ,  r,,  p) 

3',  (c)  (2,  f  ,  g  ,  n,  n,)  ...    4',  (cj)  (z,  T,    ,  iii,  p„  q) 

1',  (tte)  (x,  m,  n, ,  q ,  r,  ) ...  35 ,  (a,)  (x,  m  ,  n,,  q  ,  r,) 

3 ,  (fte)  (y,  n ,  1,  ,  r  ,  p,)  ...  25 ,  (6»)  (y,  n  ,  1,  ,  r  ,  p,) 

13,  (ce)  (z,  1  ,  m„  p,  q,)  ...  15,  (c.)  (z,  1    ,  m,,  p  ,  q,) 


46, 
5, 
5', 

36, 
26, 
16, 

45, 
6, 
6', 


where  each  line  may  be  represented  by  the  letter  placed  oppositive  to  the  system 
of  planes  passing  through  it.  The  twenty-seven  lines  lie  three  and  three  upon  the 
forty-five  planes  in  the  following  manner : 

(w)  OiftiC,  (f)  aAc4,  (1)  aj^TC,  (p)  0,670,, 
(^)  a4)^^,  (g)  hfi^a^,  (m)  h^ofl^,  (q)  KcTa^, 
(6)     Oj^sCj,         (h)     Csaj&i,         (n)      c^ajb,,         (r)      CsOytj, 
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(x)  Oiaitts, 

(y)  hhh„ 

(f)  010,03, 

iv)  hhbs, 

Vs/  C1C2CS, 


(f)  aAci, 

(g)  hc^a,, 
(h)  c^atbi, 

(x)  aiOsOy, 

(y)  ii&e^y, 

(z)  CiC^Ct, 

(i)  aiOsO,, 

(y)  iit8&9, 

(Z)  Cj  Cg  C9  , 


(1)  aAc6, 

(m)  t^CsOs, 

(u)  CtaA, 

(I)  05^907, 

(m,)  tjCsOj, 

(n,)  c,a,b,, 

(l)  aAcs, 

(in  J  btCsa^, 

(n,)  CiOs&s, 


(p)  Oj&eCs, 

(q)  biCgO,, 

(r)  CjoA. 

(p,)  aj)eCr, 

(q,)  62C6O7, 

(r,)  CaOA. 

(P/)  ttstsCa, 

(f,)  030,68. 


The  preceding  method  was  the  one  that  first  occurred  to  me,  and  which  appears 
to  conduct  most  simply  to  the  actual  analytical  expressions  for  the  forty-five  planes ; 
but  it  is  worth  noticing  that  the  relations  between  the  lines  and  planes  might  have 
been  obtained  almost  without  algebraical  developments,  if  we  had  supposed  that  P, 
instead  of  representing  a  proper  surface  of  the  second  order,  had  represented  a  pair 
of  planes.  This  would  have  conducted  at  once  to  one  of  the  one  hundred  and  twenty 
forms  U,  e.g.  U  =  wdd  +  k^rj^.  Or  changing  the  notation  so  as  to  include  k  in  one  of 
the  linear  functions,  U  =  ace  —  bdf,  and  it  is  indeed  obvious  d,  priori,  by  merely  reckoning 
the  number  of  arbitrary  constants,  that  any  function  of  the  third  order  can  be  put 
under  this  form.  If  we  suppose  a  =  fib  to  be  the  equation  of  one  of  the  triple  tangent 
planes  through  the  intersection  of  the  planes  o  and  b,  the  plane  a  =  fj,b  meets  the 
surface  in  the  same  lines  in  which  it  meets  the  hyperboloid  fice  —  df=0,  that  is,  the  two 
lines  in  the  plane  are  generating  lines  of  different  species,  and  consequently  one  of 
them  meets  the  pair  of  lines  cd  and  ef,  and  the  other  of  them  meets  the  pair  of 
lines  cf  and  de  (where  cd  represents  the  line  of  intersection  of  the  planes  c  =  0,  d  =  0, 
&c.).  This  suggests  a  notation  for  the  lines  in  question,  viz.  each  line  may  be  repre- 
sented by  the  three  lines  which  it  meets,  or  by  the  symbols  ab.cd.ef  and  ab.cf.de. 
Or  observing  that  fi  has  three  values,  and  that  the  same  considerations  apply  mutatis 
mutandis  to  the  planes  through  be  and  ca,  the  whole  system  of  lines  may  be  repre- 
sented  by   the   notation. 


ab, 

ad, 

af 

cb. 

cd, 

of, 

eb, 

ed. 

ef. 

{ah.cd.ef\, 

(ab.cd.ef)^. 

(ab .  cd .  ef),, 

(ad .  cf.  eb  ), , 

(ad.cf.eb)i, 

(ad .  cf.  eb  )s. 

(af.  ch.ed)i, 

(af.cb.ed)i, 

(af.cb.ed%. 

(ab.c/.ed)i. 

(ab.cf.ed)i. 

(ab.cf.ed),. 

(ad.cb.ef)i, 

(ad.cb.ef\. 

(ad.cb.ef%, 

(af.  cd  .eb)i, 

(af.cd.eb\, 

(af.cd.eb  %, 

57—2 
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where  the  last  eighteen  lines  have  been  divided  into  two  systems  of  nine  each.  The 
five  planes  through  (oA.cd.e/),  may   be  considered  as  cutting  the   surface  in 

ab;  (ah.c/.ed\, 
cd;  (a/.cd.eb)i, 
«/;  {ad.cb.ef\, 

{ad.cf.eb)t;  {af.ch.ed\, 
(ad.c/.eb)^;  {af.cb.ed\, 

(which  supposes  however  that  the  distinguishing  suffixes  1,  2,  3,  are  added  to  the 
different  planes  according  to  a  certain  rule).  And  similarly  for  the  lines  in  the  planes 
through  the  other  lines  represented  by  symbols  of  the  like  form.  The  five  planes 
through   ab  intersect   the  surface   in   the   lines 


c6, 

eh, 

ad. 

of, 

{ab.cd.ef\. 

(ah.c/.ed}i, 

(ah.cd.ef\, 

(ab.cf.ed)^. 

{ah.cd.ef\, 

(ab.cf.ed)s. 

and  similarly  for  the  planes   through  the  other  lines  represented  by   symbols   of  a  like 
form. 

Observing  that  ^,  _r),  f,  correspond  to  b,  d,  f,  and  w,  6,  B,  to  a,  c,  e  respectively, 
ab  corresponds  to  the  intersection  of  w  and  f,  i.e.  to  Oj,  &c. ;  also  {ab.cd.ef\, 
(ah.cd.e/),,  (ab.cd.ef)a  correspond  to  three  lines  meeting  a^,  b^,  and  c,,  i.e.  to 
a,,  a,,  a,,  &c. ;  and  the  system  of  the  twenty-seven  lines  as  last  written  down  corre- 
sponds to  the  system, 

^t      "1  >      Cj  , 

"5,        ^7>        ^> 

bi,     67,     bf, 
C5 1     C7 ,     C9 , 

a*,     ae,     Cla, 
hi,     be,     hs, 

^4  1         Cj  ,         Cg. 

The  investigations  last  given  are  almost  complete  in  themselves  as  the  geometrical 
theory  of  the  subject:  there  is  however  some  difficulty  in  seeing  d  priori  the  nature 
of  the  correspondence  between  the  planes  which  determines  which  are  the  planes  which 
ought  to  be  distinguished  with  the  same  one  of  the  symbolic  numbers,  1,  2,  3. 
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There  is  great  difficulty  in  conceiving  the  complete  figure  formed  by  the  twenty- 
seven  lines,  indeed  this  can  hardly  I  think  be  accomplished  until  a  more  perfect 
notation  is  discovered.  In  the  mean  time  it  is  easy  to  find  theorems  which  partially 
exhibit  the  properties  of  the  system.  For  instance,  any  two  lines,  Oj,  b^,  which  do 
not  meet  are  intersected  by  five  other  lines,  a,,  bi,  Kj,  Oj,  a,,  (no  two  of  which  meet). 
Any  four  of  these  last-mentioned  lines  are  intersected  by  the  lines  a,,  b^  and  no  other 
lines,  but  any  three  of  them,  e.g.  a^,  a^,  a^,  are  intersected  by  the  lines  a,,  b.^,  and  by 
some  third  line  (in  the  case  in  question  the  line  C3).  Or  generally  any  three  lines,  no 
two  of  which  meet,  are  intersected  by  three  other  lines,  no  two  of  which  meet. 
Again,  the  lines  which  do  not  meet  any  one  of  the  lines  a^,  a^,  a^,  are  a,,  a^,  63,  61,  Ci,  Cj.- 
these  lines  form  a  hexagon,  the  pairs  of  the  opposite  sides  of  which,  O2,  b^;  a,,  Cij 
63,  Ci,  are  met  by  the  pairs  ct,,  62!  C3,  Oi  and  Oj,  62,  respectively,  viz.  by  pairs  out  of  the 
system  of  three  lines  intersecting  the  system  a,,  Oj,  a^.  And  the  lines  a^,  a,,  a^  may 
be  considered  as  representing  any  three  lines  no  two  of  which  meet.  Again,  consider 
three  lines  in  the  same  triple  tangent  plane,  e.g.  a,,  b,,  Cj,  and  the  hexahedron  formed 
by  any  six  triple  tangent  planes  passing  two  and  two  through  these  lines,  e.g.  the 
planes  x,  y,  z,  f,  17,  f.  These  planes  contain  (independently  of  the  lines  0^,  bi,  Cj)  the 
twelve  lines  a^,  Oj,  a^,  a^,  62,  63,  64,  65,  c,,  Cs,  C4,  C5.  Consider  three  contiguous  faces  of 
the  hexahedron,  e.g.  x,  y,  z,  the  lines  in  these  planes,  viz.  a^,  65,  d,  a^,  64,  Cj,  form  a 
hexagon  the  opposite  sides  of  which  intersect  in  a  point,  or  in  other  words  these  six 
lines  are  generating  lines  of  a  hyperboloid.  The  same  property  holds  for  the  systems 
^.  V'  ?>  f>  y>  ?>  f'  Vt  ^-  But  for  the  system  f,  r),  f,  the  six  lines  are  a^,  h^,  c^,  and 
Os.  ^3)  Cj,  which  form  two  triangles,  and  similarly  for  the  systems  ^,  y,  z;  x,  t),  z;  and 
X,  y,  f ;  so  that  the  twelve  lines  form  four  hexagons  (the  opposite  sides  of  which  inter- 
sect) circumscribed  round  four  of  the  angles  of  the  hexahedron,  and  four  pairs  of  triangles 
about  the  opposite  four  angles  of  the  hexahedron.  The  number  of  such  theorems  might 
be  multiplied  indefinitely,  and  the  number  of  different  combinations  of  lines  or  planes 
to  which  each  theorem  applies  is  also  very  considerable. 


Consider   the   four  planes  x,  f,  x,  x,  and   represent   for  a  moment   the   equations   of 
these  planes  by  a;  -(-  Aw  =  0,  x  +  Bw  =  0,  x  +  Gw  =  0,  a;  -f  Dw  =  0,  so  that 

1  _2 

.      ^      „      1/         IW        IN               l(p-a)  +  2mn       „      r^     "■''^mn 
A=0,     B  =  j[m n ,      G=  -^ f-5 ,     B  = » . 


By  the  assistance  of 
B-C  = 


Iran  (f  -  ^) 


[In  (j3  —  a)  +  2m]  \lm  (p  —  a)  +  2m], 


it  is  easy  to  obtain 


(A-C){D-B)  p-fi  [I  {p-a)  +  2mn]  [m  (p-a)  +  2nl]  [n(p-a}  +  2lm] 

(A  -D){B-C)~        p  +  ^  [mn  {p-a)  +  21]  [nl  {p-a)  +  2m]  [Im  {p-<x)  +  2n] ' 
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which  remains  unaltered  for  cyclical  permutations  of  I,  m,  n,  Le.  the  anharmonic  ratio 
of  X.  f  X,  X  is  the  same  as  that  of  y,  v,  y.  y.  or  z,  5",  z,  z;  there  is  of  course  no 
correspondence  of  x  to  y  or  f  to  ij,  &c,  the  correspondence  is  by  the  general  pro- 
perties of  anharmonic  ratios,  a  correspondence  of  the  system  x,  f,  x,  x,  to  any  one  of 
the  systems  (y,  •;,  y.  y).  or  (17,  y.  y.  y),  or  (y,  y,  y,  17),  or  (y,  y,  t).  y),  indifferently. 
The  theorems  may  be  stated  generally  as  follows:  "Considering  two  lines  in  the  same 
triple  tangent  plane,  the  remaining  triple  tangent  planes  through  these  two  lines 
respectively  are   homologous  systems." 

Suppose  the  surface  of  the  third  order  intersected  by  an  arbitrary  plane.  The 
curve  of  intersection  is  of  course  one  of  the  third  order,  and  the  positions  upon  this  curve 
of  six  of  the  points  in  which  it  is  intersected  may  be  arbitrarily  assumed.  Let  these 
points  be  the  points  in  which  the  plane  is  intersected  by  the  lines  Oi,  61,  a,,  6,,  c„  a,; 
or  as  we  may  term  them,  the  points  a^,  bi,  a,,  b,,  c,,  Og-C)  The  point  Ci  is  of  course  the 
point  in  which  the  line  0,6,  intersects  the  curve.  The  straight  lines  aj)^,  bfi^,  Cittth, 
an^  ajb^t,  b^c^,  CiOjb,,  show  that  d  and  64  are  the  points  in  which  aj)^,  and  cy:,  inter- 
sect the  curve,  and  then  bg  and  Cg  are  determined  as  the  intersections  of  a^Ct,  aj),  with 
the  curve.  The  intersection  of  the  lines  b^  and  igC,  (which  is  known  to  be  a  point 
upon  the  curve  by  the  theorem,  every  curve  of  the  third  order  passing  through  eight 
of  the  points  of  intersection  of  two  curves  of  the  third  order  passes  through  the 
ninth  point  of  intersection)  is  the  point  Ut.  The  systems  a^,  64,  c^;  a,,  b„  Cj;  Og,  b^,  Cg, 
determine  the  conjugate  system  a^,  65,  Cj;  a?,  h,,  c^^,  a,,  b„  c,;  by  reason  of  the  straight 
lines  010405,  616465,  C1C4C5;  OiOgOj,  bJ)j)^,  c^Cf,<>;;  (h,a^a^,  bfieb,,  CiCgCj,  viz.  o,  is  the  point  where 
0,04  intersects  the  curve,  &e.  The  relations  of  the  systems  (a^,  64,  d;  a^,  65,  Cj),  (os,  b^,  c,; 
O7.  ^1  Cr)i  (a»f  t».  Cg;  o,-;  6,,  c,)  to  the  system  Oi,  bi,  c,;  a.^,  L,  Ci;  a,,  b,,  c,  are  precisely 
identical.  It  is  only  necessary  to  show  how  the  points  Oj,  b^,  c^;  a^,  b,,  c^  of  the 
latter  system  are  determined  by  means  of  one  of  the  former  systems,  suppose  the 
system  a»,  6«,  c,;  07,  67,  c?;  and  to  discover  a  compendious  statement  of  the  relation 
between  the  two  systems.  The  points  Oi,  b^,  c^;  a^,  b^,  c^;  a^,  63,  c,;  Og,  6g,  c,;  Oj,  b,,  c,, 
are  a  system  of  fifteen  points  lying  on  the  fifteen  straight  lines  (hbiCit  ajbifit,  OsisCj, 
OiOjOj,  616A.  CiCjCs,  OiOgOT,  bibjbj,  CiCs<h,  asbvCt,  b^a^,  c^Tbg,  aj)^,  hCgCh,  cjxjbj,  viz.  the  nine 
points  Oi,  61,  Cii  Oj,  60,  c,;  Oj,  63,  Cj  are  the  points  of  intersection  of  the  three  lines 
Oi^iCi,  aj>^,  aJ)sC3  with  the  three  lines  OiOaOs,  bjb.})^,  ofi-fia,  and  the  remaining  six  points 
form  a  hexagon  aJ)TC^b^,  of  which  the  diagonals  OgOj,  ig^?,  CgCy  pass  through  the  points 
Oi,  61,  Ci,  respectively,  the  alternate  sides  aj>,,  CgO,,  and  6,07  pass  through  the  points 
Ca,  61,  o,  respectively,  and  the  remaining  alternate  sides  b,Ce,  (hh,  and  &,ag  pass  through 
the  three  points  o,,  6j,  c,  respectively.  The  fifteen  points  of  such  a  system  do  not 
necessarily  lie  upon  a  curve  of  the  third  order,  as  will  presently  be  seen :  in  the 
actual  case  however  where  all  the  points  lie  upon  a  given  curve  of  the  third  order, 
and  the  points  o,,  61,  Ci;  a,,  6g,  c,;  O7,  b,,  c,  are  known,  Oj,  62,  Cj;  a,,  63,  c,  are  the 
intersections   of  the   curve   with   tgCj,  CgO,,  0,6,,   b-fi^,   CiC'sy   (hh  respectively,   and   the   fact 

'  In  general,  the  point  in  which  any  line  upon  the  surface  intersects  the  plane  in  question  may  be  repre- 
sented by  the  symbol  of  the  line,  and  the  line  in  which  any  triple  tangent  plane  intersects  the  plane  in  question 
may  be  represented  by  the  symbol  of  the  triple  tangent  plane:  thus,  Oi,  b^,  Ci  are  points  in  the  line  a^b^Ci,  or  in 
the  line  v>,  Ae. 
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of  the  existence  of  the  lines  Oibid,  a^hx^,  ajj^c^,  a^a^,  bAh,  CidCs  is  an  immediate 
consequence  of  the  theorem  quoted  above  with  respect  to  curves  of  the  third  order — 
a  theorem  from  which  the  entire  system  of  relations  between  the  twenty-seven  points 
on  the  curve  might  have  been  deduced  d,  priori.  But  returning  to  the  system  of 
fifteen  points,  suppose  the  lines  a,6iCi,  aj)iC.,  (hbfiz,  and  aia^,  bfij),,  and  also  the  point 
a,  to  be  given  arbitrarily.  The  point  Oj  lies  on  the  line  a^ae,  suppose  its  position 
upon  this  line  to  be  arbitrarily  assumed  (in  which  case,  since  the  ten  points  a^,  a,,  a,, 
bi,  bt,  6„  Ci,  c„  c„  are  sufficient  to  determine  a  curve  of  the  third  order,  there  is  no 
curve    of    the    third    order    through    these    points    and    the    point    a,).      If    the    points 


bt,  Cj,  67,  Cj  can  be  so  determined  that  the  sides  of  the  quadrilateral  bfb,CeC,,  viz. 
bj>j,  67C,,  cCj,  07^6  pass  through  the  points  61,  a,,  Ci,  a.,  respectively,  while  the  angles 
bt,  b,,  c  C7  lie  upon  the  lines  OyC,,  ajCj,  076,  and  aj)3  respectively,  the  required  condi- 
tions will  be  satisfied  by  the  fifteen  points  in  question ;  and  the  solution  of  this 
problem  is  known.  I  have  not  ascertained  whether  in  the  case  of  an  arbitrary  position 
as  above  of  the  point  Oj,  it  is  possible  to  determine  a  complete  system  of  twenty- 
seven  points  lying  three  and  three  upon  forty-five  lines  in  the  same  manner  as  the 
twenty-seven  points  upon  the  curve  of  the  third  order;  but  it  appears  probable  that 
this  is  the  case,  and  to  determine  whether  it  be  so  or  not,  presents  itself  as  an 
interesting   problem    for   investigation. 

Suppose  that  the  intersecting  plane  coincides  with  one  of  the  triple  tangent  planes. 
Here  we  have  a  system  of  twenty-four  points,  lying  eight  and  eight  in  three  lines; 
the  twenty-four  points  lie  also  three  and  three  in  thirty-two  lines,  which  last-mentioned 
lines  therefore  pass  four  and  four  through  the  twenty-four  points.  If  we  represent  by 
a,  b,  c,  d,  a',  b',  c',  d'  and  a,   b,   c,   d,   a',   b',  c',   d',   the   eight   points,   and   eight  points 
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which  lie  upon  two  of  the  three  lines  (the  order  being  determinate),  the  systems  of 
four  lines  which  intersect  in  the  eight  points  of  the  third  line  are 

(aa ,  6b ,  cc  .  dd).  (oV,  bV,  c'c',  d'd') 

(aW.  6a'.  c'd,  d'c),  (a^,  6'a,  cd',  cfc') 

(oc',  ca',  d%  b'd),  (o'c ,  c'a ,  6d',  rfb') 

(ad',  da',  6'c ,  c'h),  (a'd,  d'a,  6c',  cb' ) 

the  principle  of  symmetry  made  use  of  in  this  notation  (which  however  represents  the 
actual  sj-mmetry  of  the  system  very  imperfectly)  being  obviously  entirely  different  from 
that  of   the  case   of   an    arbitrary   intersecting    plane.     The    transition    case    where    the 


intersecting  plane  passes  through  one  of  the  lines  upon  the  surface  (and  is  thus  a  double 
tangent  plane)  would  be  worth  examining.  It  should  be  remarked  that  the  preceding 
theory  is  very  materially  modified  when  the  surface  of  the  third  order  has  one  or 
more  conical  points ;  and  in  the  case  of  a  double  line  (for  which  the  surface  becomes 
a  ruled  surface)  the  theory  entirely  ceases  to  be  applicable.  I  may  mention  in  con- 
clusion that  the  whole  subject  of  this  memoir  was  developed  in  a  correspondence  with 
Mr  Salmon,  and  in  particular,  that  I  am  indebted  to  him  for  the  determination  of 
the  number  of  lines  upon  the  surface  and  for  the  investigations  connected  with  the 
representation  of  the  twenty-seven  lines  by  means  of  the  letters  a,  c,  e,  6,  d,  f,  as 
developed  above. 
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ON    THE    ORDEK    OF    CERTAIN    SYSTEMS    OF    ALGEBRAICAL 

EQUATIONS. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  IV.  (1849),  pp.  132 — 137.(^)] 

Suppose  the  variables  x,  y  ...  so  connected  that  any  one  of  the  ratios  x  :  y  :  z, ... 
or,  more  generally,  any  determinate  function  of  these  ratios,  depends  on  an  equation 
of  the  /t*  order.     The  variables  x,  y,  z  ...  are  said  to  form  a  system  of  the  /i""  order. 

In  the  case  of  two  variables  x,  y,  supposing  that  these  are  connected  by  an 
equation  U  =0  (U  being  a  homogeneous  function  of  the  order  /x)  the  variables  form 
a  system  of  the  /t""  order;  and,  conversely,  whenever  the  variables  form  a  system  of 
the  fi'^   order,   they  are   connected  by  an  equation   of  the   above   form. 

In  the  case  of  a  greater  number  of  variables,  the  question  is  one  of  much  greater 
difficulty.  Thus  with  three  variables  x,  y,  z;  if  /i  be  resolvable  into  the  factors  /u,',  fi", 
then,  supposing  the  variables  to  be  connected  by  the  equations  U=0,  V=0,  U  and  V 
being  homogeneous  functions  of  the  orders  fi,  fi",  respectively,  they  will  it  is  true 
form  a  system  of  the  /*"'  order,  but  the  converse  proposition  does  not  hold :  for  instance, 
if  ^  is  a  prime  number,  the  only  mode  of  forming  a  system  of  the  /i""  order  would 
on  the  above  principle  be  to  assume  fi  =  /i,  /i"  =1,  that  is  to  suppose  the  variables 
connected  by  an  equation  of  the  /it""  order  and  a  linear  equation;  but  this  is  far 
from  being  the  most  general  method  of  obtaining  such  a  system.  In  fact,  systems  not 
belonging   to   the   class   in   question   may  be   obtained  by   the   introduction  of  subsidiary 

'  This  memoir  was  intended  to  appear  at  the  same   time  wit)i   Mr   Salmon's  "Note  on  a  Eesult  of  Klimi- 
nstioD,"  {Journal,  vol.  iii.  p.  169)  with  which  it  is  very  much  connected. 
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variables  to  be  eliminated :  the  simplest  example  is  the  following  :  suppose  a,  b,  a',  b',  a",  b" 
to  be  linear  functions  (without  constent  terms)  of  x,  y,  z,  and  write 

(a^  +6»7  =0, 
a'f +6',  =0, 
o"f+6"i7=0; 

equations  from  which,  by  the  elimination  of  f,  17,  two  relations  may  be  obtained  between 
the  variables  x,  y,  t. 

Suppose,  however,  from  these  three  equations  x,  y,  z  are  first  eliminated:  the  ratio 
f :  17  will  evidently  be  determined  by  a  cubic  equation ;  and  assuming  ^  :  17  to  be  equal  to 
one  of  the  roots  of  this,  any  two  of  the  three  equations  may  be  considered  as  implying 
the  third ;  and  will  likewise  determine  linearly  the  ratios  x:y:z.  Hence  any  deter- 
minate function  of  these  ratios  depends  on  a  cubic  equation  only,  or  the  system  is 
onfi  of  the  third  order.  But  the  order  of  the  system  may  be  obtained  by  means  of 
the  equations  resulting  from  the  elimination  of  f,  17;  and  since  this  will  explain  the 
following  more  general  example  (in  which  the  corresponding  process  is  the  only  one 
which  readily  offers  itself),  it  will  be  convenient  to  deduce  the  preceding  result  in  this 
manner.     Thus,  performing  the  elimination,  we  have 

i  =  (a'6"  -  a"6')  =  0,    Z' =  (a"6  -  a6")  =  0,    i"  =  (a6' -  a't)  =  0. 

Here  the  equations  i  =  0,  L'  =  0,  L"  =  0,  are  each  of  them  of  the  second  order, 
and  any  two  of  them  may  be  considered  as  implying  the  third.  For  we  have 
identically, 

aL  +  a'L'  +  a"L"  =  0,{') 

80  that  Z  =  0,  L'  =  0,  gives  a"L"  =  0,  or  L"  =  0.  Nevertheless  the  sjrstem  is  imperfectly 
represented  by  means  of  two  equations  only.  For  instance,  L  =  0,  L'  =  0  do,  of  them- 
selves, represent  a  system  which  is  really  of  the  fourth  order.  In  fact,  these  equations 
are  satisfied  by  a"  =  0,  b"  =  0,  (which  is  to  be  considered  as  forming  a  system  of  the 
first  order),  but  these  values  do  not  satisfy  the  remaining  equation  L"  =  0.  In  other 
words,  the  equations  L  =  0,  L'  =0  contain  an  extraneous  system  of  the  first  order,  and 
which  is  seen  to  be  extraneous  by  means  of  the  last  equation  L" :  the  system  required 
is  the  system  of  the  third  order  which  is  common  to  the  three  equations  Z  =  0, 
Z'  =  0,  L"  =  0. 


Suppose,  more  generally,  that  x,  y,  z  are  connected   by  p  -I- 1  equations,  involving  p 
variables  f ,  17,  ?  . . .  , 

a^  +677  +c?  +  ...=0, 


»  Also  6L  +  6'X.'  +  6"L"=0:  but  since  by  the  elimination  of  L",  taking  into  account  the  actual  values  of  L- 
and  L',  we  obtain  an  identical  equation,  these  two  relations  may  be  considered  as  equivalent  to  a  single  one. 
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or  what  comes  to  the  same  by  the  equations  (equivalent  to  two  independent  relations) 


a,  a',  a", ...  a'^' 
h,  V,  h",  ...  6'« 


=  0; 


(where   the    number   of    horizontal    rows  is  p).     Consider  x,  y,   z,   as   connected  by  the 
two   equations 


6, ...  t'*^*,  6'^" 


=  0, 


a, 
6, 


=  0: 


these  form  a  system  of  the  order  p"^,  but  they  involve  the  extraneous  system 


=  0. 


Suppose  <^(p)  is  the  order  of  the  system  in  question,  then  the  order  of  this  last 
system  is  (/>(/>  — 1)  and  hence  <f>(p)=p^  —  ^(p  —  1):  observing  that  0(2)  =3,  this  gives 
directly   <l>  (p)  =  ^p  (p  + 1)-     Hence   the   order  of  the   system   is   ^p{p+l). 

Suppose  X,  y,  z,  connected  by  equations  of  the  form  U  =  0,  V=0,  1^=0;  U,  V,  W 
being  linear  in  x,  y,  z,  and  homogeneous  functions  of  the  orders  m,  n,  p  respectively 
in  ^,  Tj.  By  eliminating  x,  y,  z,  the  ratio  ^ :  r]  will  be  determined  by  an  equation  of 
the  order  m  +  n  +  p;  and  since  when  this  is  known  the  ratios  x :  y :  z  are  linearly 
determinable,  we  have  m  +  n  +  p  for  the  order  /i  of  the  system. 

Thus,  if  m  =  n=p  =  2,  selecting  the  particular  system 

a^  +  2b^  +  C7)-  =  0, 
6?  +  2cfj7  +  dr,'  =  0, 
cp  +  2d^ri  +  erf  =  0, 

it  is  possible  in  this  case  to  obtain  two  resulting  equations  of  the  orders  two  and 
three  respectively,  and  which  consequently  constitute  the  system  of  the  sixth  order 
without   containing  any   extraneous   system.     In   fact,   from   the   identical   equation 

e^ .  (af  +  26^77  +  c^) 
-  (4df  +  267?)  (6f  +  2c^v  +  dv") 
+  (3cf  +  2dv)  (cf  +  2d^v  +  ev') 

=  (ae  -  Ud  +  3c0  ^, 
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and 


+  (cd-6e)(6?  +  2c^;+d»?') 

+  (W-c»)(cf  +  2d^7 +  «.?') 

=  (ace  -  ad' -  6'e  -  C  +  26cd)  f . 


we  deduce 


{; 


'ae  -46d  +  3c'  =0, 

.oce  -  ad»  -  6'e  -  C  +  26cd  =  0 ; 

which  form  the  system  in  question,  and  may  for  shortness  be  represented  by  7  =  0,  J=0. 
The  three  equations  in  f  v  may  be  considered  as  expressing  that 

af  +  36^^^  +  ScfTj'  +  df,'  =  0, 
&P  +  3cpi?  +  Sd^v'  +  e^'  =  0, 
have  a  pair  of  equal   roots  in   common;   in  other  words,  that  it  is  possible   to  satisfy 
identically 

(A^  +  Bv)  (af  +  36^7,  +  3c^,=  +  dv')  +  (A'^  +  B'v)  {h?  +  ^c^V  +  ^d^v'  +  erf)  =  0. 

Equating  to  zero  the  separate  terms  of  this   equation,  and  eliminating  A,  B,  A',  B', 

we  obtain 

.     a  ,    36,    3c,     d     =0. 

.     b  ,     3c,     3d!,    e 

a,  36,     3c,     d ,    . 

b,  3c,     3d,     e  ,    . 

It  is  not  at  first  sight   obvious  what    connection    these    equations   have  with   the 
two,  7=0,  J  =0,  but  by  actual  expansion   they  reduce  themselves  to   the  foUowmg  five, 

3[2(ce-  d')I-  3eJ]  =  0, 

3  [(be  -  cd)I-  3d  J]  =  0 , 

[-  (oe  +  26d  -  3^")  /+  9c/]  =  0, 

3[(ad-  6c)7-36J]  =  0, 

3[2(ac-    b')I-SaJ]  =  0; 

which  are  satisfied  by  7  =  0,  J"  =  0.  By  the  theorem  above  given,  the  equations  axe 
to  be  considered  as  forming  a  system  of  the  tenth  order;  the  system  must  therefore 
be  considered  as  composed  of  the  system  7  =  0,  7=0,  and  of  a  system  of  the  fourth 
order.     The   system   of  the   fourth   order   may  be   written  m   the   form 

2(ac-6')  :  ad-bc  :  ae  +  26d-3c^  :  be  -  cd  :  2(ce-d=)  :  37" 
=         a         :        6        :  3c  :       d       :  e        :     7: 
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but  to  justify  this,  it  must  be  shown  first  that  these  equations  reduce  themselves  to 
two  independent  equations;  and  next  that  system  is  really  one  of  the  fourth  order. 
We   may  remark  in   the   first   place,   that  if 

is  a  perfect  square,  the  coefficients  will  be  proportional  to  those  ot  jcj  ^  ~  \dM~)  '  ^^ 
Thus  the  conditions  requisite  in  order  that  u  may  be  a  perfect  square,  are  given  by 
the  system 

2(ac-b^)  :  (ad-bc)  :  ae  +  2bd-Sc'  :  be-cd  :  2{ce-d') 
=  a        :         b        :  3c  :       d       :        e, 

or  these  equations  are  equivalent  to  two  independent  equations  only  (this  may  be 
easily  verified   a  posteriori);   and  by   writing   3/  in   the   form 

e(ac-Iy')-2d{ad-bc)  +  c(ae  +  2bd-3c')-2b{be-cd)  +  a(ce-d% 

the  remaining  equations  of  the  complete  system  (3)  are  immediately  deduced;  thus  the 
latter  system  contains  only  two  independent  equations.  (The  preceding  reasoning  shows 
that  the  system  (3)  expresses  the  conditions  in  order  that  the  equations 

ap  +  Sb^v  +  3c^;'  +  dr,^  =  0,    6f  +  3c^v  +  ^d^v'  +  ev'  =  0, 

may  have  a  pair  of  unequal  roots  in  common:  we  have  already  seen  that  the  equa- 
tions 7  =  0,  J=0  represent  the  conditions  ia  order  that  these  two  equations  may  have 
a  pair  of  equal  roots  in  common.)  Finally,  to  verify  d  posteriori  the  fact  of  the 
system  (3)  being  one  only  of  the  fourth  order,  me  may,  as  Mr  Salmon  has  done  in 
the  memoir  above  referred  to,  represent  the  system  by  the  two  equations 

a{ce-d')-e{ax)-b')  =  0,     e{ad-bc)-2b{ce  -  d-)  =  0, 
that  is,  by  ad?-eb^  =  0,    26d=  -  36ce  +  aie  =  0. 

These  equations  contain  the  extraneous  system  (a  =  0,  6  =  0)  and  the  extraneous 
systems  (6  =  0,  d  =  0)  and  (rf  =  0,  e  =  0),  each  of  which  last,  as  Mr  Salmon  has  remarked 
from  geometrical  considerations,  counts  double,  or  the  system  is  one  of  the  4"^  order  only, 

1  More  generaUy  whatever  be  the   order  of  u,  if  u  contain  a   square   factor,   this  square   factor  may  easily 
be  Bhown  to  occur  m  ^  ^,  -  (^^^  j   . 
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78. 


NOTE    ON    THE    MOTION    OF    ROTATION    OF    A    SOLID    OF 

REVOLUTION. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iv.  (1849),  pp.  268 — 270.] 

Using  the  notation  employed  in  my  former  papers  on  the  subject  of  rotation 
(Canibridge  Math.  Journal,  vol.  III.  pp.  224 — 232,  [6] ;  and  Cambridge  and  Dublin  Math. 
Journal,  vol.  I.  pp.  167 — 264,  [37]),  suppose  B  =  A,  then  r  is  constant,  equal  to  n 
suppose;  and   writing 

also  putting 

e  =  vt  +  r^, 

(where  7  is  an  arbitrary  constant)  the  values  of  p,  q,  r  are   easily  seen  to  be  given 
by  the  equations 

( p  =  M  Bin  6, 

■  q  =  Mcos0, 

.r  =  n, 

(where  M  is  arbitrary).     And  consequently 

h  =A  [M^'  +  nin-v)], 
y'  =  A^  [M^  +     (w  -  v)% 

Also,  since  a'  +  b'  +  C  =  A;',  we  may  write 

a  =  —  A;  sin  i  cos  j, 
b  =  k  cos  i  cos  J, 
c=     ksvaj; 

k  having  the  value  above  given,  and  the  angles  i,  j  being  arbitrary. 
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From  the  equations  (12)  and  (16)  in  the  second  of  the  papers  quoted,  we  deduce 

2v  =  k{k  +  A(n  —  v)  sinj  +  MA  cos  j  cos  (6  +  i)}, 
^  =k  {n sinj  +  M cosj cos {6  +  i)}, 
V  =  —  vkMA  cosj  sin  (0  +  i), 

(values  which  verify  as  they  should  do  the  equation  (19)).  Hence,  from  the  equation  (27), 
writing  -^  =dt  =  -  dd,  we  have 

,n      »      1  f  7/1        h  +  kn  sin  j +  kM  cosj  cos  (0 +  {) 

1  tan~'  ^=6  +  ~  \dd  -. 3-7 tA — -. rf-j=^ ^ -ri — ^  . 

k  V  J       K  +  A  {n—  v)  smj  +  MA  cosj  cos  (t'  + 1) 

This  is  easily  integrated ;   but  the  only  case  which  appears  likely  to  give  a  simple 
result  is  when  the  quantity  under  the  integral  sign  is  constant,  or 

A(h  +  knsiDJ)  =  k[k  +  A{n  —  p)smj], 

or 

Ah-k'  +  Akv  sinj  =  0 ; 

that  is, 

A{n  —  v)  +  k  sinj  =  0 : 

whence 

.    .         A(n  —  v)  .     AM         ,       .     —(n  —  v)  On 

sm;  = ^^,  cosj=-^,ortan^=^^  =  -^^. 

Observing  that  ^— j  is  the  inclination  of  the  axis  of  z  to  the  normal  to  the  invariable 
plane,  this  equation  shows  that  the  supposition  above  is  not  any  restriction  upon  the 
generality  of  the  motion,  but  amounts  only  to  supposing  that  the  axis  of  z  (which  is 
a  line  fixed  in  space)  is  taken  upon  the  surface  of  a  certain  right  cone  having  for 
its  axis  the  perpendicular  to  the  invariable  plane.  Resuming  the  solution  of  the  problem, 
we  have 

2tan->?  =  8+4^. 
k  vA 

which  may  also  be  written  under  the  form 


2tan  '-^  =  ^1  +  2. 


( where  gj  =  S  +  -j ) .     And  hence 


/        kt\ 
Cl  =  k  tan  i  ( ^1  +  "T )  —^  tan  1^, 

where 
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Substituting  these  values, 

a  =  —  MA  tini,    b  =  MA  cos  t,    c  =  —  A(n  —  v\ 
tv  =  A'M*  {1  +  cos (^  + 1)}  =  2M'A^ cos» ^{d  +  x); 

and  substituting  in  the  equations  (14!)  the  values  of  X,  /x,  v  reduce  themselves  to 


X  = 


1 


MAco8^{e-Vi) 
1 


[k  tan  -^  sin  ^^{d  —  i)  —  A{n  —  v)  cos  ^{0  —  i)\. 


f^'MAcos^ie  +  i) 
v=        tanj(^  +  *); 


vr  [k  tan  -^cos^i^d  -i)  +  A(n  —  v)  sin  \{d  —  i)]. 


kt 


where,  recapitulating,  ^  =  i/<  +  7,  2^  =  -j  +  Sj. 

I  may  notice,  in  connexion  with  the  problem  of  rotation,  a  memoir,  "  Specimen 
Inaugurale  de  motu  gyratorio  corporis  rigidi  &c.,"  by  A.  S.  Rueb  (Utrecht,  1834),  which 
contains  some  very  interesting  developments  of  the  ordinary  solution  of  the  problem, 
by  means  of  the  theory  of  elliptic  functions. 
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79. 


ON  A  SYSTEM   OF   EQUATIONS    CONNECTED  WITH   MALFATTI'S 
PROBLEM,  AND   ON  ANOTHER  ALGEBRAICAL  SYSTEM. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iv.  (1849),  pp.  270 — 275.] 

CONSIDEB  the  equations 

bf  +  cz^  +  2fyz  =  ff'a  (be  -  f^) , 
cz^  -\-aa?-\-  2gzx  =  ff'b  (ca-g") , 
aaf  +  bf  +  2hxy  =  &'c(ab-h-); 

or,  as  they  may  be  more  conveniently  written, 

bf  +  OS'  +  2fyz  =  ff'a^, 
cz^  +aa^  +  2gzx  =  ^623, 
aaf  +  by'  +  2hxy  =  ^c«ff . 

The  second  and  third  equations  give 

(g"^  -  h'^)  a?  -  b^y''  +  c=(K^=  +  2cg(E^zx  -  2bh3Sxy  =  0 , 
hence  {{g"-Q!,  -  li^)  x  -  bh'i5y  +  cg(Ez]'  -  i3ffl  (-  bgy  +  chz)-  =  0,  and  consequently 

(fOL  -  y^)  X  -  6V23  (£rv/®  +  AV23)  y  +  cV®  (S'V<2r  +  h^Jn)  z  =  0: 

dividing  this  by  g'\J<£/  +  AV23,  and   writing  down   the  system   of  equations  to   which   the 
equation   thus  obtained  belongs, 

(^V®  -  AVi3)  X  -  b^d^  y  +  cVGC  z  =  0, 

ava  X + (wa  -/\/®)  y  -  cver  z  =  o, 

-aVa   «^+  V23  y  +  (f'J^  -  g^J^)  z  =  0. 

C.  59 
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Hence  also 

(  Ava  +  6Vi3-/v®)y-(  <7va-/vi3  +  cvar)z=o, 

(    oVa-Av/23+W®)^-(-^Va+6V33+/VCC)y  =  0; 
these  equations  may  be  written 

i  {  jFva  -  <5 vi3  -  ?^vc  +  v(ai3CC)}  [{ffi + ^/{€m  y-m+ V(a33)}  ^] = 0. 

^  {-  JFVa  +  ffi Vi3  -  I^VC  +  V(ai3aP)}  [(1^  +  V(ai3)i  ^  -  (iF  +  V(33Cr)}  a;]  =  0, 

i  {-  JFVa  -  (SVi3  +  ?^V®  +  V(ai3®)}  [{JF  +  V(i3CC)}  «?  -  {CS  +  V(®a)l  y]  =  O ; 

^here,  as  usual, 

Sf=gh-af,    <S  =  hf-bg,     n=f9-ch, 
K  =  abc-  ap  -  bg'  -  ch?  +  tfgh ; 

(in  fact  the  coefficient  of  y  in  the  first  equation  is 

^  {(iFffi  -  ©?^)  va + (ae  -  C50  V23  -  {<&m  -  ajF)  v<a^}. = '^va + ^V23  -/v/or, 

as  it  should   be,   and   similarly   for   the   coefficients   of  the   remaining  terms).     We   have 
therefore 

{ jF  +  V(i3®)} «  =  {ffi  +  V(®a))  y  =  m  +  V(ai3)}  ^ ; 

or,  what  comes  to  the  same  thing, 

2/^  =  4MJF+V(23®)), 
zx  =  ^s{(S  +V(®;a)), 

Now 

o  {ffi  +  V(a©)}  {?^  +  V(a23))  =  {JF  +  \/(23C)}  {a6c  -fgh  +/V(23®)  -  ^V(®a)  -  h>J{^W)}, 

6  {i^ + V(ai3)}  ( jF  +  \/(i3®)i  =  {ffi  +  v(®a)}  {ate  -/^;i  -Mas®) + m®^)  -  '^vcaas)}, 

c  (iF  +  V(i3®)}  {(5  +  V(®a)j  =  {|^  +  V(a33)}  {a6c  -fgh  -Mi5(B)  -  <7V(©a)  +  ^^(^23)}, 
{as  readily  appears  by  writing  the  first  of  these  equations  under  the  form 

a  {<5  +  v(a©)}  m  +  V(a23)}  =  (iF  +  v(i3ac)}  {aa  -/jf  +/V(23(!r)  -^v(®a)  -  AV(a23)}, 

and  comparing  the  rational  term  and  the  coefficients  of  \/(i3®),  V(®^),  V(^23)}- 
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Hence,  observing  the  values  of  yz,  zx,  xy,  we  find 

a^  =  ~  [ahc  -fgh  +/V(33®)  -  M®^)  "  h^J{m^% 

f  =  ^  {ahc  -fgh  -/V(23®)  +  srVCeCa)  -  hsj{^m)], 
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2c 


[ahc  -fgh  -/v(a3®)  -  ^v(®a)  -  /iv(a33)j. 


Hence,  forming  the   value   of  any  one   of  the    functions  hy^  +  cz'^  +  '^.fyz,    cz^  +  oa;'  +  '2'gxy, 
an?  +  63/^  +  'i'hxy,  we  obtain  s  =  &^;   or  we  have 

'  ^  =  £  (ai-c  -/5rA  +Mi3Gt)  -  W(®a)  -  /tV(a23)}, 
2/^  =  1  [ahc  -fgh  -M13©)  +  5rV(®a)  -  AV(aiU)}, 

^^  =  |!  {a6c  -/^A  -/V(13e)  -  5rV(®!a)  +  AV(aJ3)}, 

2/^  =  i^{iF  +  V(23®)}, 
^a;  =  i^l(!5  +  V(®a)}, 
^^2/=i^{?^+v'(ai3)}. 
It  may  be  remarked  that  the  equations 

h  y''-\-c  z-'  +  ^f  yz  =  L, 
c'  z"  +  a' a?  +  2g'  yz  =  M, 
a"a?-\-h"f-  +  2h!'xy  =  N, 

in  which  the  coefficients  are  supposed  to  be  such  that  the  functions 

M  (a'V  +  6'y  +  2h"xy)  -  N  {c'  z'' +  a' a?  +  ^g' yz), 
N{b  y^  +  c  z'  +  ^f  yz)  -  L  {a" a?  +  6'y  +  2h"yz), 
L  (c'  z-'  +  a'x'  +  2g'7jz)  -  M (b  y^  +  c  z^  +  2f  yz), 

are  each   of  them   decomposable  into  linear  factors,  may  always  be  reduced  to  a  system 
of  equations  similar  to   those   which   have  just   been   solved. 

Suppose 

/=.'7  =  ^  =  ^\  =  //(^:i$^)  =  '-. 

and  write  >/X,  *JY,  >JZ  instead  of  x,  y,  z.     The  equations  to  be  solved  become 

hY  ^cZ  ^  2H(YZ )  =  (6  +  c)  r, 
cZ  +aX+  'LrsJiZX  )  =  {c+a)r, 
aX^-hY ^  2rv'(XF)  =  (a  +  6) r, 

59—2 
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abo 

where  r*- s ,  and  the  solution  is 

o  +  o  +  c 

X    =  ^  {a  +  6  +  c  -  r  +  v/(»^  +  a')  -  V(r»  +  6»)  -  V(r'  +  c% 
za 

z     =2^  {a  +  6  +  c-r-V(»^  +  a')-V(r'  +  fc')  +  V(r»  +  c»)}, 
V(yz)=  i  (r-a  +  VCr'  +  a')}, 

V(xy)=i  {r-c+V(r'  +  c')}, 

a  system  of  formulae  which  contain  the  solution  of  the  problem  "In  a  given  triangle 
to^  inscribe  three  circles  such  that  each  circle  touches  the  remaining  two  circles  and 
also  two  sides  of  the  triangle."  In  fact,  if  r  denote  the  radius  of  the  inscribed  circle, 
and  a,  b,  c  the  distances  of  the  angles  of  the  triangle  from  the  points  where  the  sides 
are   touched  by   the   inscribed   circle   (quantities  which  it  is  well  known  satisfy   the   con- 

dition  r*  = i ),  also  if  x,  y,  z  denote  the  radii   of  the   required   circles,  there  is   no 

difficulty  whatever  in  obtaining  for  the  determination  of  x,  y,  z,  the  above  system  of 
equations.  The  problem  in  question  was  first  proposed  and  solved  by  an  Italian 
geometer  named  Malfat^i,  and  has  been  called  after  him  Malfatti's  problem.  His  solu- 
tion, dated  1803,  and  published  in  the  10th  volume  of  the  Transactions  of  the  Italian 
Academy  of  Sciences,  appears  to  have  consisted  in  sho\ving  that  the  values  first  found 
for  the  radii  of  the  three  circles  satisfy  the  equations  given  above,  without  any  indi- 
cation of  the  process  of  obtaining  the  expressions  for  these  radii.  Further  information 
as  to  the  history  of  the  problem  may  be  found  in  the  memoir  "Das  Malfattische 
Problem   neu   gelost  von   C.   Adams,"  Winterthur,   1846. 

In   connexion   with   the   preceding  investigations   may   be  considered  the  problem  of 
determining   I   and   vi  from   the   equations 

B(l  +ey-2H{l  +0)m  +  (A  +  l)m?  =  O, 
A{'m  +  ey-2H(m  +  0)l   +(B  +  l)l'   =0; 

which  express  that  the  function 

ff'U+(lx  +  myY,         (  [/■  =  ^a^  +  IHxy  +  Bf), 

has  for  one  of  its  factors  a  factor  of  U  +  a?,  and  for  the  other  of  its  factors  a  factor 
of   U+y':     There   is  no   difficulty   in   solving   these   equations;  and   if  we   write 

K=AB-H\    nr,  =  s/{- K  -  B),    ^^  =  ^J{-K-A), 
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the  result   is   easily   shown   to   be 

I  :  m  :  d  =  A(B  +  H  +  ^,)  :  B{A+H  +  ^,)  :  {H+^,)(H  +  ^,)- AB. 

But  the  problem  may  be  considered  as  the  problem  for  two  variables,  analogous 
to  that  of  determining  the  conic  having  a  double  contact  with  a  given  conic,  and 
touching  three  conies  each  of  them  having  a  double  contact  with  the  given  conic; 
and   in   this   point   of  view   I   was   led   to   the   following  solution.     If  we   assume 

Bl  —  Hm  =  u,     —  HI  +  Am  =  v, 
or,  what  is  the  same  thing, 

Kl  =  Au  +  Hv,     Km  =  Hu  +  Bv, 
then  putting 

V  =  ^M=  +  2Huv  +  Bifi, 

the  two  equations  become  after  some  reduction 

{v  -  Key  =  -  vri  (Ke--  +  ;^  v) . 

Hence,  writing  Kff'  +  ^V  =  —  s',  we  have 

u  =  Ke  +  zT,s,     v==K6-\-^^s,    V  +  Ke^  +  Ks^  =  0; 
and  substituting  these  values  of  u,  v  in  the  last  equation, 

A  (K0  +  or,s)=  +  2H {Ke  +  Wis)  (Kd  +  Wjs)  +  B{K0  +  ^^s)"-  +  K'-O'  +  Ks^  =  0, 
or  reducing, 
K--0"-  (^  +  2^  +  5  + 1)  +  2Kes  {(A  +H)^,  +  {H  +  B)  ct^}  +  s=  (^w,^  +  ^Hzr^'sr^  +  Bur^  +  Z)  =  0 ; 

whence 

[Ke  {A  +  2H  +  B  +  \)  +  s[{A  +  H)'m,  +  {U  +  B)t!:^]J 

=  ^[[{A  +  H)^,  +  {H  +  B)^^Y-iA  +2H  +  B  +  \){Av^,'  +  2H^,'^.,-\-Bi^;-  +  K)], 

=  «>  {-  .K"  (ct,  -  isr,)^  -  {AW  +  2Zft!7,crs  +  B^^i)  -K{A  +  2H  +  B+l)\, 

=  s'[-{A-^K)W-{B  +  K)W-K{A  +  2H  +  B  +  l)  +  2{K-H)^,-ur,}, 

=  s»  [2m^rs^  -K{A  +  2H  +  B  +  l)-\-2{K-H)  Wi^,}, 
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and  therefore 

Ke{A+2H+B  +  l)+8{{A+H)nr,  +  {H+B)wt}=8{w,i;7^  +  K-H}, 

giving 

K0(A+2H+B  +  1) 

8  = 


ViWt-(A  +  H)v7^-{H  +  B)iirt  +  K-H' 

But 

Kl=Au  +  Hv={A  +  H)Ke  +  {AzT,  +  Hi;r,)8,    Km  =  {H+B)Ke +  {Hn!,  +  B^^)s, 

and  substituting  the  above  value  of  5,  we  obtain,  after  some  simple  reductions, 
I  :  m  :  e=^{i;T,nr,  +  K-H)  (A+H-w,)  :  (i^t.-bt.  +  K -H)  {B  +  H-v;) 

:  [zT,vT,-{A+H)^,-{B  +  H)i;y,  +  K-H], 

a>re8ult  which  presents  itself  in  a  very  different  form  from  the  one  previously  obtained : 
if,   however,  the   terms  of  this  proportion   be   multiplied   by   the   factor 

JfigitT,  -  Kvr,  -  K-sr^  +  AB-  KH 
{A  +  2H  +  B  +  1)K 

they  become   (as   they  ought   to  do)  identical  with   those  of  the  former  proportion,  and 
the  identical  equations  to  which  this  process  gives  rise  are  not  without  interest. 


80] 
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SUR    QUELQUES    TRANSMUTATIONS    DES    LIGNES    COURBES. 

[From   the  Journal  de  Mathematiques  Pures  et  Appliqu^es   (Liouville),  torn.  xiv.  (1849) 

pp.  40—46.] 


Je  suppose  qu'une  courbe  quelconque  soit  reprdsent^e  par  une  Equation  homogfene 
entre  trois  variables  x,  y,  z,  et  je  me  propose  d'examiner  (en  ne  faisant  attention  qu'aux 
droites  et  aux  coniques)  ce  que  signifient  les  transmutations 


L 
IL 

III. 


f=\/^     ■r]  =  '^y,     t,  =  '^z., 


1 

"  x' 


1 

"V 


f=i. 


ces  quantit^s  ^tant  prises  dans  chaque  cas  pour  de  nouvelles  coordonn^es.  Les 
th^orfemes  auxquels  on  se  trouve  conduit  comprennent  les  th^orfemes  qu'obtient  M.  Wil- 
liam Roberts  par  sa  m^thode  gdnerale  de  transmutation  en  dcrivant  n  =  \,  n=1.  ( Voir 
sa  Note  sur  ce  sujet,  t.  xill.  [1848]  de  ce  Journal,  page  209).' 


I.     Soit 


f  =  NX,    f)  =  yy,     f  =  V^:. 


Je   supposerai  ici   et   partout    dans   ce    mdmoire   que   PQR    soit    le    triangle    form^    par 
les  droites 

x  =  0,     y  =  0,    z  =  0. 

^  M.  William  Boberts  a  bien  voulu  me  parler  Vktk  passfe  k  Dublin,  ayant  que  oette  Note  eiit  paru,  des 
thiorSmes  qui  devaient  s'y  trouver :  cela  me  suggera,  et  je  lui  commuuiquai,  peu  de  jours  aprds,  la  deuxi^me 
et  la  troisifeme  de  mea  m^tbodes  de  transmutation.  On  Terra  dans  la  suite  que  ce  sont  la  premiere  et  la 
denxidme  de  mes  methodes  qui  correspondent  aux  cas  n  =  4,  n  =  2,  respectivement,  mais  que  la  troisi^me  est  aussi 
tr^s  ^troitement  li^e  avec  le  cas  n=^. 
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Oeb  po8^,  en  considdrant  lea  nouvelles  coordonndes  ^,  17,  f,  on  voit  tout  de  suite 
qu'un  sTst^me  d'^quations  tclles  que 

f  :  17  :  ?=a  :  /9  :  7 

correepond  k  un  point;  qu'une  Equation  lin^aire  quelconque 

oomqKmd  k  une  conique  qui  touche  les  trois  cdt^s  du  triangle  PQR  (ou,  si  Ton  veut, 
inaarite  k  oe  triangle);  et  qu'une  Equation  quelconque  du  second  ordre 

af  +  W  +  c^  +  yXv  +  2srf?+  2/t7,f  =  0 

correspond  k  une  courbe  du  quatrieme  ordre  qui  touche  les  trois  c6t^s  du  triangle  PQR, 
chaque  c6t^  deux  fois.  Et  rdciproquement,  de  telles  coniques  et  de  telles  courbes  du 
quatrieme  ordre  peuvent  toujours  se  repr^senter  par  une  Equation  lin^aire  ou  par  une 
Ajuation  du  second  ordre  entre  les  coordonndes  f,  ri,  f. 

On  d^uit  de  1^  cette  propridt^  g^n^rale: 

"Tout  th^orfeme  descriptif  qui  se  rapporte  k  des  points,  k  des  droites,  et  k  des 
coniques,  conduit  a  un  th^orfeme  qui  se  rapporte  d'une  maniere  analogue  a  des  points, 
k  des  coniques  qui  toucheut  chacune  trois  droites  fixes,  et  k  des  courbes  du  quatriferae 
ordre  qui  touchent  chacune  ces  trois  droites  fixes,  deux  fois  chaque  droite." 

En  supposant  que  les  coefficients  g,  h  se  rdduisent  k  z4to,  1 'Equation 

est  celle  d'une  conique  tangente  aux  deux  droites  PQ,  PR,  et  la  courbe  du  quatrifeme 
ordre  se  rdduit  k  deux  coniques  ^gales  et  superpos^es  I'une  k  I'autre.     De  1^: 

"Tout  th^or^me  descriptif  qui  se  rapporte  k  des  points,  k  des  droites,  et  k  une 
conique,  conduit  k  un  theoreme  qui  se  rapporte  d'une  maniere  analogue  a  des  points,  a 
des  coniques  qui  touchent  chacune  trois  droites  fixes,  et  k  une  conique  qui  touche  deux 
de  ces  droites  fixes." 

En  particulier,  en  supposant  que  les  deux  droites  fixes  que  la  conique  touche 
soient  les  deux  droites  tangentes  k  cette  conique  qui  passent  par  un  des  foyers,  et 
que  la  troisieme  droite  fixe  soit  k  I'infini : 

"Tout  thdoreme  descriptif  qui  se  rapporte  k  des  points,  a  des  droites,  et  k  une 
conique,  conduit  a  un  th^or^me  qui  se  rapporte  d'une  maniere  analogue  a  des  points, 
k  des  paraboles  qui  ont  pour  foyer  commun  un  point  fixe,  et  a  une  conique  qui  a 
aussi  ce  point  fixe  pour  un  de  ses  foyers." 

II.     Soit  k  present 

Un  systfeme  d'^quations  telles  que 

f  :  1?  :  5'=a  :  ^  :  7 
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correspond  a  quatre  points  qui  formeront  ce  que  Ton  pent  nommer  un  systhne  symetrique 
par  rapport  aux  points  P,  Q,  R,  ou  tout  simpleraent  un  systeme  symetrique.  On  voit 
sans  peine  que  les  quatre  points  d'un  meme  systeme  symetrique  sont  tels,  que  le 
quadrilatfere  form^  par  ces  quatre  points  a  pour  points  de  concours  des  diagonales  et 
des  cotds  opposds  les  points  P,  Q,  R.  Pour  ne  pas  interrompre  la  suite  des  raisonne- 
ments,  il  convient  d'entrer  dans  quelques  details  relatifs  a  ce  sujet.  Nous  nommerons 
courbe  symetrique  par  rapport  aux  points  P,  Q,  R,  ou  simplement  courbe  symitrique, 
toute  courbe  lieu  d'un  systeme  symetrique.  Cela  posd,  il  y  a  une  infinite  de  coniques 
symdtriques;  savoir,  toute  conique  par  rapport  a  laquelle  les  points  P,  Q,  R  sont  des 
points  conjuguds  (cela  veut  dire  par  rapport  a  laquelle  I'un  quelconque  de  ces  points 
a  pour  polaire  la  droite  men^e  par  les  deux  autres)  est  une  conique  symetrique. 
Remarquons  qu'une  courbe  symetrique  du  quatrieme  ordre  pent  se  rdduire  a  un  systfeme 
de  deux  coniques  telles,  que  les  points  de  chaque  systfeme  symetrique  de  la  courbe 
soient  partag^s  deux  k  deux  sur  les  deux  coniques.  En  e£fet,  considerons  une  conique 
telle,  que,  par  rapport  a  cette  conique,  le  point  P  ait  pour  polaire  la  droite  QR. 
II  est  facile  de  construire  une  autre  conique  telle,  que  I'ensemble  des  deux  coniques 
soit  une  courbe  syra^trique.  Pour  cela,  menons  une  transversale  quelconque  PMN  qui 
rencontre  la  conique  donnde  aux  points  M,  N:  soient  W,  N'  les  points  de  rencontre 
des  droites  QM,  NR  et  des  droites  QN,  MR;  le  lieu  des  deux  points  M',  N'  (lesquels 
seront  en  ligne  droite  avec  le  point  P)  sera  la  conique  dont  il  s'agit.  Nous  dirons 
que   les   deux    coniques   sont   des   coniques   suppiementaires. 

En  revenant  a  notre  but  actuel,  une  Equation  lindaire  quelconque 

correspond  h.  une  conique  symetrique.     Une  Equation  du  second  ordre  quelconque 

af  +  bri--  +  c^'  +  2/,?-  +  2g^^  +  ^h^t)  =  0 

correspond  k  une  courbe  symetrique  du  quatrieme  ordre.  Et  reciproquement,  toute 
conique  symetrique,  ou  toute  courbe  symetrique  du  quatrieme  ordre,  pent  se  representer 
par  une  equation  lineaire,  ou  du  second  ordre,  avec  les  coordonnees  ^,  77,  ^.  De  \k  cette 
propriete  generale : 

"Tout  theoreme  descriptif  qui  se  rapporte  a  des  point.s,  a  des  droites,  et  a  des 
coniques,  conduit  k  un  theoreme  qui  se  rapporte  d'une  mani^re  analogue  a  des  systfemes 
symetriques  (par  rapport  a  trois  points  fixes),  a  des  coniques  symetriques,  et  a  des 
courbes  symetriques  du   quatrieme   ordre." 

Dans  ce  theorfeme  on  peut,  si  Ton  veut,  considerer  I'un  des  points  d'un  systeme 
symetrique  comme  representant  le  systfeme,  et  substituer  aux  mots  systemes  symetriques 
(par  rapport  k  trois  points  fixes),  le  mot  points. 

En  supposant  que  dans  la  courbe  du  quatrifeme  ordre  on  ait  a  la  fois 

ac-g'  =  0,     ah-h'  =  0, 

il  est  facile  de  voir  que  la  courbe  du  quatrieme  ordre  se  reduit  k  deux  coniques 
suppiementaires. 

C.  60 
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En  eflFet,  ces  conditions  ^tant  remplies,  en  r^tablissant  les  valeurs  de  ^,  17,  f,  on 
obtient  une  ^uation  qui  se  divise  en  deux  Equations,  telles  que 

euf  +  01/'  +  yii' -  Syz  =  0,    aai'  +  0f  +  yz'  +  hyz  =  0, 
qui  appartiennont,  comme  on   le  voit  sans  peine,  h  une   paire  de  coniques  supplemen- 
tairea 

De  Ik,  en  remarquant  qu'il  est  permis  de  faire  abstraction  de  I'une  de  ces  coniques : 

"Tout  th^rfeme  qui  se  rapporte  k  des  points,  k  des  droites,  et  k  une  conique, 
conduit  k  un  thdorfeme  qui  se  rapporte  d'une  manifere  analogue  k  des  points,  k  des 
coniques  sym^triques  (par  rapport  k  trois  points  fixes),  et  k  une  conique  telle,  que, 
par  rapport  k  cette  conique,  I'un  des  trois  points  fixes  a  pour  polaire  la  droite  men^ 
par  les  deux  autres  points  fixes." 

Supposons  en  particulier  que  les  deux  points  fixes  dent  nous  venons  de  parler 
soient  les  points  ou  la  droite  k  I'infini  est  rencontrde  par  un  cercle  qui  a  pour  centre 
1^  troisi^me  point  fixe ;  ce  troisi^me  point  fixe  sera  le  centre  tant  des  coniques  symd- 
triques  par  rapport  k  ces  trois  points  fixes,  que  de  la  conique  par  rapport  k  laquelle 
le  troisifeme  point  fixe  a  pour  polaire  la  droite  men^e  par  les  deux  autres  points 
fixes.  De  plus,  les  asjrmptotes  de  I'une  queiconque  des  coniques  symdtriques  formeront 
avec  les  droites  imaginaires  asymptotes  du  cercle  un  faisceau  harmonique,  et  de  1^  les 
asymptotes  de  la  conique  dont  il  s'agit  seront  a  angle  droit,  ou,  autrement  dit,  cette 
conique   sera   une   hyperbole   dquilatere.     De   Ik   enfin : 

"Tout  thdor^me  descriptif  qui  se  rapporte  k  des  points,  a  des  droites,  et  a  une 
conique,  conduit  k  un^  thdoreme  qui  se  rapporte  d'une  raanifere  analogue  k  des  points, 
k  des  hyperboles  ^quilat^res  et  concentriques,  et  a  une  conique  concentrique  avec  les 
hyperboles." 

III.     Soit  enfin 

1  1         V     1 

f  =  ^'      ''  =  y'       ^^z- 

Cette  supposition  conduit  k  I'une  des  methodes  de  transmutation  donn^cs  par  M.  Steiner 
parmi  les  observations  g^nerales  qui  forraent  la  conclusion  de  son  ouvrage  intitule : 
Systematische  Entwickelung  &c.,  [Berlin,  1832],  raethode  qu'obtient  M.  Steiner  au  moyen 
de  la  thdorie  de  rhyperboloide  gauche.  Je  la  reproduis  ici  tant  pour  en  faire  voir  la 
theorie   analytique    qu'a    cause    de    son   analogie   avec   les   methodes    I.   et   II. 

II   est   Evident  d'abord   qu'un  systfeme   d'dquations   telles   que 

?  :  7?  :  ?=a  :  /3  :  7 
correspond  k  un  point ;   de  mSme,  une  equation  lin^aire  queiconque,  telle  que 

correspond  k  une  conique  qui  passe  par  les  trois  points  P,  Q,  R,  et  une  equation 
queiconque   du   second  ordre,   telle   que 

a^  +  H  +  ct^  +  2/77?  +  25r?f  +  2Af 7;  =  0, 
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correspond  a  une  courbe  du  quatrieme  ordre  qui  a  les  trois  points  P,  Q,  R  pour 
points  doubles.  Reciproquement,  de  telles  coniques  et  de  telles  courbes  du  quatrieme 
ordre  peuvent  toujours  se  reprdsenter  par  des  Equations  lindaires  et  par  des  Equations 
du   second  ordre.     De   Ik : 

"Tout  thdorfeme  descriptif  qui  se  rapporte  k  des  points,  a  des  droites,  et  a  des 
coniques,  conduit  a  un  thdoreme  qui  se  rapporte  d'une  maniere  analogue  k  des  points, 
a  des  coniques  qui  passent  par  trois  points  fixes,  et  k  des  courbes  du  quatrieme  ordre 
qui   ont   ces   trois   points   fixes   pour   points   doubles." 

En  supposant  que  Ton  ait  a  la  fois  a  =  0,  &  =  0,  la  courbe  du  quatrieme  ordre  se 
reduit  k  une  conique  qui  passe  par  les  deux  points  Q,  R  (ou,  si  Ton  veut,  au  systeme 
form^  de  cette  conique  et  des  droites  PQ,  PR).     De  la: 

"Tout  thdoreme  descriptif  qui  se  rapporte  a  des  points,  a  des  droites,  et  a  une 
conique,  conduit  k  un  theorfeme  qui  se  rapporte  d'une  manifere  analogue  k  des  points, 
k  des  coniques  qui  passent  par  trois  points  fixes,  et  a  une  conique  qui  passe  par 
deux   de  ces   points  fixes." 

On  ne  peut  pas  particulariser  ce  the'oreme  de  manifere  a  obtenir  des  the'orfemes 
interessants.  Mais,  en  prenant  les  polaires  reciproques  des  deux  theoremes  qui  viennent 
d'etre  obtenus,  on  a  ces  proprietes  nouvelles : 

"Tout  th^orfeme  descriptif  qui  se  rapporte  k  des  droites,  a  des  points,  et  a  des 
coniques,  conduit  a  un  the'orfeme  qui  se  rapporte  d'une  maniere  analogue  k  des  droites, 
a  des  coniques  qui  toxichent  chacune  trois  droites  fixes,  et  a  des  courbes  de  la 
quatrieme  classe  qui  touchent  chacune  ces  memes  droites  fixes,  deux  fois  chaque  droite  ;" 

et: 

"Tout  theorfeme  qui  se  rapporte  a  des  droites,  a  des  points,  et  a  une  conique, 
conduit  k  un  theor^me  qui  se  rapporte  d'une  maniere  analogue  k  des  droites,  k  des 
coniques  qui  touchent  chacune  trois  droites  fixes,  et  a  une  conique  qui  touche  deux 
de  ces  droites   fixes." 

De   Ik,   comme   dans   la  m^thode   I. : 

"Tout  thdoreme  qui  se  rapporte  a  des  droites,  a  des  points,  et  a  une  conique, 
conduit  k  un  th^or^me  qui  se  rapporte  d'une  maniere  analogue  a  des  droites,  a  des 
paraboles  qui  ont  pour  foyer  commun  un  point  fixe,  et  a  une  conique  qui  a  ce  meme 
point   fixe   pour  un   de   ses   foyers;" 

th^oreme  que  Ton  doit  comparer  avec  le  troisifeme  theoreme  que  donne  la  mdthode  I. 

Pour  completer  cette  th^orie,  nous  aurions  dft  ajouter  les  deux  theorfemes  polaires 
reciproques  du  premier  et  du  deuxieme  theoreme  que  donne  la  mdthode  I. ;  mais  cela 
se  fait  sans  la  moindre  peine.  Quant  au  premier  et  au  deuxieme  thdorfeme  que  donne 
la  m^thode  II.,  les  polaires  reciproques  de  ces  deux  thdoremes  ne  conduisent  a  rien 
de  nouveau. 

GO— 2 
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[From  the  Journal  de  MatMmatiques  Pures  et  Appliqudes  (Liouville),   torn.  xv.  (1850), 
pp.  351 — 356:  continued  from  t.  xiv.  p.  46,  80.] 

Je  me  propose  de  r^sumer  ici  la  thdorie  des  courbes  du  quatrifeme  ordre,  auxquelles 
donne  lieu  la  premifere  de  mes  mdthodes  de  transmutation  appliqufe  a  une  conique 
quelconque.  " 

L'^uation  d'une  telle  courbe  est  de  la  forme 

ax  +  by  +  cz  +  2f'Jyz  +  2g  ^/zx  +  2h  "Jxy  =  0, 

et  nous  avons  d^ja  vu  que  cette  courbe  a  pour  tangentes  doubles  les  trois  droites 
a;=0,  y  =  0,  ^=0  (droites  que  nous  avons  representees  par  QR,  RP,  PQ).  Pour  trouver 
les  autres  propri^t^s  de  la  courbe,  mettons  I'dquation  sous  la  forme 

puis,   en    ^crivant,    pour    plus    de    simplicity,   ^,   ^..A-    au    lieu    de    x,    v,    z,    cette 

gh     hf    gh  ^' 

Equation  devient 
et  de  \k,  en  mettant 

i-')-(r/-)^-(i-o— - 
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r^quation  de  la  courbe  prend  cette  forme  trhs  simple 

V^  +  V^  +  v7  +  Vw  =  0, 

en   se   souvenant  toujours  que   les  quantites  x,  y,  z,  w   satisfont  k  I'dquation  lin^aire  qui 
vient  d'etre  donnde.     Je  reprdsenterai  dans  la  suite  cette  Equation  lin^aire  par 

au;  +  /Sy  +  7^  +  8w  =  0. 

II    est   Evident   que   la  droite   w  =  0,   de   meme   que    les    droites   QR,   RP,  PQ,   est 

tangente   double   de   la    courbe.     De    plus,   ces    quatre    droites    sont   le   systeme  complet 

des  tangentes  doubles,  car  la  courbe  a,  comme  nous  allons  le  voir,  trois  points  doubles : 
en  effet,  la  forme  rationnelle  de  I'dquation  est 

(x'  +  y'  +  z-  +  w^—  2yz  —  2za;  —  2xy  —  2ocw  —  2yiu  —  2zwy  —  Q4ixyzw  =  0, 

et,  au  moyen  de  I'identitd 

{x  +  yf  (z  +  wf  -  IQxyzw  =  (x-  yf  {z  +  wf  +  («  +  yf  (z  -  lu)'-  -(x-  yf  (z  -  w)\ 

cette  Equation  rationnelle  se  transforme  en 

[(a;  —  y)-  —  {z  —  w)^p  —  ^  (x  +  y  —  z  —  'w)\ix  +  y) {z  —  wf  —  {z+'w){x  —  y)-]  =  0, 

laquelle  fait  voir  que  le  point  ix  =  y,  z  =  w)  est  un  point  double ;  de  1^  aussi  les 
points  {x  =  z,  10=  y),  {x  =  w,  y  =  z)  sont  des  points  doubles.  Remarquons  en  passant 
qu'en  supposant  que  les  coeflScients  a,  /S,  7,  S  restent  indetermines,  les  droites  x  =  y, 
x  =  z,  x  =  w  seront  des  droites  qnelconques  par  les  points  {x  =  0,  y  =  0),  {x  =  0,  z  =  0), 
(a;  =  0,  w  =  0)  respectivement,  et  ces  droites  une  fois  connues,  les  droites  y  =  z,  z  =  w, 
w  =  y  seront  d^termindes,  la  premiere  au  moyen  des  points  (3/  =  0,  ^  =  0),  {y  =x,  z  =  a;), 
la  deuxieme  au  moyen  des  points  (^  =  0,  w  =  0),  {z  =  x,  w  =  x),  et  la  troisieme  au  moyen 
des  points  (w  =  0,  y  =  0),  (w  =  x,  y=x);  et  les  trois  droites  ainsi  d^termindes  se  couperont 
ndcessairement  dans  un  meme  point.     Cela  revient  au  thdorfeme  suivant: 

"  Les  trois  points  doubles  d'une  courbe  du  quatrifeme  ordre  avec  trois  points  doubles 
sont  les  centres  d'un  quadrangle  dont  les  cotes  passent  par  les  angles  du  quadrilatere 
formd  par  les  tangentes  doubles  de  la  courbe." 

Cette  propri<jt^  des  courbes  du  quatrieme  ordre  dont  il  s'agit  (je  veux  dire  celle 
d'avoir  trois  points  doubles)  aurait  dil  faire  partie  du  th^orfeme  general  donn^  aupara- 
vant  pour  cette  premiere  m^thode  de  transmutation. 

En  supposant  que  la  conique  a  transmuter  passe  par  le  point  P,  on  aura 

a  +  8  =  0, 

et  il  suit  de  la  que  le  point  double  {x  =  w,  y  =  w),  identique  dans  ce  cas  avec  le 
point  P,  se  change  en  point  de  rebroussement,  et  en  meme  temps  que  les  droites  PQ, 
PR   ne   sont  plus    des    tangentes    doubles    proprement    dites,   mais   se    r^duisent  a  des 
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tangentcs  simples  qui  passent  par  le  point  de  rebroussemeut.  AjoutoDS  que  la  tangente 
au  point  de  rebroussement  est  la  droite  x=w. 

Eln  supposant  que  la  conique  k  transmuter  passe  a  la  fois  par  les  deux  points 
P  et  Q,  nous  aurons 

o  +  a  =  o,  /S  +  s  =  o. 

Ici  les  deux  points  doubles  {x  =  w,  y  =  z),  (y  =  w,  x  =  z),  identiques  dans  ce  cas  avec  les 
points  P,  Q,  deviennent  des  points  de  rebroussement,  les  droites  QR,  RP,  PQ  ne  sont 
plus  des  tangentes  doubles  proprement  dites,  mais  les  droites  RP,  PQ  sont  les  tangentes 
simples  qui  passent  j>ar  les  deux  points  de  rebroussement  respectivement,  et  la  droite  PQ 
est  la  droite  men^e  par  les  deux  points  de  rebroussement.  Ajoutons  que  les  tangentes 
aux  deux  points  de  rebroussement  respectivement  sont  les  droites  x  =  w  et  y  =  iv. 

On  sait  qu'un  cercle  quelconque  pent  s'envisager  comme  conique  qui  passe  par 
deux  points  fixes,  savoir  [les  points  circulaires  k  I'infini,  c'est-^-dire]  les  points  ou 
I'infini,  consid^rd  comme  droite,  est  rencontre  par  les  deux  droites  imaginaires  aux- 
(luelles  se  reduit  un  cercle  ^vanouissant  quelconque.  En  nommant  ces  droites  les 
vuxes  imaginaires  de  leur  point  d'intersection,  prenons  pour  les  droites  PQ,  PR  les 
axes  imaginaires  d'un  point  quelconque  P,  et  pour  la  droite  QR  I'infini.  Cela  ^tant, 
un  cercle  quelconque  sera  transmute  dans  une  courbe  du  quatrifeme  ordre  iiyant 
deux  points  de  rebroussement  aux  points  ou  I'infini  est  rencontre  par  les  axes  imagi- 
naires du  point  P,  ou,  ce  qui  est  la  meme  chose,  d'un  point  quelconque,  et  ayant 
de  plus  un  point  double.  Et  le  point  P,  comme  point  d'intersection  de  deux  axes 
imaginaires  tangents  da  la  courbe,  est  un  foyer  de  la  courbe  (voyez  le  M^moire  de 
M.  Plucker:  Ueher  solche  Punkte  die  hei  Curven  hohern  Ordnung  als  der  zweiten  den 
Brennpunkten  der  Kegelschnitte  entsprechen ,  Journal  de  M.  Crelle,  t.  x.  [1833]  pp.  84 — 91). 
Cela  suffit  pour  faire  voir  que  la  courbe  est  un  lima9on  de  Pascal  ayant  le  point  P 
pour  le  foyer  qui  n'est  pas  le  point  double.  En  eflfet,  prenant  pour  vrai  le  theoreme ; 
"  Les  ovales  de  Descartes  ont  deux  points  de  rebroussement  aux  points  ou  I'infini  est 
rencontrd  par  les  axes  imaginaires  d'un  point  quelconque ',"  comme  cela  revient  a  huit 
conditions,  et  qu'un  ovale  de  Descartes  peut  ^tre  ddtermind  de  manifere  a  satisfaire  a 
six  conditions  (ce  qui  fait  en  tout  quatorze  conditions,  nombre  des  conditions  qui 
d^terminent  une  courbe  du  quatrifeme  ordre),  toute  courbe  du  quatrieme  ordre  avec 
deux  points  de  rebroussement,  tels  que  nous  venous  de  les  mentionner,  sera  un  ovale 
de  Descartes,  et  si,  de  plus,  la  courbe  du  quatrifeme  ordre  a  un  point  double,  elle 
se  rdduira  en  lima9on  (cas  particulier,  comme  on  sait,  des  ovales  de  Descartes).  Done, 
en  resum»5,  tout  cercle  est  transmute  dans  un  lima^on  ayant  un  point  fixe  pour  le 
foyer  qui  n'est  pas  le  point  double,  thdorfeme  qui  se  rapporte  a  la  mdthode  de 
M.  Roberts  pour  le  cas  n  =  ^.  L'on  doit  cepeudant  remarquer  que  cette  methode  est 
due  k  M.  Chasles.  En  effet,  on  trouve  dans  la  Note  cit^e  de  YApergu  historique, 
non-seulement   la   propridte   des   droites    de   se   transmuter  en   des   paraboles,   mais    aussi 

'  M.  Chasles  a  remarqui  en  passant  (Note  XXI.  de  I'Aper^u  historique  [Bruxelles,  183<,»])  que  les  ovales 
de  Descartes  out  deux  points  oonjugu^s  imaginaires  i  I'infini,  thtoreme  moins  complet  que  celui  que  je  viens 
d'^Doncer.    Poor  la  demonstration  du  thCorSme  coraplet,  voyez  la  Note  i  la  suite  de  ce  m^moire. 
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celle  des  cercles  de  se  transmuter  en  des  ovales  de  Descartes  (seulement  M.  Chasles 
parait  ne  pas  avoir  remarque  que  ces  ovales  dtaient  ndcessairement  des  lima^ons),  et 
c'est  la  lecture  de  cette  Note  qui  m'a  appris  cette  thdorie  de  la  transmutation  des  cercles. 

En  supposant  que  la  conique  k  transmuter  passe  par  les  trois  points  P,  Q,  R, 
nous  aurons 

a  +  B  =  0,    /3  +  g  =  0,     7  +  8=0; 

les  points  doubles,  identiques  (dans  ce  cas)  avec  les  points  P,  Q,  R,  deviennent  des 
points  de  rebroussement,  et  les  droites  QR,  RP,  PQ,  au  lieu  d'etre  des  tangentes 
doubles,  sont  tout  simplement  les  droites  qui  passent  chacune  par  deux  points  de 
rebroussement.  Ajoutons  que  les  tangentes  de  la  courbe,  aux  trois  points  de  rebrousse- 
ment respectivement,  sont  les  droites  x  —  ^v=0,  y  —  w  =  0,  z  —  w  =  0. 

II  y  a  encore  un  cas  particulier  a  considdrer,  savoir  celui  ou  la  conique  a 
transmuter  est  telle  que,  par  rapport  a  cette  conique,  les  points  Q  et  R  sont  situes 
chacun  dans  la  polaire  de  I'autre ;  on  a  alors  /=  0,  cas  qui  ^chappe  a  I'analyse  ci-devant 
employee.  On  voit  sans  peine  que  les  deux  points  doubles  (y  =w,  x  =  z),  (z  =  w,  y  =  z) 
deviennent  ici  identiques,  ce  qui  donne  lieu  k  un  point  d'osculation.  La  droite  QR 
et  la  droite  «/  =  0  ne  sont  plus  des  tangentes  doubles  proprement  dites,  mais  ces 
droites  deviennent  I'une  et  I'autre  identiques  avec  la  tangente  au  point  d'osculation. 


Note  sur  les  ovales  de  Descartes. 

De  r^quation  de  ces  ovales, 

V(i  -ay  +  y^  =  m  '^a^+y'  +  n, 
on  tire  d'abord 

(1  -  mr)  {a?  +  y")  -  2ax  +  a'-n'  =  2m.n  "^ a?  +  2/". 
puis 

(1  -  m»)»  (a^  +  2/=)=  -  4a  (1  -  m'')  a;  (ar"  +  2/') 

+  2  [a=  (1  -  m»)  -  7i»  (1  +  m?)]  {a?  -f-  y»)  -|-  4aW  -  4a  (a"  -n'')x  +  (a-  -  n^f  =  0. 

Pour  trouver  la  nature  de  la  courbe  k  I'infini,  mettons  x  +  yi  =  ^,  x  —  yi  =  r),  i  =  V  —  1, 
et  introduisons  la  quantity  f  de  manifere  k  rendre  I'dquation  homogene.     Cela  donne 

(1  -  m^)' f  V  -  2o  (1  -  TO=)  (^  +  77)  ^77? 

+  2  [o»  (1  -  m»)  -  n"  (1  +  m")]  ^vV  +  a-(^  +  v)V  -  2a  {a^  -  «")  {^  +  -n)^  +  (a=  -  n^f  ?*  =  0  ; 

ce  qui  fait  voir,  sans  la  moindre  peine,  qu'il  y  a  des  points  de  rebroussement  aux 
points  (f  =  0,  f=0),  (77=0,  f=0),  savoir,  aux  points  o^  I'infini,  consid^rd  comme  droite, 
est  rencontr^  par  les  droites  x  +  yi  =  0,  x  —  yi  =  0,  qui  sont  les  axes  imaginaires  du 
point  a;  =  0,  y  =  0. 
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NouB  pouvoDB  remarquer,  en  passant,  que  I'dquation 

(1  -  TO') (a?  +  y»)  -2ax  +  (a'  -  n»)  =  2mn  V^+y, 

conduit,  avec  beaucoup  de   facility,  h,  une  autre  propridt^,  donn^e  par   M.  Chasles  dans 
la  Note  d^j4  cit^.    En  effet,  en  mettant 

,        Ti'—a'  ,     to'(w'-I)  ,     n 

a(m'-l)  a(m»-l)  a 

cette  ^uation  se  transforme  en 

(1  -  to'»)  (a^  +  f)  -  2a'x  +  (a'»  -  n'»)  =  2m'n'  Vo?  +  y«, 

et  par  Ik  on  voit  que  I'^quation  primitive  peut  se  transformer  en 

V(ar  -a'y  +  f  =  m'  V^  +  y"  +  «', 

c'est-i-dire,  il  y  a  toujours  un  troisifeme  foyer  de  la  courbe. 

H   ne  reste  qu'k  d^montrer   que   la  transformde   (selon   la   m^thode   de    M.    Chasles) 
d'un  cercle  est  toujours  un  lima9on.     Soit,  pour  cela, 

r='-2arco8^  +  8  =  0 

r^uation  du  cercle ;  en  mettant  \mr  au  lieu  de  r,  et  ^6  au  lieu  de  0,  cette  Equation 
devient  TOr— 2a  VTOrco8^^  +  S  =  0,  ce  qui  donne  (TOr  +  S)''  =  2a'TOr(l  +  cos^),  ou,  en 
mettant    r  cos  5  =  a;    et  en  r^duisant  a  une  forme  rationnelle, 

[to»  (a^  +  y")  +  S'  -  2a='TOa;]-  -  4<m-  (S  -  a")  («=  +  y^)  =  0, 

ce  qui  appartient  dvidemment  k  un  ovale  de  Descartes.  En  mettant  y  =  0,  I'^quation 
devient 

[viW  +  2to  (8  -  2a0  X  +  S*]  (mx  -  Bf  =  0, 

c'est-k-dire  le  point  mx  —  B=0,  y  =  0  est  point  double,  ou  la  courbe  est  le  lima9on  de 
Pascal. 
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ON  THE  TRIADIC   ARRANGEMENTS   OF  SEVEN  AND  FIFTEEN 

THINGS. 

[From  the  Philosophical  Magazine,  vol.  xxxvii.  (1850),  pp.  50 — 53.] 

There  is  no  diflficulty  in  forming  with  seven  letters,  a,  h,  c,  d,  e,  f,  g,  &  system 
of  seven  triads  containing  every  possible  duad ;  or,  in  other  words,  such  that  no  two 
triads  of  the  system  contain  the  same  duad.     One  such  system,  for  instance,  is 

abc,  ode,     afg,     bdf,     beg,     cdg,     cef; 

and  this  is  obviously  one  of  six  different  systems  obtained  by  permuting  the  letters 
a,  b,  c.  We  have  therefore  six  different  systems  containing  the  triad  abc ;  and  there 
being  the  same  number  of  systems  containing  the  triads  abd,  abe,  abf  and  ahg 
respectively,  there  are  in  all  thirty-five  different  systems,  each  of  them  containing 
every  possible  duad.  It  is  deserving  of  notice,  that  it  is  impossible  to  arrange  the 
thirty-five  triads  formed  with  the  seven  letters  into  five  systems,  each  of  them  possessing 
the  property  in  question.  In  fact,  if  this  could  be  done,  the  system  just  given  might 
be  taken  for  one  of  the  systems  of  seven  triads.  With  this  system  we  might  (of 
the  systems  of  seven  triads  which  contain  the  triad  abd)  combine  either  the  system 

abd,  acg,     aef,     bee,     bfg,     dcf,    deg, 

or  the  system 

abd,    acf,    aeg,    beg,     bef,     dee,     dfg ; 

(but  any  one  of  the  other  abd  systems  would  be  found  to  contain  a  triad  in 
common  with  the  given  abc  system,  and  therefore  cannot  be  made  use  of:  for  instance, 
the  system  abd,  acg,  aef,  bcf,  beg,  dee,  dfg  contains  the  triad  beg  in  common  with 
the  given  ahc  system):  and  whichever  of  the  two  proper  abd  systems  we  select  to 
combine  with  the  given  abc  system,  it  will  be  found  that  there  is  no  abe  system 
which  does  not  contain  some  triad  in  common,  either  with  the  abc  system  or  with 
the  abd  system. 
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The  order  of  the  letters  in  a  triad  has  been  thus  far  disregarded.  There  are 
some  properties  which  depend  upon  considering  the  triads  obtained  by  cyclical  per- 
mutations of  the  three  letters  as  identical,  but  distinct  from  the  triads  obtained  by 
a  permutation  of  two  letters,  or  inversion.  Thus  abc,  bca,  cab  are  to  be  considered 
as  identical  inter  se,  but  distinct  from  the  triads  acb,  cba,  hoc,  which  are  also  identical 
inter  se.  I  write  down  the  system  (equivalent,  as  far  as  the  mere  combination  of  the 
letters  is  concerned,  to  the  system  at  the  commencement  of  this  paper) 

ade,    afg,    bdf,    bge,    cdg,    cef,    cba, 

derived,  it  is  to  be  observed,  from  a  pair  of  triads,  ade,  afg,  by  a  cyclical  permutation  of 
the  c,  /,  g,  and  by  successively  changing  the  a  into  b  and  into  c,  the  remaining  triad 
of  the  system  being  the  letters  a,  6,  c  taken  in  an  inverse  order.  Let  it  be  proposed 
to  derive  the  system  in  the  same  manner  from  any  other  two  triads  of  the  system ; 
for  instance,  from  the  triads  acb,  ade.     The  process  of  derivation  gives 

acb,    ade,    gcd,    geb,    foe,    fbd,    fga,  (') 

which  is,  in  feet,  the  original  system.  But  attempt  to  derive  the  system  from  the 
two  triads  ebg,  efc,  the  process  of  derivation  gives 

ebg,    efc,    dbf,    dcg,     abc,    agf     ade, 

which  is  not  the  original  system,  inasmuch  a.s  the  triads  dbf,  dcg,  abc,  agf  are  in- 
versions of  the  triads  bdf,  cdg,  cba,  afg  of  the  original  system.  The  point  to  be 
attended  to,  however,  is,  that  both  triads  of  the  pair  dbf,  dcg,  or  of  the  pair  abc, 
agf,  are  inversions  of  the  triads  of  the  corresponding  pair  in  the  original  system ; 
the  pair  is  either  reproduced  (as  the  pair  efc,  dbf),  or  there  is  an  inversion  of  both 
triads.  Where  there  is  no  such  inversion  of  the  triads  of  a  pair,  the  system  may 
be  said  to  be  properly  reproduced;  and  where  there  is  inversion  of  the  triads  of  one 
or  more  pairs,  to  be  improperly  reproduced.  There  is  no  diflBculty  in  seeing  that  the 
system  is  properly  reproduced  from  a  pair  of  triads  containing  in  common  any  one 
of  the  letters  a,  b,  c  or  d,  and  improperly  reproduced  from  pairs  of  triads  containing 
in  common  any  one  of  the  letters  d,  e  or  f  It  is  owing  to  the  reproduction,  proper 
or  improper,  of  the  system  from  any  pair  of  duads  that  it  is  possible  to  form  a 
system  of  "  octaves "  analogous  to  the  quaternions  of  Sir  William  Hamilton ;  the 
impossibility  of  a  corresponding  system  of  fifteen  imaginary  quantities  arises  from  the 
circumstance  of  there  being  always,  in  whatever  manner  the  system  of  triads  is 
formed,  an  inversion  of  a  single  triad  of  some  one  or  more  pairs  of  triads  containing 
a  letter  in  common.  When  the  system  is  considered  as  successively  derived  from 
different  pairs,  the  system  is  not  according  to  the  previous  definition  reproduced  either 
properly  or  improperly.  A  system  of  triads  having  the  necessary  properties  with 
respect   to  the   mere  combination   of  the   letters   (viz.   that   a^y  and   aSe  being  any  two 

'  The   order   of   the   letters  /,  g  is  selected  so  as  to  reproduce  the  original  system  so  far  as  the  mere 
combination  of  the  letters  is  concerned. 


82] 


ON   THE   TEIADIC   ARRANGEMENTS    OF  SEVEN   AND   FIFTEEN   THINGS. 


483 


triads  having  a  letter  in  common,  there  shall  be  triads  such  as  5*38,  fye,  and  Tj/Se, 
fjyS)  may  easily  be  found ;  the  system  to  be  presently  given  of  the  triads  of  fifteen 
things  would  answer  the  purpose.     And  so  would  many  other  systems. 

Dropping  the  consideration  of  the  order  of  the  letters  which  form  a  triad,  I  pass 
to  the  case  of  a  system  'of  fifteen  letters,  a,  b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  I,  m,  n,  o. 
It  is  possible  in  this  case,  not  only  to  form  systems  of  thirty-five  triads  containing 
every  possible  duad,  but  this  can  be  done  in  such  manner  that  the  system  of  thirty- 
five  triads  can  be  arranged  in  seven  systems  of  five  triads,  each  of  these  systems 
containing  the  fifteen  •  letters  \  My  solution  is  obtained  by  a  process  of  derivation 
from  the  arrangements  ab  .cf.dg .  eh  and  ab.cd  .ef. gh  as  follows  ;   viz.  the  triads  are 

tab  jac     kaf    lad    mag    nae    oah 

icf  jfb     kbc     Ice      mch     nod    ocg 

idg  jde     kdh     Igb     mbd    ngf    ofd 

ieh  jhg    kge     Ihf    mfe     nhb     obe 

and  a  system   formed   with   i,  j,   k,    I,   m,  n   o,   which   are   then  arranged  in   the   form 

klo  ino      jmo     ilm    jln       ijk       kmn 

iab  jac       lad     nae     kaf     mag    oah 

ncd  mdb     kbc     ocg     mch     Ice       icf 

nief  keg      ieh     jfb      obe      ofd      jde 

jgh  Ihf      nfg     khd    idg      nhb      Ibg 

an  arrangement,  which,  it  may  be  remarked,  contains  eight  different  systems  (such  as 
have  been  considered  in  the  former  part  of  this  paper)  of  seven  letters  such  as  i,  j, 
k,  I,  m,  n,  0 ;  and  seven  of  other  seven  letters,  such  as  i,  j,  k,  a,  b,  c,  f(^).  The 
theory  of  the  arrangement  seems  to  be  worth  further  investigation. 

Assuming  that  the  four  hundred  and  fifty-five  triads  of  fifteen  things  can  be 
arranged  in  thirteen  systems  of  thirty-five  triads,  each  system  of  thirty-five  triads 
containing  every  possible  duad,  it  seems  natural  to  inquire  whether  the  thirteen 
systems  can  be  obtained  from  any  one  of  them  by  cyclical  permutations  of  thirteen 
letters.  This  is,  I  think,  impossible.  For  let  the  cyclical  permutation  be  of  the  letters 
a,  b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  I,  m.  Consider  separately  the  triads  which  contain  the 
letter  n  and  the  letter  o;  neither  of  these  systems  of  triads  contains  the  letter, 
whatever  it  is,  which  forms  a  triad  with  n  and  o.  Hence,  omitting  the  letters  n,  o, 
we  have  two  different  sets,  each  of  them  of  six  duads,  and  composed  of  the  same 
twelve  letters.     And  each  of  these  systems  of  duads  ought,  by  the  cyclical  permutation 

1  The  problem  was  proposed  by  Mr  Kirkman,  and  has,  to  my  knowledge,  excited  some  attention  in  the 
form  "  To  make  a  school  of  fifteen  young  ladies  walk  together  in  threes  every  day  for  a  week  so  that  each 
two  may  walk  together."  It  will  be  seen  from  the  text  that  I  am  uncertain  as  to  the  existence  of  a 
solution  to  the  further  problem  suggested  by  Mr  Sylvester,  "  to  make  the  school  walk  every  week  in  the 
quarter  so  that  each   three  may  walk  together." 

'   [I  have  somewhat  altered  this  sentence  bo  as  to  express  more  clearly  what  appeared  to  be  the  meaning  of  it.] 
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in  question,   to  produce   the   whole  system   of  the   seventy-eight   duads  of   the   thirteen 
letters.    Hence  arranging  the  duads  of  the  thirteen  letters  in  the  form 

ab  .be  .cd.de  .  e/./g .  gh  .  hi  .  ij  .jk  .hi  ,hn.  ma 
ac  .bd.ce  .df.eg  .fh .  gi  .hj  .ik  .jl  .  km  .la  ,mb 
ad.be  .cf.dg.eh  ./i  .gj  ,hk.  il  ,jm  .ka  .lb  .mc 
ae  .bf  .eg  .dJi.ei  .fj  .gk  .hi  .im  .ja  ,kb  .Ic  .  md 
of  .bg  .ch.di  .  ej  .fk .  gl  .  hm  .ia  .jb  .kc  .Id  .me 
ag  .bh  .d  .dj  .ek  ./I .  gm  .ha  .  i6  .jc  .kd.le  .  mf 

and  consequently  the  duads  of  each  set  ought  to  be  situated  one  duad  in  each  line. 
Suppose  the  sets  of  duads  are  composed  of  the  letters  a,  b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  I, 
it  does  not  appear  that  there  is  any  set  of  six  duads  composed  of  these  letters,  and 
situated  one  duad  in  each  line,  other  than  the  single  set  al,  bk,  cj,  di,  eh,  fg;  and 
the  same  being  the  case  for  any  twelve  letters  out  of  the  thirteen,  the  derivation  of 
the  thirteen  systems  of  thirty-five  triads  by  means  of  the  cyclical  permutations  of 
thirteen  letters  is  impossible.  And  there  does  not  seem  to  be  any  obvious  rule  for 
the  derivation  of  the  thirteen  systems  from  any  one  of  them,  or  any  prima  faeie 
reason  for  believing  that  the  thirteen  systems  do  really  exist,  it  having  been  already 
shown  that  such  systems  do  not  exist  in  the  case  of  seven  things. 
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ON  CUEVES  OF  DOUBLE  CURVATUEE  AND  DEVELOPABLE 

SUEFACES. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  18 — 22.] 
This  is  translated  with  some  slight  alterations  from  the  Memoir  in  Liouville,  t.  x.  (1845)  pp.  245 — 250,  30. 
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84. 


ON    THE    DEVELOPABLE    SURFACES    WHICH    ARISE    FROM 
^  TWO    SURFACES    OF    THE    SECOND    ORDER. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  V.  (1850),  pp.  46 — 57.] 

Ant  two  surfaces  considered  in  relation  to  each  other  give  rise  to  a  curve  of 
intersection,  or,  as  I  shall  term  it,  an  Intersect  and  a  circumscribed  Developable'  or 
Envelope.  The  Intersect  is  of  course  the  edge  of  regression  of  a  certain  Developable 
which  may  be  termed  the  Intersect-Developable,  the  Envelope  has  an  edge  of  regression 
which  may  be  termed  the  Envelope-Curve.  The  order  of  the  Intersect  is  the  product 
of  the  orders  of  the  two  surfaces,  the  class  of  the  Envelope  is  the  product  of  the 
classes  of  the  two  surfaces.  When  neither  the  Intersect  breaks  up  into  curves  of  lower 
order,  nor  the  Envelope  into  Developables  of  lower  class,  the  two  surfaces  are  said  to 
form  a  proper  system.  In  the  case  of  two  surfaces  of  the  second  order  (and  class) 
the  Intersect  is  of  the  fourth  order  and  the  Envelope  of  the  fourth  class.  Every 
proper  system  of  two  surfaces  of  the  second  order  belongs  to  one  of  the  following 
three  classes: — A.  There  is  no  contact  between  the  surfaces;  B.  There  is  an  ordinary 
contact;  C.  There  is  a  singular  contact.  Or  the  three  classes  may  be  distinguished 
by  reference  to  the  conjugates  (conjugate  points  or  planes)  of  the  system.  A.  The  four 
conjugates  are  all   distinct ;    B.   Two   conjugates  coincide ;    C.   Three  conjugates  coincide. 

To  explain  this  it  is  necessary  to  remark  that  in  the  general  case  of  two  surfaces  of 
the  second  order  not  in  contact  (that  is  for  systems  of  the  class  A)  there  is  a  certain 
tetrahedron  such  that  with  respect  to  either  of  the  surfaces  (or  more  generally  with 
respect  to  any  surface  of  the  second  order  passing  through  the  Intersect  of  the  system 

'  The  term  'Developable'  is  used  as  a  substantive,  as  the  reciprocal  to  'Curve,'  which  means  curve  of 
doable  curvature.  The  same  remark  applies  to  tlie  use  of  the  term  in  the  compound  Intersect-Developable. 
For  the  signification  of  the  term  '  singular  contact,'  employed  lower  down,  see  Mr  Salmon's  memoir  '  On  the 
Classification  of  Cnrres  of  Doable  Curvature,'  [same  volume]  p.  32. 
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or  inscribed  in  the  Envelope)  the  angles  and  faces  of  the  tetrahedron  are  reciprocals 
of  each  other,  each  angle  of  its  opposite  face,  and  vice  versa.  The  angles  of  the 
tetrahedron  are  termed  the  conjugate  points  of  the  system,  and  the  faces  of  the 
tetrahedron  are  termed  the  conjugate  planes  of  the  system,  and  the  term  conjugates 
may  be  used  to  denote  indifferently  either  the  conjugate  planes  or  the  conjugate  points. 
A  conjugate  plane  and  the  conjugate  point  reciprocal  to  it  are  said  to  correspond  to 
each  other.  Each  conjugate  point  is  evidently  the  point  of  intersection  of  the  three 
conjugate  planes  to  which  it  does  not  correspond,  and  in  like  manner  each  conjugate 
plane    is   the    plane    through   the  three  conjugate  points  to  which  it  does  not  correspond. 

In  the  case  of  a  system  belonging  to  the  class  B,  two  conjugate  points  coincide 
together  in  the  point  of  contact  forming  what  may  be  termed  a  double  conjugate 
point,  and  in  like  manner  two  conjugate  planes  coincide  in  the  plane  of  contact  (that  is 
the  tangent  plane  through  the  point  of  contact)  forming  what  may  be  termed  a  double 
conjugate  plane.  The  remaining  conjugate  points  and  planes  may  be  distinguished  as 
single  conjugate  points  and  single  conjugate  planes.  It  is  clear  that  the  double  conju- 
gate plane  passes  through  the  three  conjugate  points,  and  that  the  double  conjugate 
point  is  the  point  of  intersection  of  the  three  conjugate  planes:  moreover  each  single 
conjugate  plane  passes  through  the  single  conjugate  point  to  which  it  does  not  corre- 
spond and  the  double  conjugate  point ;  and  each  single  conjugate  point  lies  on  the 
line  of  intersection  of  the  single  conjugate  plane  to  which  it  does  not  correspond  and 
the   double   conjugate   plane. 

In  the  case  of  a  system  belonging  to  the  class  (C),  three  conjugate  points  coincide 
together  in  the  point  of  contact  forming  what  may  be  termed  a  triple  conjugate  point, 
and  three  conjugate  planes  coincide  together  in  the  plane  of  contact  forming  a  triple 
conjugate  plane.  The  remaining  conjugate  point  and  conjugate  plane  may  be  distin- 
guished as  the  single  conjugate  point  and  single  conjugate  plane.  The  triple  conjugate 
plane  passes  through  the  two  conjugate  points  and  the  triple  conjugate  point  lies  on 
the  line  of  intersection  of  the  two  conjugate  planes;  the  single  conjugate  plane  passes 
through  the  triple  conjugate  point  and  the  single  conjugate  point  lies  on  the  triple 
conjugate   plane. 

Suppose  now  that  it  is  required  to  find  the  Intersect-Developable  of  two  surfaces 
of  the  second  order.  If  the  equations  of  the  surfaces  be  T  =  0,  T'  =  0  (T,  T'  being 
homogeneous  functions  of  the  second  order  of  the  coordinates  ^,  77,  f,  a),  and  x,  y,  z,  w  . 
represent  the  coordinates  of  a  point  upon  the  required  developable  surface :  if  more- 
over U,  U'  are  the  same  functions  of  x,  y,  z,  w  that  T,  T'  are  of  ^,  rj,  f,  w  and 
X,  Y,  Z,  W;  X',  r,  Z',  W  denote  the  differential  coefficients  of  U,  U'  with  respect 
to  X,  y,  z,  w;  then  it  is  easy  to  see  that  the  equation  of  the  Intersect-Developable 
is  obtained  by  eliminating   f,  r],   f,   a>   between   the   equations 

T  =  0,     T'  =  0, 

X^+Yv  +  Z^+Ww  =  Q, 
X'^+Y'v  +  Z'^+W'(o  =  0. 
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If,  for  shortness,  we  suppose 

F  =  YZ'  -  rZ,     L  =  XW  -  X'W, 

5  =ZX'  -ZX,     M=  YW'-TW, 

H  =  XT-X'Y,    N=-ZW'  -Z'W, 

(values  which  give  rise  to  the  identical  equation 

LF  +  MG  +  NH^O), 

then,  \  fi,  p,  p  denoting  any  indeterminate  quantities,  the  two  linear  equations  in 
f,   11,   f,  a>  are   identically  satisfied   by  assuming 

f  =       .       Nfi-Mv  +  Fp, 

1}  =-N\      .    +Lv  +0p, 

f  =     M\-Lfi      .     +Ep, 

m=-F\-Qfji-Hv      . 

and,  substituting  these  values  in  the  equations  T  =  0,  T'  =  0,  we  have  two  equations : 

A\^  +  Bfi'  +  Cv'  +  2Ffiv  +  2GvX  +  2H\fi  +  2L\p  +  2Mfip  +  2Nvp  =  0, 
A'\*  +  B'y?  +  C.;=  +  2Filv  +  20' v\  +  2i?  V  +  2i'V  +  2i^>/9  +  2Wvp  =  0, 

which  are  of  course  such  as  to  permit  the  four  quantities  X,  /i,  v,  p  to  be  simul- 
taneously eliminated.  The  coefficients  of  these  equations  are  obviously  of  the  fourth 
order  in  x,  y,  z,  w. 

Suppose  for  a  moment  that  these  coefficients  (instead  of  being  such  as  to  permit 
this  simultaneous  elimination  of  \,  p,,  v,  p)  denoted  any  arbitrary  quantities,  and  suppose 
that  the  indeterminates  \,  p,  v,  p  were  besides  connected  by  two  linear  equations, 

a\  +  b  p  +  c  V  +  d  p  =  0, 
a'X  +  h'p,  +  c'v  +  d'p  =  0 ; 

then,  putting 

hc'-h'c=f,    ad'-a'd  =  l, 

ca'  —  c'a  =  g,     bd'  —  b'd  =  m, 

ab'  —  a'b  =  h,     cd'  —  c'd  =n, 

(values  which  give  rise  to  the  identical  equation  If  +  mg  +  nh  =  0),  and  effecting  the 
elimination  of  \,  p,  v,  p  between  the  four  equations,  we  should  obtain  a  final  equation 
□  =  0,  in  which  □  is  a  homogeneous  function  of  the  second  order  in  each  of  the 
systems  of  coefficients  A,  B,  &c.,  and  A',  B',  &c.,  and  a  homogeneous  function  of  the 
fourth   order  (indeterminate   to  a  certain  extent  in  its  form  on  account  of  the  identical 
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equation  lf+  mg  -\-nh  =  Q)  in  the  coefficients  /,  g,  h,  I,  m,  n  (')•  But  re-establishing  the 
actual  values  of  the  coefficients  A,  B,  &c.,  A',  B',  &c.  (by  which  means  the  function 
□  becomes  a  function  of  the  sixteenth  order  in  x,  y,  z,  w)  the  quantities  f,  g,  h,  I,  m,  n 
ought,  it  is  clear,  to  disappear  of  themselves ;  and  the  way  this  happens  is  that  the 
function  □  resolves  itself  into  the  product  of  two  factors  M  and  '^,  the  latter  of 
which  is  independent  of  /,  g,  h,  I,  m,  n.  The  factor  M  is  a,  function  of  the  fourth 
order  in  these  quantities,  and  it  is  also  of  the  eighth  order  in  the  variables  x,  y,  z,  w. 
the  factor  ^  is  consequently  of  the  eighth  order  in  x,  y,  z,  w.  And  the  result  of 
the  elimination  being  represented  by  the  equation  ^  =  0,  the  Intersect-Developable 
in  the  general  case,  or  (what  is  the  same  thing)  for  systems  of  the  class  (A),  is  of 
the  eighth  order.  In  the  case  of  a  system  of  the  class  (B)  the  equation  obtained  as 
above  contains  as  a  factor  the  square,  and  in  the  case  of  a  system  of  the  class  (C) 
the  cube,  of  the  linear  function  which  equated  to  zero  is  the  equation  of  the  plane 
of  contact.  The  Intersect-Developable  of  a  system  of  the  class  (B)  is  therefore  a 
Developable  of  the  sixth  order,  and  that  of  a  system  of  the  class  (C)  a  Developable 
of  the  fifth  order.  The  elimination  is  in  every  case  most  simply  effected  by  supposing 
two  of  the  quantities  \,  fi,  v,  p  to  vanish  (e.g.  v  and  p):  the  equations  between  which 
the  elimination  has  to  be  effected  then  are 

AX'  +  BfA:'  +  2H\fi  =  0, 
A'X'  +  B'fi'  +  2H'\fi  =  0  ; 

and  the  result  may  be  presented  under  the  equivalent  forms 

{AF  -f  A'B  -  2HHy  -  4  {AB  -  H"-)  {A'B'  -  H")  =  0, 

and  (AB'  -  A'Bf  +  4  (AH'  -  A'H)  (BH'  -  B'H)  =  0, 

the  latter  of  which  is  the  most  convenient.  These  two  forms  still  contain  an  extraneous 
factor  of  the  eighth  order  in  x,  y,  z,  w,  of  which  they  can  only  be  divested  by  sub- 
stituting the  actual  values  of  A,  B,  H,  A',  B',  H'. 

A.     Two   surfaces   forming  a   system   belonging  to  this  class  may  be  represented  by 
equations  of  the  form 

a'a?  +  ty  +  c'z^  +  d'w-  =  0, 


'  I  believe  the  result  of  the  elimination  is 

where,  if  we  write  uA  +u'A'  =  A,  &c.,  the  quantities  P,  Q,  R  are  given  by  the  equation  (identical  with  respect  to  u,  «') 

P«'  +  2Quu'  + JRu"=(ila»+  ...)  (^a'»-f  ...)  -  {Aaa'+  ...)> 

=u*{(BC-F^f+...}  +  uu'{(BC'  +  B'C-2FF)f'+...]+tt''{{B'C'-F^) /'-  +  ...] 

a  theorem  connected  with  that  given  in  the  second  part  of  my  memoir  'On  Linear  Transformations'  {Journal, 
vol.  I.  p.  109)  [see  14,  p.  100].  I  am  not  in  possession  of  any  verification  a  posteriori  of  what  is  subsequently 
stated  as  to  the  resolntion  into  factors  of  the  function  a  and  the  forms  of  these  factors. 
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where  «»0,  »/  =  0.  !  =  0,  and  w  =  0,  are  the  equations  of  the  four  conjugate  planes. 
There  w  no  particular  difficulty  in  performing  the  operations  indicated  by  the  general 
process  given  above;  and   if  we  write,  in   order  to  abbreviate, 

be'  _ b'c  =/,  ad' -a'd=  I, 
ca'  -  c'a  =  g,  bd'  -  b'd  =  m, 
ah'  —  a'b  =  h,     cd'  —  c'd  =  n, 

(values  which  satisfy  the  identical  equation  l/+mg  +  nh  =  0),  the  result  afler  all 
reductions    is 

p/Yz*  +  mYz^x*  +  n'h*x*y*  +  I'fxHv*  +  m*g-y*uf'  +  n*h*zhv^ 

+  imnfh'j^fz'  +  2nlh^fy*z'af    +  2lmfg'z*a:^f 

-  2m^n'ghtv'fz'  -  2n^Phfw*2^x'    -  2l^Ygw*x'f 
+  2fmg*fx*z-w-  +  2gnhh7iYx''w'  +  2hlf'n'z*!/Hi)' 

-  2fnh^fx*if^u^    -  2glf-m-y*z-w^  -  2hm.g''v?z*oe'w'' 
+  2{rng-  nh)  (nh  -  If)  (If-  mg)  a?fz'v?  =  0, 

which  is  therefore  the  equation  of  the  Intersect-Developable  for  this  case.  The  discussion 
of  the  geometrical  properties  of  the  surface  will  be  very  much  facilitated  by  presenting 
the  equation  under  the  following  form,  which  is  evidently  one  of  a  system  of  six 
different  forms, 

\m  {ga?  +  nvf)  (hif  - gz'  +  lwP)-l  (-/f  +  nw^)  (-  ha^  4  fz^  +  nivf)]^ 

-  4fglma^f  (hy'  -  gz'  +  Iw')  (-  Aar'  +/j^  +  mtv-)  =  0. 

B.     Two  surfaces   forming  a  system   belonging  to   this  class  may  be  represented  by 
equations  such  as 

an?  +  hy''  +  c  z-  ->r2nzw  =  0, 

a'a?  +  h'f  +  cV  +  2n'z^u  =  0, 

in  which  x  =  Q,  y  =  0  are  the  equations  of  the  single  conjugate  planes,  z=0  that  of 
the  double  conjugate  plane  or  plane  of  contact,  w  =  0  that  of  an  indeterminate  plane 
through  the  two  single  conjugate  points.     If  we  write 

he'  —  b'c  =/,  an'  —  an  =p, 
ca'  —  c'a  =  g,  bn'  —  b'n  =  q, 
ab'  —  a'b  =  h,     en'  —  c'n  =  r, 

(values  which  satisfy  the  identical  equation  pf+  qg  +  rli  =  0),  the  result  after  all  reduc- 
tions is 

r^h'z*  +  2pr-h  (rh  -  qg)  z*a?  -  2qr-h  {pf-  rh)  z*if 

+  ^fqr'hi^oiHa  -  4:pq^r'hz'fw 

+p'{rh-qgyz''x*-\-q'(pf-rhyzY+2pq(4,r^h^-/gpq)z'jff 

+  ip'q  (rh  —  qg)  zahv  +  4tpt^zy*w  —  ^''q^  (qg  —pf)  zx'y^w 

+  4ip*<fx*vf  +  ^j^q^yW  +  Sp^q^x^'yHv'  +  4'p-qHv'x*y-  +  ipq'rh^ofiy*  =  0, 
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which  is  therefore  the  equation  of  the  Intersect-Developable  for  systems  of  the  case 
in   question.     The  equation  may  also  be  presented  under  the  form 

{q  {pa?  +  rz')  {hy--gz^  +  2pzw)  -p  (qy*  +  rz^)  (-  ha?  ■\-fz^  +  Iqzw)]'' 

+  ^^a?y''  (hf  -  gz""  +  2pzw)  (-  hx-  +fz^  +  2qzw)  =  0, 

which  it  is  to  be  remarked  contains  the  extraneous  factor  z".  The  following  is  also 
a  form  of  the  same  equation, 

!'■  (99  -Pf)  ^  -ffz3?  +  gq^zf-  +  "ipq  {pa?  +  qf)  w^ 

-  ^pq  {pa?  +  qy''  +  rz-)  [r  (hy'-  -  gz^)  (fz"  -  ha?)  +  2pq  {go?  -fy")  ztv]  =  0. 

G.     Two   surfaces    forming  a   system    belonging    to   this  class  may  be  represented  by 
equations  of  the  form 

aa?-irhy-  +  '2,f  yz-\-'2.nzw  =  0, 

a'a?  +  6y  +  %f'yz  +  2n'ziv  =  0, 

iu  which  hn' —  h'n  =  0,  af  —  a'f=0.  In  these  equations  a;  =  0  is  the  equation  of  a 
properly  chosen  plane  passing  through  the  two  conjugate  points,  y=0  is  the  equation 
of  the  single  conjugate  plane,  z  =  0  that  of  the  triple  conjugate  plane,  and  w  =  0  is 
the  equation  of  a  properly  chosen  plane  passing  through  the  single  conjugate  point. 
Or  without   loss  of  generality,   we   may  write 

a  {a?  -  2yz)  +  y3  (/  -  Izw)  =  0, 
a'  {a?  -  lyz)  +  /3'  (j/^  -  Izw)  =  0, 

where  x,  y,  z  and  w  have  the  same  signification  as  before'.  The  result  after  all  reduc- 
tions is 

4^^  +  12y'thv  +  9y*z  -  24:a?yzw  -  ia?y^  +  8x^  =  0, 

which  may  also  be  presented  under  the  forms 

z  iy'  -  2zv3f  -  4>y  {f  -  2zw)  (a?  -  2yz)  ->rSw{a?-  2yzf  =  0, 

and  z  (3y^  +  2zwy  -ia?{f-  2a?w  +  6yzw)  =  0. 

[In    these   three   equations   and    in    the   last   two   equations   of  p.   495   as   originally 
printed,  there  was  by  mLstake,  an  interchange  of  the  letters  x  and  y.] 

'  Of  course  in  working  out  the  equation  of  the  Intersect-Developable,  it  is  simpler  to  employ  the  equations 
x'-2yz  =  0,  y*-2zw  =  0.  These  equations  belong  to  two  cones  which  pass  through  the  Intersect  and  have  their 
vertices  in  the  triple  conjugate  point  and  single  conjugate  point  respectively.  I  have  not  alluded  to  these  cones 
in  the  text,  as  the  theory  of  them  does  not  come  within  the  plan  of  the  present  memoir,  the  immediate 
object  of  which  is  to  exhibit  the  equations  of  certain  developable  surfaces — but  these  cones  are  convenient 
in  the  present  case  as  furnishing  the  easiest  means  of  defining  the  planes  x  =  0,  w  =  0.  If  we  represent  for 
a  moment  the  single  conjugate  point  by  .S'  and  the  triple  conjugate  point  by  T  (and  the  cones  through  these 
points  by  the  same  letters),  then  the  point  T  is  a  point  upon  the  cone  S,  and  the  triple  conjugate  plane 
which  touches  the  cone  .S'  along  the  line  2'S  touches  the  cone  T  along  some  generating  line  TM.  Let  the 
other  tangent  plane  through  the  line  TS  to  the  cone  T  be  TM',  where  M'  may  represent  the  point  where 
the  generating  line  in  question  meets  the  cone  S;  and  we  may  consider  M  as  the  point  of  intersection  of 
the  line  TM  with  the  tangent  plane  through  the  line  SM'  to  the  cone  S :  then  the  plane  TMM'  is  the 
plane  represented  by  the  equation  x  =  0,  and  the  plane  SMM'  is  that  represented  by  the  equation  w  =  0.  We 
may  add  that  ^  =  0  is  the  equation  of  the  plane  TSM',  and  z  =  0  that  of  the  plane  TSM. 
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Proceeding  next  to  the  problem  of  finding  the  envelope  of  two  surfaces  of  the  second 
onler,  this  is  most  readily  effected  by  the  following  method  communicated  to  me  by 
Mr  Salmon.  Retaining  the  preceding  notation,  the  equation  lT+kU'=0  belongs  to  a 
sur&oe  of  the  second  order  passing  through  the  Intersect  of  the  two  surfaces 
U^O,  ir  =  0.  The  polar  reciprocal  of  this  surface  U+  kW  =  0  is  therefore  a  surface 
inacribed  in  the  envelope  of  the  reciprocals  of  the  two  surfaces  U=0,  U'  =  0,  and 
oooaequently  this  envelope  is  the  envelope  (in  the  ordinary  sense  of  the  word)  of  the 
reciprocal  of  the  surface  U+kW  =  0,  k  being  considered  as  a  variable  parameter.  It 
is  easily  seen  that  the  reciprocal  of  the  surface  U+kU'  =  0  is  given  by  an  equation 
of  the  form 

A  +  3B*  +  3Cyfc»  +  Di*  =  0, 

in  which  A,  B,  C,  D  are  homogeneous  functions  of  the  second  order  in  the  coordi- 
nates ar,  y,  z,  w.  Differentiating  with  respect  to  k,  and  performing  the  elimination,  we 
have  for  the  equation  of  the  envelope  in  question, 

"^  (AD  -  EC)'  -  4  (AC  -  B»)  (BD  -  CO  =  0  ; 

or  the  envelope  is,  in  general  or  (what  is  the  same  thing)  for  a  system  of  the  class 
(A),  a  developable  of  the  eighth  order.  For  a  system  of  the  class  (5)  the  equation 
contains  as  a  factor,  the  square  of  the  linear  function  which  equated  to  zero  is  the 
equation  of  the  plane  of  contact;  or  the  envelope  is  in  this  case  a  Developable  of 
the  sixth  order.  And  in  the  case  of  a  system  of  the  class  (G)  the  equation  contains 
as  a  factor  the  cube  of  this  linear  function ;  or  the  envelope  is  a  developable  of  the 
fiflh    order  only. 

A.  We  may  take  for  the  two  surfaces  the  reciprocals  (with  respect  to  a?  +  y^  +  z^  +  w'  =  0) 
of  the  equations  made  use  of  in  determining  the  Intersect-Developable.  The  equations  of 
these  reciprocals  are 

hcda?  +  cday^+dahz^+ahcw^=0, 

h'c'd'3?  +  c'dVy^  +  d'a'iV  +  a'6'c  V  =  0 ; 

and  it  is  clear  from  the  fonn  of  them  (as  compared  with  the  equations  of  the  surfaces 
of  which  they  are  the  reciprocals)  that  a;  =  0,  3/  =  0,  ^  =  0,  w  =  0,  are  still  the  equations 
of  the   conjugate  planes.     We  have,  introducing  the  numerical  factor  3  to  avoid  fractions, 

3  \{b  +  kV)  (c  +  kd)  (d  +  kd')a^  +  (c  +  kc')  (d  +  kd')  (o  +  ka')  f 

+  (d  +  kd!)  (a  +  ka!)  {b  +  kb')  z^  +  (a  +  ka')  (b  +  kb')  (c  +  kc')  w") 

=  A  +  3BA;  +  3C^»  +  D^•=',  which  determine  the  values  of  A,  B,  C,  D. 

We  have  in  fact 

A  =  3  (bcdx'  +  cday^  +  dabz-  +  abcvf) 

B=    {b'cd  +  bc'd  +  bcd')a?  -v 

C=    {bc'd'  +  b'cd'-\-b'c'd)a?  + 

D  =  3  (6'c'dV  +  c'd'a'y*  +  d'a'b'^  +  a'6'c  V) 
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and  these  values  give  (with  the  same  signification  as  before  of/,  g,  h,  I,  m,  n) 

2{AG-W)=Aa'  +B¥   +Cc'  +2Fbc  +2Gca   +2Hab   +2Lad  +2Mhd   +2Ncd  +Dd\ 
2  (BD  -  C^)  =  Aa'-'  +  Bh''  +  Cc''  +  2Fb'c'  +  2Gc'a'  +  2Ha'b'  +  2La'd'  +  2Mb'd'  +  2Nc'd'  +  Dd'\ 
AD  -  BC  =  Aaa'  +  BbV  +  Ccc'  +  F{hc'  +  b'c)  +  G  (ca'  +  c'a)  +  H (ab'  +  a'b) 

+  L  (ad'  +  a'd)+M  (bd'  +  b'd)-^N'  (cd'  +  c'd)  +  Ddd', 
where  A  =  ji-y  +  Tri'a^  -ir  pitf  +  2finz-w-  -  2/rt/  uifi  +  2n'my''z\ 

B  =l^z*    +  n-a^  +  ghu*  +  2g7utfiw'  -  2glz'   w"  +  2ln  z'^a?, 

C  =  »iV  +  Zy    ^  ^2y;4  ^  2Uy'ur'  -  2}ima?w'  +  2mla?y'', 

D  =/V  +  gY  +h'2*  -  2ghfz^  -  2hfzV    -  2fg  fz\ 

F  =  l^y^-z-"  , 

G  =  m^z^a^, 

H  =  ffx^y"^ , 

L  =pahjif, 

M.  =  gY-vf, 

and  then  4  ( AC  -  B^)  (BD  -  0=^)  -  ( AD  -  BC)» - 

(BC  -  F')p  +  (CA  -G^)g'  +  (AB-  H')  h'+(AD-  D)  l^  +  (BD  -  M')  m'  +  (CD-  N')  v? 

+  2 (GH  - AF)gh  +2(HF-BG) hf  ^2(FG  -  CH )fg 

-  2  (MN  -  DF)  mn  -2(NL-DG)nl   -2  (LM  -  DH)  Im 
4-2(AM-LH)lh  +2(BN-NF)mf  +  2(CL  -NG)ng 

-  2  (AN  -LG)lg   -2(BL  -  MH)  mh-2  (CM  -  NF)  nf 
+  2(NH-MG)lf   +2(LF  -NH)vig  +  2(MG-LF)nh. 

Substituting  the  values  of  A,  B,  &c.,  in  this  expression,  the  result  after  all  reductions  is 
f'mVx'  +g^nHy  +  hH^irCzf  Jff-g'khv^ 
■r2gPn(mg-nh)jfz^     +2hmH(nh -If)  ^a?    ■\-2fn^m(lf- mg)  a^f 

-  2kl'm  (mg  -  nh)  yV  -  2/171^1  (nh  -  If)  zV  -  2gnH  (If-  mg)a?f 
+  2/'m»i  (mg  -  nh)  afiw'  +  2g^nl  (nh  -  If)  fw'    +  2hHm  (If-  mg)  z^ur' 

-  2f'gh  (mg  -  nh)  a?ufi  -  2fg^h  (nh  -  If)  y-vfi  -  2fgh'  (If-  mg)  z^vfi 
+/'  (l^f  -  6ghmn)  w'a*  +  g'^  (my  -  Ghfnl)  w*y*  +  h^  (n'k'  -  Qlmfg)  w*z* 
+  P  (lY'  -  Gghmn)  y*z*    +  m»  (my-  -  Ghfnl)  z^a^  +  n=  (n'h'  -  dlmfg)  a*y* 

+  2gh  (ghmn  -  SfH')  vfy--z-'  +  2hf(hfnl  -  Sg'm^)  w*zV  +  2fg  (fglm  -  ShV)  ui'xHf 
+  2hm  (ghmn  -  SfH^)  z*x'w'  +  2fn  (hfnl  -  Sg'm"^)  x*y^i(P  +  2gl  (fglm  -  Sk'n')  y^zHv" 

-  2gn  (ghmn  -  SfH')  y*x'tu^  -  2hl  (hfnl  -  Sg'm^)  z*yV  -  2fm  (fglm  -  ShV)  afz'tv' 
-2mn(ghmn-SfH')x*fz''  -  2nl  (hfnl  -  Sghn^)  y*zV  -  2lm  ( fglm  -  Sk'n')  z*a^y-' 

-  2  (mg  -  nh)  (nh  -  If)  (If-  mg)  o^fz'w'  =  0, 


494  ON    THE    DEVELOPABLE    SURFACES    WHICH    ARISE    FROM  [84 

which  is  therefore  the  equation  of  the  envelope  for  this  case.     The  equation  may  also  be 
prcMentcd  under  the  form 

«^  +  (mnji'  +  n/y'  +  hiul'y  {f^af'  +  ff  +  h*a^  -  Ighifz^  -  2hf!^a?  -  2fgx'y-)  =  0 ; 

and  there  are  probably  other  forms  proper  to  exhibit  the  different  geometrical  properties 
of  the  suHace,  but  with  which  I  am  not  yet  acquainted. 

B.     Here   taking  for  the   two  surfaces   the    reciprocals   of   the   equations   made    use 
of  in  determining  the  Intersect-Developable,  the  equations  of  these  reciprocals  are 

n'  6  a?  +  «'  a  y"  —  a  6  c  w*  +  2n  a  6  ^w  =  0, 
ji'»6V  +  nVy  -  a'b'c'-uf'  +  2.n'a'b'zw  =  0, 

which  are  similar  to  the  equations  of  the  surfaces  of  which  they  are  reciprocal,  only 
i'^and  w  are  interchanged,  so  that  here  x  =  0,  y  =  0  are  the  single  conjugate  planes, 
2  =  0  is  an  indeterminate  plane  passing  through  the  single  conjugate  points,  and  w  =  0 
is  the  equation  of  the  double  conjugate  plane  or  plane  of  contact. 

The  values  of  A,  B,  C,  D  are 

A  =  3  {n^ha?   +  n^ay^  -  ahcvf  +  2nabzw), 

B=     (2nn'b  +  n'b')  of  + 

C=  \2nn'b' +  71%)  of' + 

D  =  3  (n'^i'x"  +  n'^a'f  -  a'b'c'vr'  +  2n'a'b'zw). 

Hence,  using  /  g,  h,  p,  q,  r  in  the  same  sense  as  before,  we  have  for 
2(AC-B'),  2(BD-C»),  (AD-BC)  expressions  of  the  same  form  as  in  the  last  case 
(/),  q,  r  being  written  for  I,  m,  n),  but  in  which 

A  =  f^w*  +  4!(fzhif  +  SqryhiP  -  ^fqzw', 

B  =  ghu^  +  ^'fz^uf  +  Sprx'v/'  +  gpzw^, 

C  =  hho", 

D  =  2(fx'  +  2/)y  +  4k^2Stf  +  A^aPy^  -  SqJiaPzw  +  Splnfziv  +  tghy^ufi  +  2flia^vif, 

G  =  -  g'ar^, 
H=     0, 

L  =     2pqy^ziv, 
M  =      2pqa?zw, 

N  =  -  2h-'zw'  . 


84]  TWO    SURFACES    OF    THE    SECOND    ORDER  495 

The  substitution  of  these  values  gives  after  all  reductions  the  result 
/yAW  +  4  {pf-  qg)fgh?zvf 
+  4  {7^1?  -  &pqgf)  h'z'tv*  +  2  (qY  +  2prfh)fhay'w*  +  2  (pY'  +  2qrgh)ghyhu* 

-  16  (pf-  qg)  ^uf  -  4  {qY  -  4'pY^  -  Qpqfg)  qha^zvf  -  4  (p^^  -  4gy  -  Qpqfg)phy°-zii'' 
+  16p-q-h-z*i(P  -  8  (pf+  4>qg)  q^pha^z''w^  -  8  (qg  +  4>pf)  pq-htfz^vfi 

+  {qY  +  Sprfh)  q^ad'vi'  +  {p-'p  +  %qrgK)  f-v^vfi  +  2  (lOr^A^  -  pqfg)pqa?fv? 

—  IGpr^hafz^w  +  \&pYhy^z^w 

+  4  (4p/+  Hqg)  p(fx*zw  -  4  (4^^^  +  dj)/)  p'qy*ziu  -  4  (^/-  qg)pYx'y-zw 

+  4p'q*x*z-  +  4ip*(fy*z-  +  8pYafy-z-  +  4.pq*raf  +  ip*qry^  +  12;)Y^«'/  +  12pY''«'y  =  0  I 

which  is  therefore  the  equation  of  the  envelope  for  this  case.  This  equation  may  be 
presented   under  the   form 

vA^  +  ipq  (qx"  +  py^  {qra?  +  rpy^  +  pqz^)  =  0, 

and  there   are   probably   other  forms   which   I   am   not  yet   acquainted   with. 

C.  The  reciprocals  of  the  two  surfaces  made  use  of  in  determining  the  Intersect- 
Developable,  although  in  reality  a  system  of  the  same  nature  with  the  surfaces  of 
which  they  are  reciprocals,  are  represented  by  equations  of  a  somewhat  different  fonn. 
There  is  no  real  loss  of  generality  in  replacing  the  two  surfaces  by  the  reciprocals  of 
the  cones  a^  =  2yz,  y''  =  2zw ;  or  we  may  take  the  two  conies 

{ai'-2yz  =  0,  w  =  0)  and  {y'-2ziv=0,  x  =  0), 

for  the  surfaces  of  which  the  envelope  has  to  be  found,  these  conies  being,  it  is 
evident,  the  sections  by  the  planes  w  =  0  and  x  =  0  respectively  of  the  cones  the 
Intersect-Developable  of  which  was  before  determined.  The  process  of  determining  the 
envelope  is  however  essentially  different:  supposing  the  plane  ^x +  r]y+ ^z  +  row  =  0  to  be 
the  equation  of  a  tangent  plane  to  the  two  conies  (that  is,  of  a  plane  passing  through 
a  tangent  of  each  of  the  conies)  then  the  condition  of  touching  the  first  conic  gives 
^—2r)^=0,  and  that  of  touching  the  second  conic  gives  7]-  —  2^co  =  0.  We  have  therefore 
to  find  the  envelope  (in  the  ordinary  sense  of  the  word)  of  the  plane  ^x  +  rjy+  ^z  +  q)w  =  0, 
in  which  the  coefficients  f,  17,  f,  co  are  variable  quantities  subject  to  the  conditions 

f-2/;?'=0,     »?=-2f<u  =  0. 

The    result    which   Ls    obtained    without    difficulty    by    the    method    of    indeterminatf 
multipliers,  [or  more  easily  by  writing  ^  :  r)  :  ^  :  tu  =  2ff'  :  26''  :  6*  :  2]  is 

8y*z  -  S2y'z'w  +  ^^w'  -  27x*w  +  27x'yzw  -  4a;y  =  0, 

which  may  also  be  written  under  the  form 

8z  {y^  -  2zwy  -  a;=  !4y»  +  9  {•:ix'  -  Syz)  w  j  =  0. 
[Another  form,  containing  the  factor  w,  is  4  {y' +2zvjy  —  {2y' +  27x-w— '3()yzwy  =  {).] 
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85. 

NOTE    ON    A    FAMILY    OF    CURVES    OF   THE    FOURTH    ORDER. 

JTrom  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  148 — 1.52.] 

The  following  theorem,  in  a  slightly  different  and  somewhat  less  general  form,  is 
demonstrated  in  Mr  Heam's  "Researches  on  Curves  of  the  Second  Order,  &c.",  Lond.  1846: 
"  The  locus  of  the  pole  of  a  line,  u  +  v  +  w  =  0,  with  respect  to  the  conies  passing 
through  the  angles  of  the  triangle  (u  =  0,  v  =  0,  w  =  0),  and  touching  a  fixed  line 
au  +  fiv  +  ym  =  0,  is  the  curve  of  the  fourth  order, 

V  {aw  («  +  w  -  u)}  +  V  {/8v  (w  +  u—  v)]  +>/  {yw  (u  +  v-  w)]  =  0 ; " 

the  difference  in  fact  being,  that  with  Mr  Hearn  the  indeterminate  line  u  +  v+w  =  0 
is  replaced  by  the  line  oo ,  so  that  the  poles  in  question  become  the  centres  of  the  conies. 

Previous  to  discussing  the  curve  of  the  fourth  order,  it  will  be  convenient  to 
notice  a  property  of  curves  of  the  fourth  order  with  three  double  points.  Such  curves 
contain  eleven  arbitrary  constants :  or  if  we  consider  the  double  points  as  given,  then 
five  arbitrary  constants.  From  each  double  point  may  be  drawn  two  tangents  to  the 
curve ;  any  five  of  the  points  of  contact  of  these  tangents  determine  the  curve,  and 
consequently  determine  the  sixth  point  of  contact.  The  nature  of  this  relation  will  be 
subsequently  explained ;  at  present  it  may  be  remarked  that  it  is  such  that,  if  three 
of  the  points  of  contact  (each  one  of  such  points  of  contact  corresponding  to  a 
different  double  point)  lie  in  a  straight  line,  the  remaining  three  points  of  contact  also 
lie  in  a  straight  line.  A  curve  of  the  fourth  order  having  three  given  double  points 
and  besides  such  that  the  points  of  contact  of  the  tangents  from  the  double  points 
lie  three  and  three  in  two  straight  lines,  contains  therefore  four  arbitrary  constants. 
Now  it  is  easily  seen  that  the  curve  in  question  has  three  double  points,  viz.  the 
points  given  by  the  equations 

(u  =  0,  v  —  w  =  0),     {v=  0,  w  —  u  =  0),     (w  =  0,  u  —  v  =  0), 

points  which  may  be  geometrically  defined  as  the  projections  from  the  angles  of  the 
triangle  (u  =  0,  » =  0,  w  =  0)  upon  the  opposite  sides,  of  the  point  {u  =  v  =  w)  which  is 
the   harmonic   with   respect   to   the   triangle   of  the   given   line    u+  v  +  lu  =  Q.     Moreover, 
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the  lines  u  =  0,  v  =  0,  w  =  0  (being  lines  which,  as  we  have  seen,  pass  through  the 
double  points)  touch  the  curve  in  three  points  lying  in  a  line,  viz.  the  given  line 
au  +^v  -\-yw  =  0.  Hence  the  curve  in  question  is  a  curve  with  three  double  points, 
such  that  the  points  of  contact  of  the  tangents  from  the  double  points  lie  three  and 
three  in  two  straight  lines.  Considering  the  double  points  as  given,  the  functions 
u,  V,  IV  contain  two  arbitrary  ratios,  and  the  ratios  of  the  quantities  a,  yS,  7  being 
arbitrary,  the  equation  of  the  curve  contains  four  arbitrary  constants,  or  it  represents 
the  general  curve  of  the  class  to  which  it  has  been  stated  to  belong. 

As  to  the  investigation  of  the  above-mentioned  theorem  with  respect  to  curves  of 
the   fourth   order   with   three   double   points,   the   general   form   of   the   equation   of  such 

a  curve  is 

a      b       c      If     2q     2h     ^ 
or     y^     z^     yz      zx     xy 

where  the  double  points  are  the  angles  of  the  triangle  (« =  0,  y  =  0,  z  =  0).  It  may  be 
remarked  in  passing,  that  the  six  tangents  at  the  double  point  touch  the  conic 

aa?  +  by^  +  cz"  -  2fyz  -  2gxz  -  2hxy  =  0. 

To  determine  the  tangents  through  (y  =  0,  z  =  0),  we  have  only  to  write  the 
equation  to  the  curve  under  the  form 

a     h     gy     C     B     2F    ^ 

,x    y    zj     y     z      yz 

the  points  of  contact  are  given  by  the  system 

X      y        z 
C     B     2F     ^ 

y'    z!"    yz 

the  latter  equation  (which  evidently  belongs  to  a  pair  of  lines)  determining  the  tangents. 
The  former  equation  is  that  of  a  conic  passing  through  the  angles  of  the  triangle 
a;  =  0,  y  =  0,  z  =  0:  since  the  tangents  pass  through  the  point  (y  =  0,  z  =  0)  they 
evidently  each  intersect  the  conic  in  one  other  point  only.  The  equation  of  the 
tangents  shows  that  these  lines  are  the  tangents  through  the  point  3/  =  0,  ^  =  0  to  the 
conic  whose  equation  is 

aA^a^  +  bB'y''  +  cC'z'  +  2fBCyz  +  2gCAzx  +  2hABxy  =  0. 

To  complete  the  construction  of  the  pjints  of  contact  it  may  be  remarked,  that 
the  equations  which  determine  the  coordinates  of  these  points  may  be  presented  under 
the  form 

Ax  =  [A  ]x. 


c..{e+jy(=^)l,, 


G3 
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whence  also  oAx  +  hBy  +  gCz  =  Kx , 

hAx  +  bBy  +fOz  =     G  a/(^)  ^. 

gAx  +/By  +  cCz  =  -H^(^ ~-^)  x : 

or  writing   for  shortness  f,  17,  f  instead  of  the   linear   functions   forming  the   first  sides 
of  these  equations  respectively,  we  have 

^/(-aK)~G~     H' 

from   which  it  follows  at  once   that  the   equation   to   the   line   forming   the   two    points 
of  contact  is 

ahd  this  may  again  be  considered  as  the  line  joining  the  points  (f  =  0,   l,+  ^  +  -^  =  U) 

and  (17  =  0,  {:  =  0). 

Now  f  =  0,  17  =  0,  f  =  0,  are  the  polars  of  the  double  points  (or  angles  of  the 
triangle  x  =  0,  y=0,  z=0)  with  respect  to  the  last-mentioned  conic.  The  equation  of 
the  line  joining  the  point  (y  =  0,  z=0)  with  the  point  (77  =  0,  ?=0),  is  easily  seen  to 
be  GBy  —  CHz  =  0;  from  which  it  follows,  that  the  lines  forming  each  double  point 
with  the  intersection  of  the  polars  of  the  other  two  double  points  meet  in  a  point, 
the  coordinates  of  which  are  given  by 


:  y  :  Z-- 


1        J_        1 
AF'-  BG  '  CH' 


fc      „       f 
and   the   polar  of  this  pomt  is  the   line    l*+7^  +  ^=^-     The   constniction   of   this   line 

is   thus  determined ;    and  we   have   already  seen   how   this   leads   to   the   construction   of 


the  lines  joining  the  points  of  contact  of  the  tangents  from  the  double  points.  In 
fact,  in  the  figure,  if  a^y  be  the  triangle  whose  sides  are  f  =  0,  17  =  0,  ?  =  0,  and 
A,  B,  C  the  points  of  intersection  of  the  sides  of  this  triangle  with  the  line 


F^G^H'^' 
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the  lines  in  question  are  Aa,  Bj3,  Cy.  Moreover,  the  points  of  contact  upon  Aa  are 
harmonics  with  respect  to  A,  a,  and  in  like  manner  the  points  of  contact  on  5/3,  Cy  are 
respectively  harmonics  with  respect  to  B,  /3  and  to  C,  y.  This  proves  that  if  three 
of  the  points  of  contact  are  in  the  same  straight  line,  the  remaining  three  are  also 
in  the  same  straight  line;  in  fact,  we  may  consider  three  of  the  points  of  contact 
as  given  by 


? 

V  :  ?=V(-a/0 

G 

-H, 

? 

,, :  r=    -F 

^f(-  hK) 

H, 

1 

V-?=         F 

-G 

^(-cK) 

and  the  condition  that  these  may  be  in  the  same  line  is 

V(-  a)  V(-  h)  V(-  c)  +  GH  V(-  a)  +  HF  V(-  h)  +  FG  ^J{-  c)  =  0, 

which  remains  unaltered  when  the  signs  of  all  the  roots  are  changed.  The  equation 
just  obtained  may  be  considered  as  the  condition  which  must  exist  between  the 
coefficients  of 

or     ip     z^     yz      zx     xy 
in  order  that  this  curve  may  be  transformable  into  the  form 

\J{au  (v  +  w  —  u)]  +  \/{/3«  (w+u  —  v)}  +  ^{yw  {u  +  v  —  w)}  =  0. 


63—2 
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ON    THE    DEVELOPABLE    DERIVED    FROM    AN    EQUATION    OF 

THE    FIFTH  ORDER. 

^From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  152 — 159.] 

MoBius,  in  his  "  Barycentrische  Calcul,"  [Leipzig,  1827],  has  considered,  or  rather 
suggested  for  consideration,  the  family  of  curves  of  double  curvature  given  by  equations 
.such  as  X  :  y  :  z  :  w  =  A  :  B  :  C  :  D,  where  A,  B,  C,  D  are  rational  and  integral 
fiinctions  of  an  indeterminate  quantity  t.  Observing  that  the  plane  Ax+  By  +  Cz  +  Dw  =  0 
may  be  considered  as  the  polar  of  the  point  determined  by  the  system  of  equations  last 
preceding,  the  reciprocal  of  the  curve  of  Mobius  is  the  developable,  which  is  the 
envelope  of  a  plane  the  coefficients  in  the  equation  of  which  are  rational  and  integral 
functions  of  an  indeterminate  quantity  t,  or  what  is  equivalent,  homogeneous  functions 
of  two  variables  f,  17.  Such  an  equation  may  be  represented  by  U  =  a^  +  7i^~^rj+  ...=0, 
(where  a,  b,  &c.  are  linear  functions  of  the  coordinates) ;  and  we  are  thus  led  to  the 
developables  noticed,  I  believe  for  the  first  time,  in  my  "  Note  sur  les  Hyper-deter- 
minants," CreUe,  t.  xxxiv.  p.  148,  [54].  I  there  remarked,  that  not  only  the  equation 
of  the  developable  was  to  be  obtained  by  eliminating  f,  t)  from  the  first  derived 
equations  of  U=0 ;  but  that  the  second  derived  equations  conducted  in  like  manner 
to  the  edge  of  regression,  and  the  third  derived  equations  to  the  cusps  or  stationary 
points  of  the  edge  of  regression.  It  followed  that  the  order  of  the  surface  was  2(«— 1), 
that  of  the  edge  of  regression  3(n  — 2),  and  the  number  of  stationary  points  4  (/i  —  3). 
These  values  lead  at  once,  as  Mr  Salmon  pointed  out  to  me,  to  the  table, 

„i  =  3  (h  -  2), 

n  =  n, 

r  =2(n-l), 

a  =0, 

/8  =  4  (n  -  3), 

(7  =i  («-!)(« -2), 

h  =  H9n' -  5371  +  80), 

X  =2{n-2)(n-  3), 

y  =  2  (n -!)(«- 3), 
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where  the  letters  in  the  first  column  have  the  same  signification  as  in  my  memoir 
in  Liouville,  [30],  translated  in  the  last  number  of  the  Journal.  The  order  of  the  nodal 
line  is  of  course  2  (n  —  2)  (n  —  3) ;  Mr  Salmon  has  ascertained  that  there  are  upon  this 
line  6  (n  -  3)  (??,  —  4)  stationary  points  and  f  (n  -  3)  (n  -  4)  (m  —  5)  real  double  points, 
(the  stationary  points  lying  on  the  edge  of  regression,  and  with  the  stationary  points 
of  the  edge  of  regression  forming  the  system  of  intersections  of  the  nodal  line  and 
edge  of  regression,  and  the  real  double  points  being  triple  points  upon  the  surface). 
Also,  that  the  number  of  apparent  double  points  of  the  nodal  line  is 

(w  -  3)  (2«' -  18?i=  +  57w  -  65). 

The  case  of  U  a,  function  of  the  second  order  gives  rise  to  the  cone  ac  —  i^  =  0. 
When  U  is  a.  function  of  the  third  order,  we  have  the  developable 

4  (ac  -  b")  (bd  -  (f)  -  (ad  -  bcf  =  0, 

which  is  the  general  developable  of  the  fourth  order  having  for  its  edge  of  regression 
the  curve  of  the  third  order, 

ac-6'  =  0,     bd-c^  =  0,     ad-bc=Q, 

which  is  likewise  the  most  general  curve  of  this  order:  there  are  of  course  in  this 
case  no  stationary  points  on  the  edge  of  regression.  In  the  case  where  U  is  of  the 
fourth  order  we  have  the  developable  of  the  sixth  order, 

(ae  -  46d  +  3c=)'  -  27  (ace  +  2bcd  -  arf-  -  b'e  -  c'Y  =  0 ; 

having  for  its  edge  of  regression  the  curve  of  the  sixth  order, 

ae  —  'iibd  +  3c-  =  0,     ace  +  2hcd  —  ad-  —  b"e  —  c^  =  0, 

with  four  stationary  points  determined  by  the  equations 

a.  _b  _c  _d 
b      c     d     e' 

The  form  exhibiting  the  nodal  line  of  the  surface  has  been  given  in  the  Journal 
by  Mr  Salmon.  I  do  not  notice  it  here,  but  pass  on  to  the  principal  subject  of  the 
present  paper,  which  is  to  exhibit  the  edge  of  regression  and  the  stationary  points  of 
this  edge  of  regression  for  the  developable  obtained  from  the  equation  of  the  fifth  order, 

U=a^'+  nb^*v  +  lOcpi;^  +  lOd^'rj'  +  oe^v'  +  fv'  =  0; 

viz.  that  represented  by  the  equation 

□  =  0  =  ay*  +  leOa'cep  +  ...-  4000t=c'e', 

[I  do  not  reproduce  here  this  expression  for  the  discriminant  of  the  binary  quintic] 
a  result  for  which  I  am  indebted  to  Mr  Salmon. 
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To  efibct  the  reduction  of  this  expression,  consider  in  the  first  place  the  eqxiations 
which  detorraine  the  stationary  points  of  the  edge  of  regression.  Writing  instead  of 
{  :  17  the  single  letter  t,  these  equations  are 

of*  +  26<  +  c  =  0, 
be  +  2ct  +  d  =  0, 
cP  +  2dt  +  e==  0, 
dt*  +  2et+/  =  0, 

write  for  shortness 

A  =  2  (bf-  ice  +  3d»), 

B  =     of-  She  +  2cd, 

C  =2{ae-'kbd  +  3d'), 

and  let  a,  3/8,  87,  8  represent  the  terms  of 

a,  b,    c,    d 

b,  c,    d,    e 
0,    d,    e,    f 

viz.  a  =  bdf-  be  +  2cde  -  c^f    -  d\ 

Zp  =  adf-a^  -bcf  -\-bde   +d'e-cd', 
Sy  =  acf-ade-¥/  +bd'    +bce-(fd, 
S  =  ace  -  ad^  -  b''e    +  2bcd  -  c' ; 

it    is    obvious    at    first  sight   that    the    result    of    the    elimination    of   t    from    the    four 
quadratic  equations  Ls  the  system  (equivalent  of  course  to  three  equations), 

a  =  0,     ,3  =  0,     7  =  0,     S  =  0. 

The  system   in  question  may  however   be  represented   under  the   more   simple   form 
(which  shows  at  once  that  the  number  of  stationary  points  is,  as  it  ought  to  be,  eight), 

A=0,    5  =  0,     C=0; 

this  appears  from  the  identical  equations, 

{2ct  +  3d){bt°  +  2ct  +  d) 
-{2bt  +  4-c){cV  +2dt  +  e) 

+  b(d^  +  2et+/)  =  ^A; 

{2ct  +  3d)  (at'  +  2bt  +  c) 

-c{bt^  +  2ct+d) 

-{2at  +  Sb){ct'  +  2dt+e) 

+  a{dt''+2et+f)  =  B; 
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(2bt  +  3c)  (aC  +  2U  +  c) 
-  {2at  +  ib)(bt^+2ct+d) 

+  a  {cf  +  2dt  +  e)  =  ^C, 

(formulae  the  first  and  third  of  which  are  readily  deduced  from  an  equation  given  in 
the  Note  on  Hj'perdeterminants  above  quoted).  The  connexion  between  the  quantities 
A,  B,  G  and  a,  /8,  y,  8,  is  given  by 

Aa-2Bb  +  Cc  =-6S, 
Ab  -2Bc  +  Gd  =  -  67, 
Ac  -2Bd  +  Ce=-  6y8, 
Ad-2Be  +  Cf  =  -6a. 

The  theory  of  the  stationary  points  being  thus  obtained,  the  next  question  is  that  of 
finding  the  equations  of  the  edge  of  regression.  We  have  for  this  to  eliminate  t  from 
the  three  cubic  equations, 

alJ'  +  Sbt^  +  Sct+d^O, 
b^+3ct^  +  3dt  +  e  =0, 
ct^  +  SdP  +  3et  +/=0: 

treating  the  quantities  <',  t^,  t',  <"  as  if  they  were  independent,  we  at  once  obtain 

^t  +  a  =  0,     St  +  y  =  0,     yt'-a  =  0,     Bt'-0  =  O; 

or  as  this  system  may  be  more  conveniently  written, 

/8<  +  a  =  0,    7«  +  ;S  =  0,    S«  +  7  =  0. 

But  the  most  simple  forms  are  obtained  from  the  identical  equations, 

ft  (of  +  36«»  +  Set  +  d), 

-  (3et  +f)  (bf  +  ScP  +  3dt  +  e), 

+  {2dt  +  e)  (cf  +  Bdt"  +  Set  +/)  =  f{Bt  +  A); 

{bt  +  c)  (af  +  Sbt'  +  3ct  +  d), 

-  (at  +  36)  {b^  +  3ct'  +  3dt  +  e), 

+        a       (c<>  +  3rf<^  +  3e«+/)=      Ct  +  B\ 

equations  which,  combined  with  those  which  precede,  give  the  complete  system 
/S<  +  a  =  0,     7<+/3  =  0,     S«  +  7  =  0,     Bt  +  A=Q,     Ct  +  B=0: 
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or   the   equations   of   the  edge    of   regression    are    given    by  the    system    (equivalent    of 
course  to  two  equations), 


a.    /9,     7.     A,     B 
/3,    7,    S,     B,    C 


=  0. 


The  simplest  mode  of  verifying  d  posterion  that  the  edge  of  regression  is  only  of 
the  ninth  order,  appears  to  be  to  consider  this  curve  as  the  common  intersection  of 
the  three  surfaces  of  the  seventh  order : 

A*a  -  3A^Bb  +  SAB'c  -B'd  =  0, 
A*b  - 3A'Bc  +  SAB'd-B'e  =  0, 
A*c  -  SA'Bd  +  SAB'e  -B'f  =  0, 

(which  are  at  once  obtained  by  combining  the  equation  Bt  +  A=0  with  the  cubic 
equations  in  t).  It  is  obvious  from  a  preceding  equation  that  if  the  equations  first 
gi^^en  are  multiplied  by  fA,  —  ZeA  +/B,  2dA  —  eB,  and  added,  an  identical  result  is 
obtained.  This  shows  that  the  curve  of  the  forty -ninth  order,  the  intersection  of  the 
first  two  surfaces,  is  made  up  of  the  curve  in  question,  the  curve  of  the  fourth  order 
A  =0,  B  =  0  (which  reckons  for  thirty-six,  as  being  a  triple  line  on  each  surface),  and 
the  curve  which  is  common  to  the  two  surfaces  of  the  seventh  order  and  the  surface 
•2d A  -eB  =  0.     The  equations  of  this  last  curve  may  be  written, 

e  {of-  Ue  -t-  led)  -  4d  (bf-  4ce  +  M')  =  0, 
e^a  -  Ge'db  +  Ued'c  -  Hd*  =  0, 
Vfc-Ge'rfc  -f  4ed»=0; 

or,  observing  that  these  equations  are 

/(tte-46d)-3  (be'-6ced  +  'id^)  =  0, 
e»  (ae  -  46d)  -  2d  {be?  -  6ced  +  4d')  =  0, 
e  (b^  -  6ced  +  id')  =  0 ; 

the  last-mentioned  curve  is  the  intersection  of 

ae  -  ibd  =  0, 

be' -  deed  +  id' =  0, 

where  the  second  surface  contains  the  double  line  e  =  0,  d  =  0,  which  is  also  a  single 
line  upon  the  first  surface.  Omitting  this  extraneous  line,  the  intersection  is  of  the 
fourth  order;  and  we  may  remark  that,  in  passing,  it  is  determined  (exclusively  of  the 
double  line)  as  the  intersection  of  the  three  surfaces 

ae  -  4-bd  =  0, 

b^  -6ced  +  4rf'  =  0, 

a^d  -  6abc  +  46»  =  0, 
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being  in  fact  of  the  species  iv.  4,  of  Mr  Salmon's  paper,  "  On  the  Classification  of 
Curves  of  Double  Curvature "  [Journal,  vol.  v.  (1850),  pp.  23 — 46].  But  returning  to 
the  question  in  hand ;  since  49  =  9  +  4  +  36,  we  see  that  the  curve  common  to  the 
three  surfaces  of  the  seventh  order,  or  the  edge  of  regression,  is,  as  it  ought  to  be,  of 
the  ninth  order.  It  only  remains  to  express  the  equation  of  the  developable  surface  in 
terras  of  the  functions  A,  B,  C,  a,  /3,  y,  S,  which  determine  the  stationary  points  and 
edge   of    regression;   I    have    satisfied    myself  that    the    required    formula   is 

n={AC-  B')-  - 1152  [A  i^B  -  7^)  -B(aB-  ^y)  +  C(ay-  ^-)}  =  0, 

where  the  quantities  a,  /3,  7,  B  may  be  replaced  by  their  values  in  A,  B,  C ;  and 
it  will  be  noticed  that  when  this  is  done,  the  terms  of  □  are  each  of  them  at  least 
of  the  third  order  in  the  last-mentioned  functions. 

I  propose  to  term  the  family  of  developables  treated  of  in  this  paper,  '  planar 
developables.'  In  general,  the  coefficients  of  the  generating  plane  of  a  developable  being 
algebraical  fimctions  of  a  variable  parameter  t,  the  equation  rationalized  with  r&spect 
to  the  parameter  belongs  to  a  system  of  ?!  different  planes ;  the  developable  which  is 
the  envelope  of  such  a  system  may  be  termed  a  '  multiplanar  developable,'  and  in  the 
particular  case  of  n  being  equal  to  unity,  we  have  a  planar  developable.  It  would  be 
very  desirable  to  have  some  means  of  ascertaining  from  the  equation  of  a  developable 
what  the  degree  of  its  '  planarity '  is. 

P.S. — At  the  time  of  writing  the  preceding  paper  I  was  under  the  impression  that 
the  only  surface  of  the  fourth  order  through  the  edge  of  regression  was  that  given 
by  the  equation  AC  —  B'=0;  but  Mr  Salmon  has  since  made  known  to  me  an  entirely 
new  form  of  the  function  □,  the  component  functions  of  which,  equated  to  zero,  give 
six  different  surfaces  of  the  fourth  order,  each  of  them  passing  through  the  edge  of 
regression.     The  form  in  question  is 

where 

L  =      a?p  +  2256=e=  -  32ace-  -  32W/+  480kZ^  +  480c'e  -  Mahef+  IQacdf-  VIbd'f 

-  Uad'e  -  820bcde  -  S20c''d\ 
L  =   3o=/^-456»e»    +  64ace^  +  646^d/                                -llahef -\2acdf -Mhc-f 

-  %<oad^e  +  206cc?e, 

if  =  106cfZ^-18ad'    -  156c=e  +  32acde+ 66^    -9acy    +  2a6d/  +    a^ef    -%ahe\ 
M'=10d'de-18(f/    -  Ubd'^e  +  22bcdf  +  6ad^    -  96»e/     +  2acef  +   abf"-  ~()ad]f, 

N  =10b'd' -lob'ce    -  12acd=  +  18ac=e  +    abde    -  2aV     +6b^f      -  dabcf  +  ^a'df , 
N'  =  10c='e»  -Ihbd^  -  12c=rf/-l-  \9,bd-f  +    beef    -  2b''f'    +  Gae"      -  Qadef  +  3ac/^ 

where  it  should  be  noticed  that 

L  +  3L' = -10  (AC -B'). 
C.  64 
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The   expre88i<)ii.s   of  L,  L\  M,  M\  N,   N'   as    linear   functions   of  A,    H,    (■    (also   <\\iv 
to  Mr  Salmon)  art- 

A  =(ll<ie+28W-39c>)yl +(  a/-756e  +  74ct/)if +  (   \lb/+2Hce -li9(f)C, 
L'=(-7ae+   *bd+    lie")  A +{Sa/+ lobe-\ficd)B +  {-7b/ +    ice  +    3rf')0, 
M  =  3{bc-ud) A +S(ae  -c')B+    {cd-af)C, 
ir=    (cd-a/)A  +  :i{b/-d^)B  +  ii{de-cf)C, 

N  =S{b^  -(ic)A  +  S{ad-  bc)B+   {bd-(ie)C, 
N'=    (ce-b/)A+S(cf-de)B  +  S(^-d/)G. 

I    propose    resuming    the    subject    of    these    forms,    and    the    general    theory,    in    a    sub- 
sei]uent  paper.     [This  was  never  written.] 


¥ 
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87. 


NOTES    ON    ELLIPTIC    FUNCTIONS    (FROM    JACOBI). 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  201 — 204.] 

Thkkk  Notes  are  mere  translations  from  Jacobi's  "  Note  sur  une  nouvelle  application  de  I'aualyse 
des  fonctiuns  elliptiquw  k  I'algdbre,"  [Vrelle,  t.  vii.  (1831)  pp.  41 — 43],  and  from  the  addition  to  the  notice 
by  him  of  the  third  supplement  to  Legendre's  "  Thiorie  des  fonctions  elliptiques"  [Crelle,  t.  viii.  (1832) 
pp.   413^117]. 


64—2 


508  [88 


88. 


^ON    THE    TRANSFORMATION    OF    AN    ELLIPTIC    INTEGRAL. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  204 — 200] 

The  following  is  a  demonstration  of  a  formula  proved  incidentally  by  Mr  Boole 
(Journal,  vol.  ii.  [1847]  p.  7),  in  a  paper  "On  the  Attraction  of  a  Solid  of  Revolution 
on  an  External  Point."  ^ 

T    .  IT-  [  ^ — 

^  '^~j_,V[(i-a^)!i-(w^  +  «)1]' 

then,  assuming 

a  +  iy 

vc= ^  , 

1  —lay 

(so  that  a:  =  i  1  gives  y  =  +  1),  we  obtain 

(l-iayy       ' 

(n  —  imOL)  +  (m  —  ina)  y 

mx  +  n  =  ^^ — i — ^ — ■ -^ . 

1  —  iiy 

Assume  therefore 

la  +  (n  —  ima)  {in  —  ina)  =  0, 
whence 

( 1  —  Ht-  —  n')  +  A 

-»«=     s -^—  (A»  =  l +m*  +  n«-2m»-2n'-2m»nM, 

Zmn  ' 


( 


88] 
we  find 

and  also 

whence 

that   is 

But  since 
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1  -  (ma;  +  n)-  =— t^^t:::;;^  {1  -  (m  -  imy  y^}, 
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(1  -  iayf 


(1  -  tayy 


dy 


V  |1  _  („  _  ima)2j  J_,  V[(l  -  y')  {1  - (m  -  imf  y'}] 

V  [l  -  (n  -  imay}  J  0 


n  —  ima  = 


in  —  ina  = 


V[(l -2/0(1 -(m-i«a)'^2/^j]  • 
1  -  m^  +  w"  +  A 

1  +  m''  -  w^  +  A 


have 


1  -  (n  -  tma)=  =  -  h^j      (A  +  1  -  m^  +  n^), 


1  +  a^  =  -  — ^-,  (A  +  1  -  m'  -  n^)  ; 


and  therefore 


1+a' 


1    A  +  1  -  m'  -  n' 


1  —  (n  —  imaf     in?  A  +  1  —  m^  +  n'' 

1    (1  -  m"  -  n''  +  A)  (1  -  m«  +  w^  -  A)  _  2  (1  +  ?n^  -  n-  +  A) 


m'  (1  -  m»  +  «2  +  A)  (1  -  m^  +  n»  -  A) 


4?w^ 


consequently 


f7  =  -  V{2 (1  +m»  -  »'  +  A)}  f-— r ^ ;^^^ ,^  .. .    ^-^ 


Write 


then 


i-  = 


1  +  m'  -  n"  +  A 
2m 


4m 


(H-m)''-?i^ 


U'  = 


1  [■  dy 

l+7ny-n'}JoV!(l- 2/0(1-^ 


V^   

\  v{(i  + '«)'  -  '^'i  i 0  vi(i  -  f)  (1  -^y)} 


where  X  and  A-  are  connected  by  the   relation   that  exists   for  the   transformation    of  the 

second  order,  viz. 

2sjk 


\  = 


1  +  A;' 


I 
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an  may  be  immediately  verified  :   hence,  ansuming 

^^  ^/k^^/{l-\>'?)• 
which  gives 

we  find 


dz 

V|(i  +  »0' -"').' 


that  is 


I  '  dx ^  ^  r rf^ 

N  j_,  ^/[(l  -  (r»)  |1  -  (j/u:  +  n)}«]        j  „  V(l  -  2»)  [j(l  +  m)' -  n») -1 

Writing  here 

a;  =  cos  ^,     ^  =  cos  ^^, 

then 

j,  V{1  - (m cos  ^  +  ny}  ~  j„  V(l  + »»"  -  w'  -  2»n  cos  <f>) ' 


or  if 


r  iz 

m  =  -  ,         7J  = , 

a  a 


then  finally 

Jo  V{a'  +  (2  +  ir  cos  ^^j  ~  j „  VCa'  +  r=  +  ^' -  2ar  cos  <^) ' 
the  formula  in  question. 
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89. 


ON    THE    ATTRACTION    OF    ELLIPSOIDS    (JACOBI'S    METHOD). 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  217 — 226.] 

In  a  letter  published  in  1846  in  Liouville's  Journal  (t.  xi.  p.  341)  Jacobi  says, 
"II  y  a  quatorze  ans,  je  me  suis  posd  le  probleme  de  chercher  I'attraction  d'un  ellip- 
Hoide  homogene  exerc^e  sur  un  point  ext^rieur  quelconque  par  une  mdthode  analogue  a 
celle  employee  par  Maclaurin  par  rapport  aux  points  situds  dans  les  axes  principaux. 
J'y  suis  parvenu  par  trois  substitutions  cons^cutives.  La  premiere  est  une  transforma- 
tion de  coordonndes;  par  la  .seconde  le  radical  \'(1  —  m^  sin' ^  cos^ ■^  —  n^  8m^ 0 sin- yjr)  iiui 
entre  dans  la  double  int^grale  transformee  est  rendu  rationnel  au  moyen  de  la  double 
substitution 

wi  sin  /8  cos  ^  =  sin  t;  cos  6,    m  sin  /3  sin  i^  =  sin  i;  sin  ^ ; 

la  troisi^me  est  encore  une  transformation  de  coordonnees.  La  recherche  du  sens 
g^om^trique  de  ces  trois  substitutions  m'a  conduit  a  approfondir  la  thdorie  des  surfaces 
confocales  par  rapport  auxquelles  je  decouvris  quantity  de  beaux  th^oremes  dont  je 
communiquai  quelques-uns  des  principaux  k  M.  Steiner.  Consid^rons  Tellipsoide  confbcal 
mene  par  le  point  attird  P  et  le  point  p  de  rellipsoide  propose,  conjugue  a  P. 
Soient  Q  et  q  deux  autres  points  conjugues  quelconques  situes  respectivement  sur 
rellipsoide  ext^rieur  et  interieur.  Menons  de  F  un  premier  cone  tangent  a  rellipsoirle 
interieur,  de  p  un  second  c6ne  tangent  a  lellipsoide  exterieur.  Ce  dernier,  tout  imagi- 
naire  qu'il  e.st,  a  ses  trois  axes  r^els  (ainsi  que  ses  deux  droites  focales).  La  premiere 
substitution  ramene  les  axes  de  rellipsoide  k  ceux  du  premier  c6ne  (c'est  la  substitution 
employee  par  Poisson,  mais  que  j'avais  ant^rieurement  traitee  et  meme  etendue  a  lui 
nombre  quelconque  de  variables  dans  le  mdmoire  De  binis  Functionibus  homogeneis  dbc. 
[Crelle,  t.  xii.  (1834)  pp.  1—69]).  Par  la  seconde  substitution  les  angles  que  la  droite 
Fq  forme  avec  les  axes  du  premier  c6ne  sont  ramends  aux  angles  que  la  droite  pQ 
forme  avec  les  axes  du  second.  Par  la  demi^re  sub.stitution,  on  retoume  de  ces  axes 
aux  axes  de  Tellipsoide.  La  seconde  substitution  rdpond  k  un  thdoreme  de  g^omdtrie 
remarquable,  savoir  que  '  Les  cosinus  des  angles  que  la  droite  Fq  forme  avec  deux  des 
axes  du  premier  c6ne  sont  en  raison   constante   avec  les   cosinus  des  angles  que  la  droite 
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pQ  tonne  avec  doux  des  axes  du  second  c6ne ;  ces  deux  axes  sont  les  tangents  situfe 
ruspectivenient  dans  les  sections  de  plus  grande  et  de  moindre  courbure  de  chaque 
ellipsoide,  le  troisifeme  axe  ^tant  la  normale  k  rellipsoide.'  Tout  cela  semble  difficile 
k  ^tablir  par  la  synthase." 

Thi-  object  of  this  paper  is  to  develope  the  above  method  of  finding  the  attraction 
of  an  ellipsoid. 

Consider  an  exterior  ellipsoid,  the  squared  semiaxes  of  which  are  /'+  u,  g  +  u,  A  + «  ; 
and  an  interior  ellipsoid,  the  squared  semiaxes  of  which  are  /+  u,  g  +  u,  h  +  u.  Let 
«.  /),  (J  be  the  elliptic  coordinates  of  a  point  P  on  the  exterior  ellipsoid,  the  elliptic 
coordinates  of  the  corresponding  point  P  on  the  interior  ellipsoid  will  be  u,  p,  q,  and 
if  a,  b,  c  and  a,  b,  c  represent  the  ordinary  coordinates  of  these  points  (the  principal 
axes  being  the  axes  of  coordinates),  we  have 


h^  = 


{f+u)(/+q)(f+r) 
(g  +  u)(g  +  q)  (g  +  r) 


(ff-h)(g-/) 

_  (k  +  n)(h  +  q){h  +  r) 
^-        (^h-g)(h-f)       ' 

I  form  the  systems  of  equations 

(u+/)(u+g)(u  +  h) 


a,'  = 


(u-qy{u-r) 


iq  -r)(q-u) 
{r+f)(r  +  g)(r  +  h) 


c.'  = 


(r  —  m)  (r  —  q) 


a  = 


Oja 


a'  = 


a  = 


f+W 
b^a 

/+~q' 


a  = 


a   = 


a   = 


f+r' 

f^q' 

f+r' 


/9  = 

^  = 


Ujb 

g  +  u' 

bfi 

9  +  q' 

cj} 

g  +  ^' 

ajb 

gTl' 

b,b 
9  +  q' 

Cib 
g  +  r' 


a?Jf±Mf±q)if±i) 

(f-9)(f-h)       ' 

T.  ^  (9  +  u)(g  +  q)(g  +  r) 
{9-h){g-f)       • 

-,_{h  +  u)(h  +  q)(h  +  r) 

(h-f){h-g) 


a. 


^  (u+f)(u+g){u+h) 
(u  -q)(u-r) 

I.  =  iq+f){q  +  9){q+h) 

(q-r)(q-  u) 

-,.  =  (r+f)(r+g)(r+h) 
(r-u)  (r  -  q) 


Ofi 


7    = 


'  h  +  u' 

biC 
AT?' 

c,c 
A+"r' 


h+^' 


7   = 


7   = 


6,c 
h+~q' 

CiC 

h  +  r' 


i 
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And  then  writing 
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Z  =  yX,+  y'Y,+  y'%, 


X=  aX,+  a'i\+a"Z„ 
Z  =  yX,+  y'Z  +  y"Z„ 


if  X,  Y,  Z  are  the  cosines  of  the  inclinations  of  a  line  PQ  to  the  principal  axes  of 
the  ellipsoids,  X^,  F,,  Zi  will  be  the  cosines  of  the  inclinations  of  this  line  to  the 
principal  axes  of  the  cone  having  P  for  its  vertex,  and  circumscribed  about  the  interior 
ellipsoid.  In  like  manner,  X,  Y,  Z  being  the  cosines  of  the  inclinations  of  a  line  PQ 
to  the  principal  axes  of  the  ellipsoids,  X^,  Fj,  Z^  will  be  the  cosines  of  the  inclinations 
of  this  line  to  the  principal  axes  of  the  cone  having  P  for  its  vertex  and  circumscribed 
about  the  exterior  ellipsoid.  Assuming  that  the  points  Q,  Q  are  situated  upon  the 
exterior  and  interior  ellipsoids  respectively,  suppose  that  Xi,  Fj,  Z,  and  Xi,  Fi,  Z^  are 
connected  by  the  equivalent  systems  of  equations, 


„        ,,        ,,      //  X,^         Yr"         Zi"  \ 
^  y  \u  —  u     u  —  q     u  —  rj 

J,  =  V(«  -  ^)a/(^  +JL  +  JI 
'y  \u—  u     u  —  q     u  — 


then  it  will  presently  be  shown  that  the  points  Q,  Q  are  corresponding  points,  which 
will  prove  the  geometrical  theorem  of  Jacobi.  Before  proceeding  further  it  will  be 
convenient   to   notice   the   formulae 


1- 


u  —  u 


f+  u     g  +  u     h  +  u        a*    ' 

Xa        Yb         Zc    _u-u/ X.a^       YA       -^iC.  N 
f+u     g  +  u     h  +  u~     Oi^    \u  —  u     u  —  q     u  —  rj' 


/  Zg         Yb 
\f+u     g  +  u 


Zc  Y     u-u(  Z'         Y'         Z^  \ 
\  +  u)  '^    a^   Xf+u^ g+u     h  +  u) 


Oi"    \u  —  u     u  —  q     u  —  rJ      a^  ^ 


C. 
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Hnd  the  corresponding  ones 


1- 


1> 


«  — u 


f+u      g  +  u       h  +  U  Oi* 


Oi*    \u  —  u     u  —  q     u  —  r)      a,*  ' 

The  coordinates  of   the   point  Q  are  obviously  a  +  pX,  b  +  pY,  c  +  pZ  (where  p  =  PQ): 
substituting  these  values  in  the  equation  of  the  interior  ellipsoid,  we  obtain 

reducing   the   coefficients  of  this   equation   by   the   formulae   first  given,   and    omitting  a 


factor     _.    ,  we  obtain 


|(tt  - «)»     \u-u     Uj  —  q     u-r) )  '^        '^  \u  —  u     u  —  q     u  —  r  J 


that  is, 


ti.'ifi'     ,^|   /X.g^   ^    FA    ,    Z.Ci 
(u  —  m)'  "        I"  Vw  —  M      «  —  5'      «  —  1 


or 


/>  = 


Z,ai  —  Zift,      Fitti       Z,Ci 


u  —  u 


u  —  q     u 


which  is  easily  transformed  into 
P 


u  —  u 


^  y   ,  (f+u)b,Y,-(f+u)kY,  ,  if+u)c,Z,-{f+u)c,Z, 
a,X,-arX,+ -j^ + j-^ 

and  this  form  remaining  unaltered  when  u  and  «  are  interchanged,  it  follows  that  if 
PQ  =  p,  then  p  =  p,  which  is  a  known  theorem.  The  value  of  /a  or  p  may  however  be 
expressed  in  a  yet  simpler  form ;   for,  considering  the  expression 


X  X       _       a        f  a,Xi      6,F,      CiZ, 

v^Ts)    V(7+  «)  ~  V(/+  «)  (7+^  ^7+^  ■*"/+7. 


1_  -«__ 

■J         V(/+M) 


OiX,      6iFi      Ci^i 


/+M    /+9    /+r) 


_   —  1    (       g  a      ] 

"  ir=it  V(/+«)  ~  v(7+  m)J 

y  L  r     „  r  ,(/+")  ^ F.  -  (/+  u)  6.  F,     (/+  «)  c.Z.  -  (/  +  u)  c.Z.) 
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we  see  that 

X X  1  /      a a      \ 

^/(f+u)  vx7+^r  pw(/+«)  v(/+«)/' 
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and  similarly 


z  z 


=-U-. 


1 


m)/  * 


\/(A  +  m)     \l{h  +  u)~     f)  W(h  +  u)     ^(h  +  u)J  ' 

which  are  in  fact  the  equations  which  express  that  Q  and  Q  are  corresponding  points. 

It  is  proper  to  remark  that  supposing,  as  we  are  at  liberty  to  do,  that  P,  P  are 
situate  in  corresponding  octants  of  the  two  ellipsoids,  then  if  the  curve  of  contact  of 
the  circumscribed  cone  having  P  for  its  vertex  divide  the  surface  of  the  interior 
ellipsoid  into  two  parts  M,  N,  of  which  the  former  lies  contiguous  to  P :  also  if  the 
curve  of  intersection  of  the  tangent  plane  at  P  divide  the  surface  of  the  exterior 
ellipsoid  into  two  parts  M,  N,  of  which  M  lies  contiguous  to  the  point  P;  then  the 
different  points  of  M,  M  correspond  to  each  other,  as  do  also  the  different  points  of 
N,  N. 

We  may  now  pass  to  the  integral  calculus  problem.  The  Attraction  parallel  to 
the   axis   of  a;  is 


.  _  r    xdxdyi 
'{x'  +  y'  + 

the  limits  of  the  integration  being  given  by 


xcLc  dy  dz 
(a^  +  y'  +  .eri')*' 


/+«        g  +  11       h  +  u        ' 


or  puttmg 


x  =  rX,    y  =  rY,    z  =  rZ, 
where  X,  Y,  Z  have  the  game  signification,  as  before,  we  have 

dxdydz  =  r^drdS, 
and  then  A  =  ^XdrdS  =  fpXdS, 

where  p  has  the  same  signification  as  before :  it  will  be  convenient  to  leave  the  formula 
in  this  form,  rather  than  to  take  at  once  the  difference  of  the  two  values  of  p,  but 
of  course  the  integration  is  as  in  the  ordinary  methods  to  be  performed  so  as  to 
extend   to   the   whole   volume  of  the   ellipsoid.     The  expression  dS  denotes  the  differen- 
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tial   of  a  spherical  surface  radius  unity,  and   if  ^,  <^  are  the   parameters  by  which  the 
ptMution  of  p  is  determined,  we  have 

<iS=      X,  Y,  Z    Iddd^. 

dX  dY  dZ 

W  dd'  de 

dX  dY  dZ 

d4>'  d<(> 


In  the  present  case 


d^' 


dS  =  dS,=     X„        F„  Z,     \dY4Zu 

dX,  rfF,  dZ^ 

dY,'  dF,'  dF, 

dXi  dY,  dZ, 

W,'  dF,'  dl, 


or  from   the   Values   of  X„    F,,  Z,  in  terms   of  X,,   F,,  Z,   (observing  that  X,  must   be 
replaced  by  its  value  ^(1  -  F,»  -  Zi')]   we  deduce 


V  1(w-?)(m-»-)J  ^i 


But  dS  =  dS,=  ^dY,dZ„ 
X, 


whence 


which  shows  that  the  corresponding  elements  of  the  spheres  whose  centres  are  P,  P, 
projected  upon  the  tangent  planes  at  P  and  P  respectively,  are  in  a  constant  ratio. 
It  may  be  noticed  also  that  if  /x,  /Z  are  the  masses  of  the  ellipsoids,  the  ratio  in 
ijuestion 

V  l(w  -  ?)  (m  -  r)]      iM,  ■ 

We  have  thus 

/({u-q)(u-r)]  rpX,XdS 

V  ((M-?)(w-r)iJ    xr  • 

A  =     /((«-g)(ti-r))  fp(aX,  +  a'Y,  +  a"Z,)l4S 

V  l(«-?)(«-r)|j  X, 

The  value  which  it  will  be  convenient  to  use  for  p  is  that  derived  from  the  equation 
^r(    ^*         y'    ,     Z'  \  fXa  ^    F5        Z''c\^u-u     ^ 


that  is 
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with  only  the  transformation  of  expressing  the  radical  in  terms  of  Xi,  viz. 

^a  ^   Yh  ^   Z'c       \ 
_J  +  u     g  +  u     h+u     Oi 
P  X^         ^         ¥'  ' 

7 1- 1-5 

j  +  u     g  +  u     h  +  u 

substituting  these  values  and  observing  that  Fj  and  Z,  are  rational  functions  of 
X,  Y,  and  Z,  but  that  X^  is  a  radical,  and  that  in  order  to  extend  the  integration 
to  the  whole  ellipsoid,  the  values  corresponding  to  the  opposite  signs  of  X,  will  require 
to  be  added,  the  quantity  to  be  integrated  (omitting  for  the  moment  the  exterior 
constant   factor)   is 


-K 


Xa        Yb         Zc  \      1  ,  ,„       ,,„,)  ^  ,^ 
f+u     g  +  u     h  +  uj     Oi  ^  )__' 


Z=         Y^  Z^ 

+  -T-  +  ; 


/+«     g+u     h+u 

the  integration  to  be  extended  over  the  spherical  area  S.     Consider  the   quantity  within 
{  },  this  is 

\f+  u     g  +  u     h  +  uJ     Oiy  \q-uj  ^  ^  '    ^     a,y  \r~uj^  '^  ^     ' 

The  coefficients  of  Y  and  Z  vanish,  in  fact  that  of  F  is 

a^a       b  biU  I  fq  —  v.\    6,5  c-jx  I  fr  —  %\    Cj6 

f+ug  +  u     ax{f+q)V  Kq-uJ  g  +  q     a,(/+r-)  V  V- w/ ^r  +  r 

-  ?^  (  "^  ,  ^iSi  /fq  -  u\  CiCi  llr  -  xC\ 

<h  \if+u)(g  +  uyif+q){g  +  q)\/\q-uj'^(f+r)(g  +  r)\/\r-uj 

=  -^  \(f+u)ig  +  u)  +  (f+qHg  +  q)  +  (/+r)ig  +  r)\  =  ^ ' 
and  similarly  for  the  coefficient  of  Z. 

The  coefficient  of  JT  is  in  like  manner  shown  to  be 

gg  f     g.'  6,'  ci'     )  ^aa        (f-g)(f-h)        ^^^^. 

aiXif+uy^if+qy'^if  +  ry]       a,  (/+u)(f+q)(/+r)     a?a,      aa,' 

or  the  quantity  in  question  is  simply 


a   _ 
—  Y 
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Multiplying  this  by  Z„  =-aZ  +  «'F+a"Z,  the  terms  containing  XY,  XZ  vanish  after  the 
integration,  and  we  need  only  consider  the  term  ^Z'.  or  what  is  the  same  ^^^j^^'- 

Hence 

_     /((u-g)(«-r)]       a'g,       {  ^'dti 

V\{u  +  q)(u-r)\aar(f+u)]    X'  ^    Y'   ^    Z* 

f  +  u    g  +  u     h  +  u 

The   value  of  the  corresponding  function  A   (that   is,  the   attraction  of  the   exterior 
ellipsoid  upon  P)  is 

X'dS 


f+uj    Z»   ^    F'    ^    Z' 
f+ u    g  +  u     k  +  u 

the  limits  being  the  same,  whence 

A  _A  -     /[(M-g)(»-r)]  f+u  aa,  _  s/(u  +  g)  ^(u  +  h) 
^  ■  ^-\/\(u-q)iu-r)\f+u  aa,      >^(u  +  g) s/(u +  h) ' 

or  we  have 

.    _V(M+g)V(M  +  A)  J      j.^  V(«  +  A)V(«+/)  p     p^  V(M+/)v'(a+g)  >, 
V(u+^)V(«  +  A)  V(«  +  A)V(u+/)^'     "^     ^{u+f)^/{u  +  g)    ' 

formulae  which  constitute  in  fact  Ivory's  theorem. 

Let  K,  K  denote  the  attractions  in  the  directions  of  the  normals  at  P,  P,  we  have 

j^^f^Jhf  xM     K  =  [  X4S, 

iiud  it  is  important  to  remark  that  this  is  true  not  only  for  the  entire  ellipsoids ; 
but  if  JItt,  jS  denote  the  attractions  of  the  cones  standing  on  the  portions  M,  N  of 
the  surface  of  the  interior  ellipsoid,  and  j!tt,  J^  the  attractions  of  the  portions  of  the 
exterior  ellipsoid  bounded  by  the  tangent  plane  at  P,  and  the  portions  M,  N  of  the 
surface  of  the  exterior  ellipsoid,  then 

■*  /to,-'         ^        fia,^ 

where  obviously 

this  theorem  is  so  far  as  I  am  aware  new. 
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90. 


NOTE  SUE  QUELQUES  FORMULES  RELATIVES  AUX  CONIQUES. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  torn,  xxxix. 

(1850),  pp.  1—3.] 


(1) 


SoiT,  comme  k  I'ordinaire : 

^  =CA  -G"-  , 
®  =AB  -H'  , 

§  =GH  -  AF, 
<S  =HF-BG, 
T^=FG  -CH, 

K  =ABC-AF^-  BG-'  -  CH''  +  2FGH, 
et  d^ignons,  pour  abr^ger,  les  fonctions 

Ax'  +  Bif  +  Cz^  +  2Fyz  +  2.Gxz  +  2Hxy, 

Aax  +  B^y+  C'yz  +  F  (^z  +  jy)  +  G(yx  +  az)  +  H  (ay  +  0x), 

A  {0z  -jyY+B  {yx  -azY+C  (ay  -  ffw)*  +  2F  (yx  -  az)  (ay  -  ^x) 

+  20  {ay  -  /3a;)  (^z  -  yy)  +  2H  (^z  -  yy)  {yx  ~  az) ; 


&c. 


par 


A3!>+...;    Aaa;+...;    A  (ffz -yyf  +  ... ;  &c. 


Cela  pose,  soient  ^  +  a,  33  +  b,  ®  +  c,  jf  +  f,  ffi  +  g,  ^  +  h,  K  +  k  ce  que  devieniieut 
a,  i3,  ffi.  JF,  €5,  1^,  K,  en  &rivant  A+a\  B+^,  C+y,  F+^y,  G  +  ya,  H  +  a^  au 
lieu  de  A,  B,  C,  F,  G,  H.     Alora  on  aura  d'abord 

k=aa=+ (2) 
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et  les  quantity  a,  b,  c,  f,  g,  h  seront  donn^es  par  I'dquation 

aa'+...=4  03^-7y)'+ (3). 

ou,  id  Ton  veut,  par  celle-ci : 

aa;a;, +  ...=-4(/3z-73/)(/9^,-7?/i)  + (4), 

(savoir,  en  cousid^rant  ces  ^uations  comme  identiques  par  rapport  k  x,  y,  z  et  ar,,  y,,  ^, 
respectivement). 

On  obtient  sans  diflScult^  les  Equations  identiques: 

(A<ta,+...){Axx,+  ...)-{Aax+  ...){Aa,x,  +  ...)^      ^  (/S^i  -  wO  (A^  -  w)  +  •  •  •  .  (5), 
(aaa,  +  ...)(a^^.  +  -.)-(aaa;+...)(aa,a;,+  ...)  =  -^[4(/9^.-7yO(/9.^-7iy)+---]  (6). 

Comme  on  sait,  la  condition  sous  laquello  la  droite  Ix  +  my  +  nz  =  0  touche  la 
conique  TJ=  Ao^-\-  ...  =  0  pent  etre  presentee  sous  la  forme  ^Z^+...=0.  Done  la  con- 
dition pour  que  cette  droite  touche  la  conique   U+(cuc  + ^y  +  yzy  =  0,  est 

m  +  ...+A{ym-0ny+...=O    (7). 

En  r^uisant  au  moyen  de  I'^quation  (^a'  +  . . .) (^l"  +  ...)  =  K[A  (ym - ^w)»  +  . . .  ]  (laquelle 
n'est  qu'un  cas  particulier  de  I'dquation  (6)),  cette  condition  devient: 

iK  +  ^a''  +  ...)(^l'  +  ...)-(^al+  ...y  =  0 (8). 

Pour  trouver  la  condition  sous  laquelle  les  coniques 

U+(ax+^y+  yzf  =  0,      U+  {a,x  +  ^,y  +  y,z)-  =  0 
se  touchent,  on  n'a  qu'^  remarquer  que  I'^quation  de  la  tangente  commune  est,  ou 
(a-aOa;  +  (y3-/3,)2^  +  (7-7i)^  =  0,       ou       (a+ a,)a;  +  (i8  + A)2/  +  (7  +  7i)^  =  0. 
En  ne  consid^rant  que   la  premiere  de  ces  droites,  on  a  pour  la  condition  cherchde : 
a  («-«,)'  + •••  +  ^(/37.-;8i7)'+--=0 (9); 

ou,  en  r^uisant  au   moyen  du   meme  cas  particulier  de  r6]|uation  (6),  on  obtient  cette 
condition  sous  la  forme 

(ii:  +  ao»+...)(-K'+glar+...)-(^  +  aaa,+  ...)=  =  0 (10). 

On  sait  que  les  coordonn^es  X,  Y,  Z  du  pole  de  la  droite  Ix  +  my  +  nz  —  0,  par 
rapport  h.  la  conique   U=0,  peuvent  6tre  trouv^es  par  I'^uation 
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(considdrde  comme  identique   par  rapport  a  X,  fi,  v).     De  la  les  coordonn^es  X,  Y,  Z  du 
pole  de  cette  meme  droite  par  rapport  ^  la  conique 


U+(ax  +  ^i/  +  yz)-  =  0 
se  trouveront  par  I'dquation 

\X+  fj.Y  +  vZ  =  ^l\  +  ...  +  A(ym-0n)(yfi-/3v). 


(11) 


(consideree    comme    identique    par   rapport    a    X,    /j,,    v).     Cette    Equation    peut   aussi   etre 
pr^sent^e  sous  la  forme 

K(\X+fiY+pZ)  =  (K  +  ^oi'+...)(^tk  +  ...)-(^a\+...){^d+...)     ...  (12), 

ce  qui  peut  etre  ddmontrd  facilement  au  moyen  d'un  cas  particulier  de  I'dquation  (6). 

Si  les  deux  droites  lx+7ny+nz=0,  I'x  +  m'y  +  n'z  =  0,  touchent  la  conique  U=0, 
I'dquation  de  la  droite  qui  passe  par  les  points  de  contact  sera  A  (mn'  —  m'n)  a;  +  . . .  =  0. 
Done:  si  ces  deux  droites  touchent  la  conique  U +  {ax  ■\- ^y  + '^zf=0,  I'dquation  de  la 
droite  qui  passe  par  les  deux  points  de  contact  sera 

A  (mn  —  m'n) x  +...+  (cue  +  ^y  +  yz)[a (mn'  —  m'n)  +  0 (nV -  n'l)  +  7 (Im'  —  I'm)]  =  0  . . .  (13). 

Les  formules  obtenues  seront  utiles  pour  la  solution  du  probleme  du  memoire 
suivant,  [91].     Je  les  ai  rapprochdes  ici  pour  ne  pas  interrompre  cette  solution. 


a 
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91. 

SUR    LE    PROBLEME    DES    CONTACTS. 


[From  the  Journal  fur  die  reine  und   angewandte  Mathematik  (Crelle),   torn.   XXXIX. 

(1850),  pp.  4—13.] 

Je  me  propose  ici  la  solution  analytique  du  problfeme  suivant: 

"  Etant  donn^es  trois  coniques  inscrites  a  une  m^me  conique :  trouver  una  autre 
conique,  ausei  inscrite  h,  cette  conique,  qui  touche  les  trois  coniques  inscrites;  et  tirer 
de  \k  les  constructions  -gdom^triques  ordinaires." 

Je  commence  par  r^capituler  quelques-unes  des  propri^t^s  d'un  systfeme  de  trois 
coniques  inscrites  k  la  meme  conique. 

Un  systfeme  de  six  droites  qui  passent  trois  a  trois  par  quatre  points,  s'appelle 
quadrangle.  Lea  points  de  rencontre  des  c6tes  opposes  sont  les  centres  du  quadrangle; 
les  cotda  du  triangle  form^  par  ces  trois  centres  sont  les  axes  du  quadrangle.  De  meme, 
un  systeme  de  six  points  situds  trois  k  trois  sur  quatre  droites,  s'appelle  quadrilatere. 
Les  droites  qui  passent  f)ar  les  angles  opposes  sont  les  axes;  et  les  angles  du  triangle 
form^  par  les  trois  axes  sont  les  centres  du  quadrilatere. 

Deux  coniques  quelconques  se  coupent  en  quatre  points  qui  forment  un  quadrangle 
inscrit  aux  deux  coniques.  Elles  ont  quatre  tangentes  communes  qui  forment  un 
quadrilatere  circonscrit  aux  deux  coniques.  Le  quadrangle  inscrit  et  le  quadrilatfere 
circ<jnscrit  ont   les  mdme  centres  et  les  memes  axes. 

Si  deux  coniques  sont  circouscrites  ou  inscrites  I'une  k  I'autre,  la  droite  qui  passe 
par  les  deux  points  de  contact  s'appelle  chorde  de  contact,  et  le  point  de  rencontre  des 
deux  tangentes  communes  s'appelle  centre  de  contact. 

Cela  pos^ :  les  coniques  circonscrites  k  deux  coniques  donn^es,  peuvent  etre  divisees 
en  trois  classes:  une  conique  circonscrite  appartient  a  une  quelconque  de  ces  trois 
classes,    selon    que    les    points    de    rencontre    des    chordes    de    contact    de    la     conique 
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circonscrite  et  de  chacune  des  deux  coniques  donnees  coincide  avec  un  quelconque  des 
trois  centres  du  quadrangle  inscrit,  ou  du  quadrilatfere  circonscrit;  ou,  si  Ton  veut, 
selon  que  la  droite  qui  passe  par  les  centres  de  contact  de  la  conique  circonscrite  et 
des  deux  coniques  donnees,  coincide  avec  un  quelconque  des  trois  axes  du  quadrangle 
inscrit,  ou  du  quadrilatere  circonscrit. 

En  consid^rant  les  deux  coniques  donndes,  et  une  conique  circonscrite,  nous  dirons 
que  les  deux  c6t^s  du  quadrangle  inscrit  qui  se  coupent  dans  le  point  d'intersection 
des  deux  chordes  de  contact,  sont  les  axes  de  symptose  des  deux  coniques  donndes,  et 
que  les  deux  angles  du  quadrilatere  circonscrit,  situds  snr  la  droite  qui  passe  par  les 
deux  centres  de  contact,  sont  les  centres  d'homologie  des  deux  coniques  donnees. 

Soient  maintenant  inscrites  trois  coniques  a  la  m^me  conique.  En  combinant  deux 
a  deux  ces  trois  coniques,  les  six  axes  de  symptose  se  couperont  trois  a  trois  en  quatre 
points  que  nous  nommerons  centres  de  symptose,  et  les  six  centres  d'homologie  seront 
situ^s  trois  k  trois  sur  quatre  droites  que  nous  appelerons  axes  d'homologie. 

Soient 

U+V,''  =  0,     U+V,'  =  0.     U+Vi  =  0 

les  Equations  des  trois  coniques  inscrites,  ou 

U  =Aa?  +  By^+  Cz'  +  2Fyz  +  IQxz  +  lExy, 
F,  =  Ojo;  +  ^,y  +  7,j, 

F3  =  Oj^  +  Ay  +  1^- 
Si  Ix  +  my  +  n2  =  0 

est  I'dquation  d'une  tangente  commune  aux  coniques  t7  +  F/  =  0,  U  +  F/  =  0,  les  formules 
de  la  "  Note  sur  quelques  formules  &c."  [90],  en  adoptant  la  notation  de  cette  note, 
donneront  le8  Equation  * 

{K +^,'+...)(m' +...)' {^0,1+  ...y  =  o, 

(K +^a^+ ...)(m' + ...)-(^a.j  +  ...y =0, 

qui  serviront  h.  determiner  les  valeurs  de  I,  m,  n;    on  obtient  par  la  I'^xpression 

V(ir  +  a^,' +...)  (a«,Z +...)- \/(^  +  aa,» +...)  (^0,^ +.. .), 
qui  fait  voir  que  I'^uation  Ix  +  my  +  nz  =  0  est  satisfaite  en  dcrivant 

:  v/(^  +  aa.»+  ...)((5a,  +  Jp/8,  +  ®  7.)  -  V(^  +  ^0..'+  ...)(€5«.,  +  jF/3,  +  ©7,)- 

6G— 2 
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•t  CM  ^uationa,  qui  peuvent  auni  4tre  pr^nt^en  sous  la  forme  plus  simple 

Ax-i-Htf  +  Ot  :  IIx  +  By  +  Fz  :  Ox  +  Fy+Cz (2), 

:  V(A'  +  aa,'...)/9.-V(A'  +  aa,'...)/3, 

correspoodeDt  k  un  centre  d'homologie  des  deux  coniques   U+V*=0,  U+V'=0. 
En  mettont,  pour  abr^ger, 

V(/f  +  av+ ■••)-/»..    V(^  + a*,' +...)  =  ;?„    V(A'  +  aa,'+...)=/'. (3). 

on  obticnt  facilcmcnt,  pour  un  des  axes  d'homologie  des  trois  coniques,  I'^uation 

Pi,  Pt,  Pt    =0 (4), 

Aw  +  Hy  +  Oz,    a,,  a„  a, 

Hw  +  By  +  Fz,    /3.,  /9„  /8, 

Oar  +  ^y  +  C'^,    7,,  y„  7, 

ot  ccllcij  des  trois  autren  axtis  d'homologie  en  peuvent  Stre  tir^s  en  changeant  les 
signes  de  Pi,  p,,  p,- 

Jiumarquons  que  I'dquation 

1,1,1      =0  (5) 

Aw  +  Hy  +  Oz,  a,,  a„  0, 
JIx  +  By+Fz,  A,  /9„  0. 
Gw  +  Fy+Oz,    7,,    7„    7, 

eat  cello  do  ia  polairo  d'un  des  centres  de  Bymptose  des  trois  coniques  par  rapport  k 
In  coniqiu!  (iirconmirito  J/  =  0,  savoir  de  celle  qui  CHt  donnde  par  le  systfeme  V,=  V.j=V„ 
ot  quu  1(!M  (^(juatioiiH  (IcH  troiH  autres  polaires  correspondaiiteti  se  trouvurout  en  changeant 
I08  sigtios  de  a,,  /9,,  7,,  ou  de  a,,  0„  7,,  ou  do  a,,  ^„  7,. 

ChorehoMH  lo  p61e  de  I'axe  d'homologie  dont  nous  venons  de  trouver  r«5quation,  par 
rapport  h,  unn  (|natri{.'nn!  coniiiuu  inHcrito  U+V'  =  0  (V  =  ax  +  ^ij  +  yz).  En  exprimant 
cotte  Apmtion  ))ur  In:  +  my  +  nz  =  0,  on  obtiendra  Ics  coordonndes  de  ce  p<>le  an  moyeu 
<lu   rd(|uati<)n 

K(\X  +  (lY ^■vZ)=p'>imK  +  ...)-{<^a\+  ...){nd-\- ...)  (6), 

oh,  piHir  alMt'gcr,  on  a  mis  p  — V(^ +^a"  + ...).  (Mdmoire  citd;  equation  (12).)  Mais 
ici  on  a 


Ije  +  my  +  n«  » 


P\,  Vu  Pa 

Ax  +  Jly  +  0z,     a,,  a.^,  «„ 

Hx  +  By  +  Ft.    (3,,  /9„  /9. 

Ox  +  Fy  +  Cz,    7,,  7,,  7, 
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ce  qui  donne  immediatement 


m\+...=K 


et  de  la  on  obtient 
\X  +  fiY  +  pZ  =  p' 


Pi,    Pi,     Pi 

^.        «1.        «2,        <^3 

".     7i.     72.     73 
Pi.      Ps.      P, 

",     7i.     72.     78 


aaZ+...=if 


Pi.  P-2,  Ps 

a,     a  I,  flj,  a, 

^.     A.  A,  /3s 

7.     7i.  72.  7» 


■(aaX+...) 


Pi.  Pi,  P» 

1,     a,,  a.i,  a, 

/3.    A,  /3„  A 

7.     7i,  72.  7» 


•(7); 


savoir,  en  consid^rant  cette  ^uation  comme  identique  par  rapport  k  \,  fi,  v,  on  obtient 
les  coordonn^s  X,  Y,  Z  du  point  dont  il  s'agit.  En  prenant  particulierement  ce  prtle 
par  rapport  k  la  conique   U+  F,'  =  0,  cette  equation  se  reduit  k 


-(\X  +  fiY+vZ)=p, 


Pi,    Pj.    p. 


-(^a,\  +  ...) 


\,    a,,     a,,     a, 

",     7i.     7i.     7» 
oil,  si  Ton  veut,  X,  Y,  Z  seront  d^termin^  par  les  expreosioiis 

a,Z +/3,F+7,Z= -;),;), +aa,at,+  ...,  ' 

a^X  +  fi^Y  +  y^Z  =  -  p,pt  +aaiai,+  ..., 


«1.         <'2. 

A,    A, 

7i.     72. 


/3, 

73 


(8), 


(9). 


Le   facteur  —  a  ^te  supprim^.     De  Ik  on  obtient  aussi  I'^uation  de  la  droite  men^e 

par    ce    point,    savoir    par    le    p61e    de    I'axe    dliomologie    par    rapport    k    la    conique 
C  +  F,'  =  0,  et  par  le  centre  de  syraptose   V,=  Vt—  V,.     En  effet,  cette  Equation  est 


=  0 


(10). 


V„  V,.  F. 

1  .  1  ,  1 

Pt'-Sla,'-  ...  ,    />,p,-aa,a,-...,    p,Pt-^<Xi<h- ■ 

On  pourrait  ^galement  chercher  le  point  d'intersection  de  la  polaire  dii  centre  de 
sj'mptose  V,=  Vt=Vt  par  rapport  k  U+V*  =  0,  et  de  I'axe  dliomologie;  ce  point 
serait  ^videmment  le  pole  de  la  droite  exprimfe  par  la  demifere  Aquation,  par  rapport 
k  I7+F,'=0. 

Ces  r^sultats  seront  utiles  pour  I'interpr^tation  de  la  formule  relative  k  la  conique 
qui  touche  les  toois  coniques  donn^es  et  que  nous  ironu  chercher  maintenant. 
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Repr^ntons  par  1/"+  P  =  0  I'^quation  de  cette  conique;  I'^quation  (10)  du  m^moire 
cit^  donnora  les  expressions 

f^aat+...  =  -K+2)Pi,[  

auxquelles  nous  ajouterons  I'^quation  qui  donne  la  valeur  de  p,  savoir 

^af+...  =  -K  +  p' 


(11). 


I 


(12). 


II  n'y  a  qu'k  substituer  dans  cette  demiere  Equation  les  valeurs  de  a,  ^,  y  que  donnent 
les  trois  autres.  Par  1^  on  obtient,  pour  determiner  p,  une  Equation  du  second  degr^ 
et  de  la  forme 

K^L-lKpM+fN^Q (13); 

c'est-i-dire,  en  faisant  M^  -  NL  =  12^  A  =  w ,  on  aura  p  =  KK  et  de  1^ 


aaa»+...  =  -i^(A_ps-l), 
^aa, +  ...=- A" (Ap,-1),, 


(14), 


oil  A  est  une  quantity  connue,  dont  la  valeur  sera  donnee  dans  la  suite.  Pour  le 
moment  il  suffit  de  rennarquer  qu'en  changeant  h,  la  fois  les  signes  de  p^,  p.,,  p,,  il, 
cette  quantity  A  ne  change  que  de  signe.  Au  lieu  de  chercher  les  valeurs  de  a,  f3,  y, 
il  vaut  mieux  dliminer  ces  quantit^s  entre  ces  demieres  Equations  et  I'^quation 
F  =  air  +  ySy  +  7^  =  0.     Cela  donne,  pour  trouver  V,  I'dquation 


V,        K(Ap,-l)       ,         K{Ap,-l)       ,  K(Ap,-l) 

X,    a«, +|^A  +  C57i>    a  a, +  1^,8, +  ©72,     SI  a, +  1^/3, +  ©7. 

z,    <!5ai  +  iFA  +  ®7i,     C5a.  +  iF/8.  +  ®7.,     C5a,  +  j:/3,  + €7^ 


=  0  ...(15), 


qui  peut  aussi  6tre  ^crite  comme  suit : 


V, 


Api~l,     Apj-1,     A^,-l 


Ax  +  Hy  +  0z, 

«!, 

flu, 

as 

Hx  +  By  +  Fz, 

A, 

A, 

/8, 

Qx-^-Fy-^Cz, 

7i, 

7». 

78 

=  0. 


(16). 


En   mcttant    F=0,  on    anra    I'dquation    de    la    chorde    de    contact    de    la    conique 
cherch^e    et    de    la    conique    circonscrite    17  =  0.     En    remarquant    que    I'^quation   de    la 
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conique   cherchde   pent   etre   mise   sous  la   forme    F  =  V  —  U,  I'^quation   de   c^tte  conique 
se  prdsentera  sous  la  forme  tres  simple: 


:0. 


(17), 


^/-  U,  Api  -  1,  Ap^  -  1,  Ap3  -  1 

Ax  +  Ey  +  Gz,        a,,             a  J,  a^ 

Hw  +  By  +  Fz,        A,             A,  /Ss 

Gx  +  Fy  +  Gz,         7j,             y^,  7, 

ou  enfin,  si  Ton  veut,  sous  la  forme  plus  usitde : 

Ap,-l,  Ap^-\,  Ap,-\    2  =  0.. .(18); 

Ax  +  Hy+Gz,         ai,  a^,  a^ 

Hx  +  By  +  Fz,         A,  A,  A 

Gx  +  Fy+Cz,         7„  y„  ^3 

la  premiere  de  ces  deux  formes  est  peut-etre  la  plus  ^Idgante. 

Les  propri^t^s  gdomdtriques  sent  absolument  inddpendantes  de  la  valeur  de  la 
quantity  A :  mais  pour  completer  la  solution,  je  vais  donner  I'expression  de  cette 
quantite.     Pour  cela,  remarquons  qu'en  mettant  pour  abr^ger: 


«!■ 

a„, 

a 
3 

=  u  + 

A, 

A, 

A 

7i, 

72. 

73 

n  = 


7i,     73>     73 

h  =  /3j73  -  /3372 ,     h  =  ^37i  -  /3i73 .  •  •  • 
7/1,  =7,03  -733,, 

X  =  i,  (;)pi  -  if )  + Z,  (;jp, -«■)  +  /,  (;,^3  -  iO, 


(19), 


on  aura  d'abord  I'dquation  identique 

-Kn(ax+0y  +  yz)=  ppi- K,    pp^-K,    pp^-K 

Ax  +  Hy+Gz,        a,,  a,,  a., 

Hx+By  +  Fz,        A,  /S„  0, 

Gx+Fy  +  Cz,         7,,  7,,  73 

ou,  ce  qui  est  la  meme  chose, 

Kn(ax  +  ^y  +  yz)  =  \(Ax  +  Hy  +  Gz)  +  fi(Hx  +  By  +  Fz)  +  v{Gx  +  Fy  +  Cz). 

Cela  donne 

n  i^a:'  +  ...)  =  Xa  +  fj.13  +  vy,     KU  (\a  +  fi^  +  vy)  =  (AX'  +  ...), 
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KW  {^a? +...)  =  AX' +..., 
et,  en  vertu  de  cette  expression,  I'^quation  qui  sert  k  determiner  p  se  reduit  k 

£'n'+iiv+...-/rn'^=o (20). 

En  la  comparant  avec  TAjuation  K'L  -  2KpM  +  p'N  =  0,  on  obtient 

Z=        U*+[A(l,  +  l,  +  l,y +  ...], 

M=  [A  {k  +  k  +  k){liPi->rkPi  +  hPi) +  ■■■],  \ (21), 

N  =  -KU^^-[A{kpi  +  kPi  +  kPif+-l 
et  de  \k,  par  une  transformation  d^j^  employt^e, 

KiAik^k+kr  +  .-^  +  KU'  [...(22); 

[^  [pi{ai-<h)+Pi{<h-ai)+Pi{oii-<h)Y +■■■]] 

mais  I'interpretation  de  ce  r^sultat  paratt  etre  diflBcile. 

En  revenant  sur  I'^uation  trouv^e  pour  la  conique  qui  touche  les  trois  coniques 
donn^es,  remarquons  que  les  signes  de  a,,  /S,,  7,,  ou  de  o^,  /Sj,  7^,  ou  de  a,,  j8„  73, 
peuvent  etre  changes  conjointement.  Cela  revient  en  effet  k  ecrire  —  F,,  ou  —  Fj,  ou 
—  F,  au  lieu  de  +  F,,  ou  de  +  Fj,  ou  de  +  Fa,  ce  qui  ne  change  pas  les  coniques 
inscrites.  Mais  il  est  facile  de  voir  qu'en  changeant  k  la  fois  les  signes  de  F,,  Fj,  F3, 
on  ne  change  pas  I'^quation  de  la  conique  dont  il  s'agit;  cette  Equation  ne  change  non 
plus,  en  changeant  a  la  fois  les  signes  de  pi,  p^,  p^,  il;  de  mani^re  que  I'^quation 
trouv^e  correspond  r^ellement  k  32  coniques  difif^rentes.  En  distinguant  ces  32  coniques 
par  des  symboles  de  la  forme 


(±  F„  ±  F„  ±  V„  ±p„ 

±Pi,  ±p„  ±n): 

quatre  symboles  tels  que 

(   v„      F„      r„     p,, 

Pi,      Pi,      n). 

(-v„    -V„    -V„      p,, 

Pi,     pz,      n). 

(           'J)                  '2,                  '8)         ~  Pi, 

-Pi,  -Ps,  -n), 

i-Vu    -F„     -F3.    -pu 

-Pi,    -Pi,    -H), 

ne    se    rapporteront   qu'^   une   seule   conique.     Nous  appelerons  paires   de   coniques  deux 
coniques  quelconques  exprimdes  par  des  symboles  de  la  forme 

(F,,  Fj,  V^,  Pi,  p,,  P3,  ±n); 

done   les   32   coniques   forment    16   paires,  groupies   quatre   k  quatre    de    deux    manieres 
diffi^rentes :   savoir,  pour  former  im  groupe,  quatre  paires  telles  que 

(±Fi,  ±F„  F,,^,,  p,,  p.,  ±n), 
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ou  qiiatre  paires  telles  que 

(Vi,  V„  V,,  ±p,,  ±p,,  p,,  +fi) 

peuvent  etre  combin^es.  Ces  deux  especes  de  groupes  peuvent  etre  distingudes  par 
les  noms  groupes  par  rapport  a  un  axe  d'homologie,  et  groupes  par  rapport  a  un  centre 
de  symptose.  En  effet:  conside'rons  une  paire  de  coniques,  par  exemple  celle  qui  est 
representee  par  les  symboles  (F, ,  V^,  V3,  p^,  p^,  p,,  +  XI).  Les  Equations  des  deux 
coniques  de  la  paire  sont  les  memes  aux  valeurs  de  A  prfes ;  il  est  done  Evident  que 
les  chordes  de  contact  de  ces  deux  coniques  avec  la  conique  circonscrite  U=0  doivent 
se  rencontrer  au  point  d'intersection  des  droites 


1.1,1 

Ax  +  Hy  +  Gz,  «!,  a„,  a, 
Hx  +  By+Fz,  /3„  ^,,  0.. 
Gx  +  Fy+Cz,    7i,     7„,     73 


=  0, 


Pi,  Ih,  Ps 

Ax  +  Hy  +  Gz,    Oi,  a„,  as 

Hx  +  By  +  Fz,     /S„  0,,  A 

Gx+Fy  +  Cz,     7i,  7,,  73 


=  0. 


La  premiere  de  ces  Equations  se  rapporte  k  la  polaire  d'un  des  centres  de  symptose 
des  trois  coniques  inscrites  par  rapport  a  la  conique  circonscrite ;  la  seconde  se  rapporte 
a  un  des  axes  d'homologie.     On  a  done  le  theoreme  suivant : 

"Les  points  de  rencontre  des  16  chordes  de  contact  des  paires  de  coniques  sont 
les  points  de  rencontre  des  polaires  des  quatre  centres  de  symptose  par  rapport  a  la 
conique  circonscrite,  avec  les  quatre  axes  d'homologie." 

Cela  suffit  pour  expliquer  la  manifere  dont  les  devix  especes  de  groupes  ont  dtd 
distingudes. 

Cherchons  I'dquation  de  la  droite  men^e  par  les  points  de  contact  d'une  des 
coniques  inscrites  (par  exemple  celle  que  donne  I'equation  U+  Fi'  =  0)  avec  deux 
coniques  de  la  meme  paire.     En  representant  par 

U+{ax  +  ^y  +  yzy  =  0     et      U+(a'x  +  0'y  +  y'zy  =  0 
les  Equations  de  ces  deux  coniques:    les  Equations  des  tangentes  communes  seront 
(a-<x,}x  +  (B-^i)y+{y-y,)z=0     et    (a^  -  a,)x  +  {l3' -^,)y +  ('y' -y,)  z=0, 

et  r^quation  de  la  droite  qui  passe  par  les  points  de  contact  de  ces  deux  droites  avec 
la  conique   U  +  V'=0  est : 

A(^y'-^y)x+...+A{y,(0'-^)-0,iy'-y))x+... 

+  {a,x  +  /9^  +  y,z)  [a,  (/37'  -  /3'7)  +  A  (7^'  -  y'a)  +  7,  (a^'  -  a'/3)]  =  0  (23). 

Pour  rdduire  cette  Equation,  en  exprimant  par  11,  i,,  r«i  &c.  les  valeurs  plus  haut, 
mettons  \  =  lt(Api  —  l)  +  l,{Api—l)  +  l,(Ap3—l)  &c.,  et  soient  V,  /x,',  v  ce  que  devien- 
nent  les  valeurs  de  \,  ^,  v  en  dcrivant  A'  au  lieu  de  A.     On  aura 


na  =  J.X+if/i  +  G'i/,  &c. 
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et  des  expressions  pareilles  des  valeurs  de  X',  fi!,  v.     Del^  on  tire 

n*  (/97'  -  ^l)  =  O*"'  -  m'")  a  +  {v\'  -  v'\)  ^  +  (V  -  X'fi)  ffi, 
«S:c, 

AH-'  -  n'"  =  (">»«»  -  ^»i>)  K^P"  -  1)  (^'P*  -  1)  -  (^'P>  -  1)  (^Pi  -  1)}  +  &c. 
=  n  (A' -  A)  [a,  ip,-p,)  +  a, (/),  -p,)  +  a, (p,  -p,)], 
&c. 

c'est-i-dire,  en  supprimant  le  facteur  commun  — = — : 

+  i^<h  +  ^^,  +  &j,)(p,-p,) 

&c. 
Aussi  on  aura,  en  supprimant  le  meme  facteur : 

7,  (0'  -  ;3)  -  A  (7'  -  7)  =     (kp,+  hp,  +  kp,)  (7.  if  -  AG) 

+  {ithPi  +  WlaPs  +  trhPa)  («!  (?   -  7i  -^) 
+  ("li^l+'ili'2+'*3i>3)(A^     -a,  if). 

De  la  on  obtient  immddiatement 

A  Wy'  -^'^x+...=K[V,  (p,  -p,)  +  V,  (p,-p,)  +  V,  ip,  -p,)], 
et,  par  une  reduction  un  peu  plus  difficile, 

^(7.(/8'-/8)-/3,(7'-7))^  +  - 

=  (hpi+  kp,+  hps)  \z  (l^a,  +  33 A  +  j:7,)  - y  (ffi ,,  +  jp  y3.  +  ©7.)] 
+  {m,p,  +  »n,p,  +  m^p^  \x  (ffi  a,  +  Jp A  +  <2f7i)  -  ^^  (^  a^  +  |b^A  +  ©71)] 
+  («,;),  +  «,;),  +  n,;?,)  [y  (^  «.  +  ?^A  +  ©7.)  -  a;  (|^  a^  +  23  ^,  +  j|:7,)] 

et  enfin 

(o,a;  +  Ay  +  7i^)  [a.  (/37'  -  /SV)  +  A  (7««'  -  ?'«)  +  7i  (a/3'  -  a'/3)] 

=  V,  [gta,=  +  ...)  (;),-;?,)  +  (aaia,+  ...)(i'3-p.)  +  (aa,a3+  ...)Oi  -;>.)]• 

Done,  en   reunissant  ces   expressions  des  trois  parties   de   I'dquation   dont   il   s'agit,  cette 
^nation  se  r^duit  i 

F,  [(A'  +  aa,^  +  ...)  {p^-p,)  -  (aa^a,  +  ...)p,  +  {^o.^a^  +  ...)i>:] 
+  F,[(ii'  +  aa,»  +...)  p,-{K+  aa.»  +...)p.] 
+  F,[(A'  +  aa,aj+...)  ;?,-(iJr+  ^a^'   +...)i)J  =  0 (24). 


91] 


SUR  LE  PROBLEME  DES  CONTACTS. 


631 


En   mettant  p^^  au   lieu    de    K  +  ^a^+...    et    en    supprimant    le    facteur    commun   pi, 
on  aura 

Vi  [P1P2  -  (^aio,  +  . . .)  -i)i  P3  +  (^0,03  +...)]+  F3  [p.p^  -  (glaiaa  +  ...)-  -K"] 

+  F3  [Z  -  p,p,  +  {^Oi,OL,  +  ...)]=  0, 

et  en  remettant  pi^-{^a.{-+ ...)  =  K,  on  obtient  pour  I'dquation  dont  il  s'agit : 


1  ,  1  ,  1 

Pi^  -  (^ar  +..■).    P1P2  -  (^aio^  +  •••)>    ^1^3  -  (aaiOs  +  . . .) 


=  0  ...(25). 


Cette  Equation  est  celle  de  la  droite  mende  par  les  points  de  contact  de  deux 
coniques  de  la  meme  paire  avec  la  conique  TJ  +  V^  =  0.  Elle  est  la  meme  qui  a  dt^ 
ddja  obtenue  pour  la  droite  resultante  d'une  certaine  construction  geom^trique ;  on  est 
done  arrive  au  th^orfeme  connu  suivant : 

"La  droite  mende  par  le  pole  d'un  axe  d'homologie  par  rapport  h,  une  des  trois 
coniques  inscrites,  et  par  un  centre  de  symptose,  rencontre  cette  meme  conique  en  deux 
points  qui  sont  les  points  de  contact  de  cette  conique  avec  deux  coniques  de  la  m^me 
paire ; " 

ou,  ce  qui  revient  au  meme : 

"Le  point  de  rencontre  de  la  polaire  d'un  centre  de  symptose,  par  rapport  k  une 
des  trois  coniques  inscrites,  et  d'un  axe  d'homologie,  est  le  point  de  rencontre  des 
tangentes  communes  de  cette  meme  conique  et  de  deux  coniques  de  la  meme  paire." 
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92. 


NOTE    SUR   UN    SYSTEME    DE   CERTAINES    FORMULES. 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  torn,  xxxix. 

(1850),  pp.  14,  15.] 


Les  formules  dont  il  s'agit  se  rapportent  k  la  throne  de  la  composition  des  formes 
quadratiques.  Je  les  pr^sente  ici  pour  faire  voir  la  relation  qui  existe  entre  elles  et 
quelques  formules  de  mon  m^moire  sur  les  hyperdeterminants  (t.  xxx.  p.  1),  [16].  En 
adoptant  la  notation  de  ce  m^moire,  et  en  mettant 


2A    = 


2A'  = 


t 
111 

122 

in| 

2121' 


2C 


={ 


t 
211] 

2221' 


savoir,  en  mettant  pour  abr^ger. 


2B"  = 

a  =  lll, 
6  =  211, 
c  =  121, 
d  =  221, 


(111 

1222 


20' 


2C": 


t 

(121 

I222 

|112| 
(222]  ' 


e  =  112,  ^ 
/=212, 
(7  =  122, 
A  =  222 ; 


2B  =ah  +  bg-de-cf, 
25'  =ah  +  cf-bg-de, 
2B'  =  ah  +  de-bg-  cf. 


A    =ag  —  ce, 

A'  =a/-be, 

A"=fg-eh, 
on  aura  identiquement : 

AA'  =  A"a?  +  2B"ae  +  C"^  , 
AF  =  A"ac  +  F'{ag  +  ce)  +  C'eg  , 
AC  =  A"(?  +       2B"cg      +  GV  ;  ) 


C  =-bh-df,  > 
C  =ch  —  dg, 
C"  =  bc-  ad,  ) 


(1). 


(2); 


•(3), 


(4); 
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BA'         =A "ah  +  B"  (af  +  be)  +  C'ef ,  ^ 
BB'  +  ®  =  A"ad  +  B"  (ah  +  de)  +  G"eh  , 
BB'-@  =  A"be  +  B" (bg  +  cf)  +  G"fg  , 
BC         =  A"cd  +  E'  {ch  +  dg)  +  C'gh ;  ; 

CA'  =  A"b-  +  2B"bf  +  C"p  , 
CE  =  A"bd  +  F'  (bh  +  df)  +  G"fh  , 
CC  =  A"d-'  +       2B"dh      +  G"h?  ;  J 

%  =  R--AG  =  B''-A'G'  =  B"''-A"G"   


•(5); 


•(6); 


•(7) 


=  \  [a'h?  +  ¥g-  +  c^f-  +  d-d"  -  2ahhg  -  lahcf-  2ahde  -  2bgcf-  2bgde  -  2cfde  +  4>adfg  +  ibech}. 

En  regardant  la  seconde  et  la  troisieme  des  Equations  (5)  comme  ^quivalentes  avec 
la  seule  Equation  2BB' =  A"  {ad  +  be)+B"{ah-\-de  +  bg  +  cf)  +  C"{eh+fg),  on  trouvera  que 
les  systemes  (4,  5,  6)  rdpondent  k  la  transformation 

...(8), 


^'V  +  25-^2  +  C V  =  (Axi'  +  2Bx^x^  +  Gxi)  (A'yi"  +  2B'y,y^  +  G'yi). . . 

Zi  =  axiXj  +  by  1X3  +  cxiy^  +  dyiy^, 
z^  =  ex^x^  +fyix^  +  gx^yi  +  hy^y.,, 

qui  appartient  a  una  theorie  dont  celle  des  transformations  lineaires  n'est  qu'un  cas 
particulier. 

Je  profite  de  cette  occasion  pour  donner  une  addition  a  la  "  Note  sur  les  hyper- 
d^terminants  "  (t.  xxxiv.),  [54].  J'y  ai  dit  (§  iii.)  que  je  ne  pouvais  pas  expliquer  la  raison 
de  ce  que  la  courbe  du  sixieme  ordre  donnee  par  les  Equations  ae  —  4>bd  +  3c^  =  0  et 
ace  +  2bcd  —  ad''  —  eb'  —  <f  =  0,  ait  une  osculatrice  d^veloppable  qui  n'est  que  du  sixieme 
ordre,  mais  que  cette  reduction  s'opdrait  en  partie  au  moyen  des  quatre  points  de 
rebroussement  de  la  courbe.  En  effet,  cette  courbe,  consid^rde  comme  I'intersection  de 
deux  surfaces,  I'une  du  second  et  I'autre  du  troisieme  ordre,  a  six  droites  que  dans 
le  m^moire  [30]  cit^  dans  cette  note  j'ai  nomm^  droites  par  deux  points :  cela  suffit  pour 
completer  la  reduction  dont  il  s'agit.  M.  Salmon,  k  qui  je  dois  cette  remarque,  m'a 
fait  voir  aussi  que  I'expression  que  j'ai  donnee  pour  le  nombre  des  points  de  rebrousse- 
ment de  la  courbe,  dans  le  cas  d'une  Equation  du  m'*"*  ordre,  combinde  avec  les 
formules  du  m^moire  mentionn^,  suffit  pour  former  le  tableau  complet  des  singularities 
de  la  famille  de  surfaces  d^veloppables  dont  il  s'agissait,  savoir: 

m,  n,  r,  a,  /3,  g,  h, 

3  (to -2),     TO,     2(to-1),     0,     4  (to -3),     i(m-l)(m-2),       ^  (9)1^  -  o3»i  +  80), 

2(n-2)(n-S),     2(-l)(w-3). 

Ici,  dans  la  ligne  sup^rieure,  to,  n,  r,  a,  /3,  g,  h,  x,  y  ont  les  memes  significations  que 
dans  le  m^moire  dont  je  viens  de  parler;  et  dans  la  ligne  infdrieure,  to  est  le  degre 
de  r^quation  primitive. 
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NOTE    SUR    QUELQUES    FORMULES    QUI    SE    RAPPORTENT    A 
LA    MULTIPLICATION    DES    FONCTIONS    ELLIPTIQUES. 

[From  the  Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  torn,  xxxix.  (1850), 

pp.  16—22.] 

Les  fonctions 

{X,  fi,  X,  y]  =  P„.„  -  [j  Pi.o  x  +  -  P„,,  yj  +  [j-^  P^.o  *•=  +  j-^  Pi.i  a;y  +  j-2  Po.j  y^j  -  &c., 

oil  Po.o=l  et  les  autre?  coefficients  sont  donnas  par  I'^quation  a  differences 

[- l\-mii  +  {l- mf]  Pj.„ 
+  Z (\  -  2i  +  2m  +  2) (\- 2i+  2m+ 1) Pj-i.™ 
+  m  (/*  +  2Z  -  2m  +  2)  (/:4  +  2Z  -  2m  +  1)  Pj.„^_, 

-  16Zm  [X/x  -  {21  +  2m  -  4)  (X  +  /t)]  Pi_,  ,m-i  =  0, 
jouent,  comme  je  crois,  un  r6le  important  dans  la  th^orie  des  fonctions  elliptiques'. 

'  La  fonotion  {\,  n,  x,  y]  satisfait  k  I'^quation 

-  [X  (X  -  1)  X  +  M  (/n  -  1) !/  +  16Xm  xy'\  u 

+  [-(X-l)  +  (4X-6)x  +  (4/i  +  2)v  +  32(X  +  /.):rj^]y^ 

+  [-(/i-l)  +  (4\  +  2)a;+(4M-6)2,  +  32(X  +  M)xy]t/^ 

ay 

+  (1-4,-4,)  (.=^-^-2x3,  ^_^  +  y^^-,j=0, 

qni  peat  Stre  tir^  de  I'^uation 

n  (n- 1)  x»u  +  (n-X)  (ox-2xS)  ^  +  (l-ax=  +  I*)  £"-2n  (a=- 4)  ^  =  0 

(voyez  le  m^moire  oiti  ping  bas),  mais  qu'on  obtient  plus  faoUement  au  moyen  de  I'^uation  k  difiireuces  a 
laqnelle  satisfont  les  coefficients  Pi,„. 
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En  effet,  en  faisant  a;  =  n/k  sin  am  u,a  =  k  +  r  et  en  repr^sentant  par  z  le  d^nominateur 

fC 

de  la  fonction  \/k  sin  am  nu  (oil  n  est  un  eutier  positif  quelconque),  on  aura 

Z  =  Zi  +  Z.2+  ...  +Za+  ...  , 

cette  sdrie  etant  continuee  jusqu'au  terme  zyi  ou  2j(»_ji ,  selon  que  n  est  pair  ou  impair, 
et  la  fonction  z  dtant  donn^e  par  I'dquation 

Zs  =  (-  1) '"+'"  (4a)»("-"-*)  a^  V  -  2ns,  2ns,  ~ ,   ^\  , 

ou  cependant  les  termes  qui  contiennent  des  puissances  negatives  de  a  doivent  etre 
negliges.  Ces  formules  reviennent  a  celles  que  j'ai  pr^sentdes  dans  la  "Note  sur  les 
fonctions   elliptiques"  (t.  xxxvu.),  [67]. 

En  revenant  aux  fonctions  {\,  fi,  x,  y\,  j'ai  trouvd  les  deux  formules 
P,,o=    \\\-l-Vi-\ 

+  l\[\-l-  1]'-'  [(18?  - 16)  \  -  (16V  - 10?  -  4)} 
lOtK/i. 


X  +  /M 


\[x-q-'- 


(ou  selon  la  notation  de  Vandermonde  la  factorielle  p(p  —  l)...(p  —  q  +  l)  est  exprim^e 
par  [p]'').  De  la,  et  en  calculant  la  valeur  de  P^^  ^  I'aide  de  lequation  k  differences, 
on  obtient: 

■'0,0  —  -l-J 
■*^l,0  =  \ 
-Po.i  =  M. 

P,,<,  =  \(\-3), 

P„.,  =  ^(/.-3), 

P3,„  =  \(X-4)(X-.5), 

P,,  =  x((.-3)^  +  40-f|^). 

P,,  =  ^((^-3)X  +  40-|^), 

P„,3  =  /i(/i-4)(/i-5), 
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P«,,=  X(X-5)(\-6)(X-7), 

P,.,  =  X  (^  (\  -  4)  (X  -  5)  +  114X  -  330  -  ^^^^  (X  -  3))  , 

/    ,       «v     .        «s      ,,«.         on^      40XV+1156XU     200X>n 
P...  =  (X  (X  -  3) /.(M- 3) +152X^  +  336 L__^  +  __g^j. 

P...  =  M  (>.  (m  -  4)  (m  -  6)  +  n*M  -  330  - 1?>^  (/*  -  3))  , 

Pm  =  /*0*-5)(m-6)(/*-7); 

la  premiere  partie  de  cette  table  se  trouve  dans  la  note  cit^e. 

Nous  remarquerons  en  passant  que  pour  y  =  0,  on  a  {X,  fi,  x,  0}  =  (^  +  V(i  —  ^))*- 
On  salt  que  la  throne  de  la  multiplication  des  fonctions  circulaires  depend  de  la 
fonction  (a;  +  V(^  — 1))*  ou,  en  faisant  |a;~^  =  x,  de  la  fonction  C^  +  VCi  — x))\  Cela  fait 
esp^rer  que  Ton  parviendra  par  les  fonctions  {X,  fi,  x,  y}  k  la  throne  complete  de  la 
multiplication   des   fonctions  elliptiques. 

J'ai  calculi  les  valeurs  qui  servent  k  trouver  les  ddnominateurs  z  de  sin  am  mt, 
oh.  n  est  un  quelconque  des  entiers  1,  2,  3,  4,  5,  6,  7.     Les  voici: 

Z  =  Zq        Zi, 

x'  +  Sa^),  z  =  Zo  +  Zi, 

16aW  +  4a  {8x">  +  8af)  -  (20a;"  +  26a^  +  20a^), 

Z  =^  Zq      Zi  -t  z^, 
Z  =  Zo  +  Zi  +  Z-i, 

Zi  =     64a'         x^o 

-16a2(  15«i2+    lOa^) 

+    4a  (  90«'<+    92a:"' +    35a;«) 

( 27  5«i»  +  300a;"  +  1 25a;«  +  50a;<), 
Zi=     IGa-    x^ 

-  4>a(5ar-  +  20x'') 
+         {5x»  +  Q2x^  +  170a;"), 

n  =  6,     4-^0=1,  z  =  Zf,-Zi  +  Zi-Zf, 

-Zi  =  -  256a*  x""- 

+    64a»(     24a;>*+      12.'r'») 

-  16a2(  252a;'«+    210a;'=+      54a;«) 
+      4a  (1520a;'»+1584a;'<+    576a;'»  + 112««) 

-  (5814^;^  +  7  704a;"  +  2400a;'=  +  444a;»  +  1 05a;*), 


n  =  l, 

Zo=  1. 

n  =  2. 

■2o=l. 

-Z,  =  -X', 

71  =  3, 

^0=1. 

+  Zi  =  ^aaf^  ■ 

n  =  4, 

■2o=l7 

-^i  =  -16( 

n  =  5, 

2o=l. 

93]  A   LA   MULTIPLICATION    DES   FONCTIONS   ELLIPTIQUES.  537 

-  64a=(  12;^^+    24a;^) 

+    16a=(  54ar«  +  210ar«  +    2520^") 

-  4a  (112«*>  +  576«-"«  +  1584a?^  +  Io20a;i0 

+  (105a;*'  +  444a;=»  +  2400a;"  +  7704a;«'  +  5814a;"), 

Z  =  Z^  +  Zi  +  Z.  +  Z3. 


n  =  7, 

Za=       1, 

z,  =     1024a^ 

a^* 

-    256a*  ( 

mad''  + 

14a;'0 

+      64a»  ( 

1120a;>8  + 

196^1*  + 

77a;^°) 

-      16a^  ( 

5425a?»  + 

5040«'«  + 

1575a;''  + 

210a;«)  i 

+        4a  (  35525a;^+    41300a;i8+    14934a;'*  +    2604a;'"  +    294a;«)  I 

(166257ar"  +  260750ar»  +  220395aJ«  +  14756*'=  +  1304a;3  +  196a;*), 

Zi=     4096a«  ar" 

-1024a»(     21^*=+        28ar»)  | 

+    256a' (  189a;*' +      470ar»+      350ar«) 

-      64a' (  952a;*' +    3192a;*' +    4550a;»+      2576a;^)  \ 

+      lea"  (29403;" +11200a^+2l750a;=«+    25452a;"  +    12397a;»)  | 

4a  (5733a;^  +  220643;**  +  44324a;^  +    82488a;=«  +    96761ar°=  +    40964a;'») 
+  (7007a;*»  +  o938at;'«  +  35231a;»+    41132a;2«  + 278173a;"  +  302918a;^°+94962a;"'), 

Z3  =      640^       x*' 

-16a»(  7ar"+   423;")  j 

+    4a  (14a^  +  236a:^  +    819a^) 

(  7a^  +  308ar**  +  4053a;«'  +  9842a;»«).  , 

Pour  rassembler  tous  mes  r^sultats,  je  veux  citer  ceux  que  j'ai  donn^  dans  le 
Cambridge  and  Dublin  Mathematical  Journal  [vol.  II.  (1847),  45,  and  vol.  iii.  (1848),  57]. 
En  ^crivant  la  lettre  p  au  lieu  de  n  (symbole  qui  represente  le  carrd  du  nombre  n 
de  ce   m^moire),  et  en  changeant  les  signes  des  termes  altematifs,  on   aura  pour  solution  j 

particulifere   de   I'^quation 

p(;,-l)a;'^  +  (^-l)(aa;-2a^)g  +  (l-aa;=  +  a;*)^-2p(a= -4)^  =  0  1 

C.  68  i 


538  NOTE  8UR  QUBLQUES   F0RMULE8   QUI    8E  EAPPORTENT  [93 

(savoir  pour  la  solution  qui    pour  p  =  n»  se    r^duit    au   d^nominateur    de    sin  am  «)   la 
valeur 

^  =  ^  ~  ^'  1.2.3.4  "^  ^"  1.2.3.4.5.6 " '^''•' 
lee  coeflBcienta  ^tant  d^termin^s  au  moyen  de  I'expression 
Cr«  =  -(2r  +  l)(2r  +  2)(j>-2r)(p-2r  -  1)6^  +  (2r  +  2)(j)-2r-2)  aCr+, 

-2Ma'-4)%. 

Cela  donne  les  valeurs  particuli^res  suivantes: 

C,=  2p(j)-1), 
C,=  8p(p-l)(p-i)a, 
^  &C. 

[viz.  with  the  change  referred  to,  these  are  the  values  of  C^,  C^,  ...  Cg  given  ante 
p.  299]. 

On  remarquera  que  dans  ces  formules  le  premier  terme  de  Cg  ne  contient  pas, 
comme  on  pourrait  I'attendre,  le  facteur  {p  —  25).  Cela  vient  de  ce  que  le  coefficient 
Cg  est  compost  des  coefficients  des  termes  correspondants  de  Zo  et  Zi,  tandis  que  les 
coefficients  C,,  &c.,  sont  tout  simplement  des  coefficients  de  z,,.  La  suite  des  coefficients 
C  offre  plusieurs  discontinuit^s  de  cette  sorte.     Par  exemple  on  obtient  g^n^ralement 

a  =  (-)■■+'  r    2''-'p(p-r-)...{p-{r-iy)CrV-' 

+  2^-'p  {p-l'')...(p-(r-  2)=)  Cr^ar-* 
+  2»-»p  {p-l^)...{p-(r-  3)0  CrV-» 

+  &C.; 

mais  le  terme  suivant  ne  contient  pas  le  facteur  p(p—V)...(p  —  (r  —  4!y).  Quant  k 
la  loi  des  coefficients  Cr\  C/,  C/,  on  a 

Gr'  =  (r  -  3)  {n  (2r  -  7)  +  (r  -  1)  (8r  -  7)}, 

Cr"  =  (r  -  4)  (r  -  5)  {ri'  (4r=  -  24r  +  51)  +  n  (S2r'  -  220/^  +  412r  -  255) 

+  2  (r  -  1)  (r  -  2)  (32r=  -  88r  +  51)). 

Egalement,  en  ordonnant  la  s^rie  suivant  les  puissances  descendantes  de  x,  la  quantity 
z  ^tant  la  solution  particulifere  qui  pour  p  =  71"  (n  impair)  se  r^duit  au  denominateur 
de  sin  am  nu,  on  aura 
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ou  les  coefficients  D  sont  donnas  par  Fexpression 

D,+„  =  -(2r  +  3)(2r-  +  2)(j3-2r-2)(p-2r-l)D^ 

+  (2r  +  3)  (^  -  2r  -  3)  a2),+,  -  2^  (a=  -  4)  ^' , 

ee  qui  donne  les  valeurs  particuli^res  suivantes: 

A=        (i)-l)a, 

A=     2(p-1)0j  +  6) 

+    (i>-l)(p-9)a=, 
&c. 

[viz.  with  the  change  referred  to,  these  are  the  values  of  A.  A.  •••  A  given  ante 
pp.  364,  365]. 

Les  mSmes  remarques  sont  applicables  aux  coefficients  D ;  seulement  la  discon- 
tinuitt^  a  lieu  ici  dfes  le  coefficient  A.  II  parait  que  c'est  cause  de  cette  discontinuity 
que  le  signe  ndgatif  se  pr^sente  aux  premiers  termes  des  coefficients  A,  &c.  En  eiFet, 
on  a  gdn^ralement : 

Dr=     {p-V){p-9)...(jf>-{2r-\Y)ar 

+  {p-\){p-  9)  ...  (p  -  (2r  -  3)»)r  (r  -  1)  (j5  +  4r  -  2)  a-^' 
+  &c. ; 

ici  la  discontinuity  se  pr^sente  d^ja  dans  le  terme  suivant,  qui  ne  contient  pas  le 
facteur  {p  —  \){jp—Q)...{p  —  {2r  —  5)-).  Et  c'est  prdcise'ment  le  terme  suivant  qui  devient 
negatif  dans  les  expressions  de  A,  i),  et  A-  Mais  tout  cela  est  moins  important  que 
la  throne  des  series  partielles  z,,  sur  lesquelles  les  recherches  ultdrieures  seront  si  fonder. 


PROBLEME. 

Donner  la  solution  de  I'dquation  a  differences 

(—  tK  -  nifi  +  {l-  my)  Pim 
+  I  (\-2l  +  2m  +  2)(\-2l  +  2m  +  l) Pi-i,m 
+  m{fi  +  2l-2m  +  2){fx,  +  2l-27n  +  l)  Pi,,r^i 

-  16lm  (XfjL  -  (21  +  2m  -  4)  (\  +  /*))  Pj_i,m-i  =  0, 

dans  laquelle  Po,o  =  l-     (Voyez  la  "Note  sur  quelques  formules  &c.") 
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94. 

NOTE    SUR   L'ADDITION    DES    FONCTIONS    ELLIPTIQUES. 


[From  the  Journal  filr  die  reine  und  angewandte  Maihematik  (Crelle),   torn.   XLi. 

(1851),  pp.  57—65.] 

Son",  pour  observer  autant  que  possible  la  symdtrie : 

Su  =  'Jk  sin  am  -jr , 

Cu  —       cos  am  — y  , 

Qv.=        A  am  ^v , 


et  soit  pour  abr^ger : 


Su  =  x,    Sv  =  y,  &c. 
Cu  Ou  =  V(l  -  aa;=  +  a^)  =  X,X„  =  X. 


Cela  po86,   les   m^thodes  d'Abel   donnent  les   expressions   suivantes   do   sin  am    d'une 
somme  quelconque  d'arcs :    savoir 

S(u  +  v+     )  - (     n"-'  ^^'  ^'  -  ^^''  ®  '  ^°®'  -  ^"QJ 
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pour  un  nombre  impair  2«  —  1  d'arcs,  et 

<?r  +   +    \_    [1.  ^'.  •••  ^'.  ^Q.  ^®,  ■■■  ^"^"Q] 

(u  +  v +  ...)-     ^^^  ^,  ...6)»^   0_  (9^0,  ...(9«-^0] 

pour  un  nombre  pair  2n  d'arcs.  Dans  ces  expressions  les  symboles  dans  lesquelles 
entrent  les  lettres  6,  0,  sont  census  representor  les  determinants,  dont  on  obtient  les 
termes  en  changeant  successivement  ces  lettres  en  x,  X;   y,   Y;   &c. 

J'ai  trouve  qu'on  a  aussi 

V  -r     -r...y      j- ^^       ^^     ...  e^-\        00   ,   (9^0   ,  ...  ^-^0  ] 
pour  un  nombre  impair  2n  —  1  d'arcs,  et 

^  [_e%„  m ^-'©,,  0„,  ^■^0„...^'-^0j 

V  -r     T...)      J-  ^^         ^3^      ^     ^^,_^^       Q^      0=0  ,  ...  ^"-=0  ] 

pour  un  nombre  pair  2n  d'arcs.  Les  valeurs  correspondantes  de  G{u  +  v+ ...)  se 
trouvent  en  dchangeant  les  symboles  0^  et  0„ . 

Particulierement  pour  la  somme  de  trois  arcs  on  a  : 

Pour  rdduire  ces  expressions  k  une  forme  qui  soit  encore  applicable  au  cas  ou  deux 
quelconques  des  quantitds  u,  v,  w  sont  ^gales,  il  n'y  a  qu'^  multiplier  les  termes  des 
fractions  k  droite  par 

-  {xY+  yX)  jyZ  +  zY)  (zX  +  xZ) . 

cela  donne,  apr^  une  reduction  un  peu  difficile  : 

-n[5,      0»,       ®\  =  (xYZ->ryZX +  zXY)-xyz(oL-oi?-f-z-'^-alhpz-'), 

n  [0„   0^0,,  00J  =  (1  -  kx^fz^)  X,  7,Z,-l  (yzX  +  zxY+xyZ)  X,XA>. 

n[0„,  0=0„,  ee,]=^(l-la-fz^"^X„YJ„-kiyzX  +  zxY+xyZ)X,Y,Z„ 
n[l,       $",      00]=    \-y^z^-z^x''-afy''+ax>y^z''-xyz{xYZ+yZX-it-zXY), 
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de  mani^re  qu'en  ^rivant 

M=\-x'f-  yz*  -s?3?-^  03? fz^  -  xyz  (xYZ  +  yZX  +  zXY), 

on  a 

.      mYZ-^yZX->rzXY-xyzUi-a?-y'-z''-\-a?y''z'') 


C{u  +  v  +  w)  = 


G(u  +  v  +  w)  = 


M 

(1- 

-  ka-y^z^)  XJ^,  - 1  (yzX  +  zxY+xyZ)  X,X,Z„ 

M 

(•■ 

-  \ a?fz^  X„Y,^„  -  k {yzX  +  zxY+  xyZ) X, Y,Z, 

M 


Lea  mSmes  formiiles  peuvent  etre  trouv^es  plus  simplement  en  ^crivant  w  +  ^u  +  ^, 

v^i^v  +  ^S  au  lieu  de  u,  v.     La  somme  u+v  +  w  se  change  par  \k  en  u+v  +  w+  {v  +  8), 

et    les    fonctions  S  (m  +  v  +  w),    C  («  +  v  +  w),   G  {u  +  v  +  w)    deviennent    (S  («  +  i;  +  w), 

-C(m  +  v  +  w),   -0(u-\-v  +  w).    De  plus   x,  X„  X,„  X  et  y,    Y„   Y,„    Y  se  changent 

1      -t    X„     .  ,,X,     X     ^       1      -i    Y„      .  ,,Y,     Y      _, 

en ,    -77    —^,  x^Jk  —  ,    —   et   —  ,   — ry    — ^  ,   isjk  —  ,    — ,   et   1  on   a 

X      */k     X  X       a?  y      s/k     y  y      y 

S(u  +  v  +  w)  =  — 


C  (it  + 1)  +  w)  =      T 
G{u  +  v  +  w)=      k 


a?      , 

1  , 

—  xX 

-H 

a?, 

X, 

-X 

t      . 

1  , 

-yY 

y\ 

y. 

-Y 

z       , 

^  , 

Z 

1, 

z\ 

zZ 

a?X,„ 

^«. 

kxX, 

-T- 

^, 

X, 

-X 

y'Y,„ 

y.> 

kyY, 

y\ 

y. 

-Y 

z,. 

z%> 

zZ„ 

1. 

z\ 

zZ 

!I?X„ 

X., 

V^" 

-T- 

a?, 

X, 

-X 

fy.> 

Y,   , 

\y^" 

y. 

y< 

-Y 

z,„ 

^%. 

zZ, 

1, 

A 

zZ 

Ces  formules  conduisent   aux    formes    rdduites    que    Ton    obtient  en    multipliant    par    le 
facteur  beaucoup  plus  simple 

xY^yX 


x^-y"" 


En  passant,  il  y  a  k  noter  les  Equations  identiques 


{yZ^zY){zX  +  xZ) 


X,     a?,     X 
y.    f,     Y 

z,     !?,     Z 


a?,    a;,     -  X 

y\   y,   -Y 

1 ,     z\       zZ 


&c. 
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auxquelles  conduit  la   methode    qui    vient    d'etre    expliqude.     Aussi    en    multipliant    les 
valeurs  de  C{u  +  v  +  w),  G  (u  +  v  +  w)  on  obtient  I'^quation 


C  (u  +  v  +  w)  G(u  +  v  +  iv)  = 
dans  laquelle 


^Z  YZ  +  AyzX  +  Mzx  Y  +  NxyZ 


{1  -  fz^  -  0V  -  a?y''  +  (u^yH-^  -  xyz  {xYZ+  yZX  +  zXY)Y ' 


>If  =  1   +  2/ V  +  z'x'  +  oe^y"  -  iaa^y^z''  +  ic^y^z"  {oi'  +  y^  +  z^)  +  xf-fz^, 
A  =  n  +  13?Y''Z\ 
M  =  n  +  'ifZ''-X\ 

n=-a  +  2(ar'  +  y''  +  ^:»)-a  (yV  +  ^V  +  a^")  +  (2a»  -  4)  !ii?y'z^ 

+  20?^^  {y'^z''  +  ^V  4-  x?y-')  -  axh/z''  {a?  -\- y''  +  z")  -  asd^z^. 

Pour    le    cas    de    quatre    arcs,  je    n'ai    trouv^    que    le    sin  am    de    la    somme.     En 
effet  on  a 


S(u  +  v  +  W  +  p)  =  -     1,     ar",     X*,     xX 

1,   f,   If,  yy 

1,     z\    z\     zZ 
1,    t\    t\    tT 

oil  les  termes  de  la  fraction  sont  k  multiplier  par 


X,  x^,  X,  x^X 

y,  y\  Y,  fY 

z,  z\  Z,  z^Z 

t,  t^  T,  t-T 


n  =  - 


jxY+yX)  (xZ  +  zX)  (xT+  tX)  (yZ  +  zY)  izT+  tZ)  {tY+  yT) 


{al'  -  f)  (X'  -z')  (x>  - 1?)  (y»  -  z'^)  (z"  -  <0  {t"'  -  f) 
Mais  il  est  plus  simple  de  se  servir  de  la  forme 


S{u  +  v  +  'w+p)  =  — 


a^,  a?,  1 ,  —  xX 

y*,  y\  1,  -yY 

1,  z-",  z\  zZ 

1,  t\  t\  tT 


a?,  X ,  —  x^X,  —  X 

f,  y,  -y"-Y,  -Y 

z ,  z\           Z,  z^Z 

t  ,  t\          T,  fT 


que   Ton   obtient  de   la    meme   manifere   que   la   forme   analogue   pour    trois    arcs.     Ici   le 
facteur  est 

{yX  +  xY){zT+tZ) 


£l,= 


et  Ton  obtient,  toute  reduction  faite, 


(^-2/=)(2=-<»)      ' 


^ 


8(u  +  v  +  'w+p)  =  ^ 


i 
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91  =  {l-a^t/'tH')(xYZT  +  yZTX  +  zTXY  +  tXYZ) 

-  [(a- d* - y* - z* -P  +  y*^f  +  z'f'^  +  t^a^f  +  ofiy^ - oajyzV) 

X  {Xyzt  +  Yztx  +  Ztxy  +  Txyz)], 

2)  =  1  -  aY  -  a;»^'  -  «»<»  -  fz''  -  zH^  -  ty  -  (a^y^  +  a?z^  +  a?t^  +  y'^z^  +  «T  +  «y )  ar^/^^i' 
+  ar*y*2*e<  +  o  (a;>y»z»  +  y'^"*"  +  z^CaP  +  ^af'y')  +  a(x'  +  y^  +  z^+  P)  a^y^zH-" 
+  (2  -  2a»)  ariy  V<» 

-{3?Y^  +  y'X') ztZT  -  {!i?Z^  +  z-'X*) ytYT  -  (x^'T'  +  VX^)  yzYZ 
-  (fZ'  +  ^y»)  xtXT  -  {z^r  +  PZ")  xyXY  -  (<»F»  +  y'^T')  xzXZ. 

T\  y  &  k  remarquer  qu'en  employant  la  premiere  valeur  de  S{u  +  v  +  w-'rp)  et  le 
facteur  correspondant,  on  aurait  trouvt^  le  merae  numdrateur,  et  aussi  le  meme  denomi- 
nateur,  ce  qui  donne  lieu  k  des  ^uations  identiques,  semblables  a  celles  qui  out  lieu 
pour  le  cas  de  trois  arcs. 


Bevenons  k  I'expression 

X,    of,  X 

y,   f,  Y 

z,     z\  Z 


(yZ  +  zY)  (zX  +  xZ)(xY+yX) 
(f-z'){z'-x'){x'-f) 


qui  donne    le    numerateur    de    S{u  +  v  +  w).      En   mettant    a?  =  a,  tX  =  A,  &c.   on   voit 
qu'il  s'agit  d'effectuer  la  division  de 

{B  +  G){C  +  A){A  +  B) 


1, 

a, 

A 

1, 

b. 

B 

1, 

c, 

G 

par  le  produit  {b  —  c){c  —  a)(a  —  b),  les  fonctions  A,  B,  G  denotant  des  racines  carries 
de  fonctions  rationnelles  d'une  forme  particuliere.  Or,  en  supposant  toujours  que  les 
carr^s  de  A,  B,  G  soient  des  fonctions  rationnelles,  et  d'ailleurs  d'une  forme  quelconque, 
cela  peut  se  faire  dans  tous  les  cas  particuliers  au  moyen  de  I'dquation  identique 

1,    a.    A     (B  +  C)(G  +  A)(A-hB) 

1,     b,    B 

1.    c,     G 
1,    a,    4»    {A-'  +  B'^-G^  +  BC+GA+AB)- 
1.    h,    B- 
1,     c,     C» 


1, 

a, 

A< 

1, 

b. 

B* 

1, 

c, 

G* 
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1,  a,  aA 
1,  h,  hB 
1,    c,    cG 


{B  +  C){C  +  A){A+B) 


1,  a,  aA'^ 
1,  h,  bB' 
1,     c,     cC 


(A'  +  B'+C'  +  BC  +  CA+AB)-     1,    a,    aA* 

1,    b,    bB* 


1,    c,    cC* 

et  le  num^rateur  et  le  denominateur  de  S(u  +  v  +  iu  +  p)  dependent  de  I'^quation 

1,  a,  a\  aA     (A  +  B)(A +C)(A  +  I))(B +  C)  (B  +  D)(0 +  D) 

1,  b,  b\  bB 

1,  c,  c^  cC 

1,  d,  d\  dD 


=  M 


1,  a,  a-,  aA- 

1,  b,  b";  bB" 

1,  c,  C-,  cC- 

1,  d,  d\  dir- 


-N 


1,  a,  a-,  a  A* 

1,  b,  b\  bB' 

1,  c,  c^  cO* 

1,  d,  d\  dD* 


+  P 


1,  a,  a-,  aA^ 

1,  b,  b\  bB" 

1,  c,  c^  cO" 

1,  cZ,  d^  diy 


dans  laquelle 


ilf  =  2afr'c='+  ...  +a^b-+  ...  +  a%c+  ...  +  ^a-bcd+  ... , 
N  =  (a  +  b  +  c  +  d){a'+b'  +  c''  +  rf^  +  (abc  +  bed  +  cda  +  dab) , 
P=  a-i-b  +  c  +  d, 
et  de  I'dquation 

1,     a,     A,     aA 

1,     b,    B,    bB 

1,     c,     C,     cC 

1,     d,     D,     dD 

=  (a'6-+  ...  +  abc"+  ...  +  2abcd) 


{A  +B)(A  +  C)iA  +  D){B  +  C)iB  +  D)(C  +  D) 


1,  a,  A-,  aA" 

1,  b,  B\  bB" 

1,  c,  C";  cG" 

1,  d,  j[)^  dD" 


1,  a,  ^^  a^^ 

1,  b,  B\  bB* 

I,  c,  C\  cC* 

1,  d,  D*,  dD* 


mais  je  n'ai  pas  encore  trouv^  la  loi  g^ntjrale  de  ces  Equations. 
c. 
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Pour  faciliter  I'usage  des  symboles  S,  C,  0,  je  veux  exprimer  par  cette  notation 
lea  propridt^  les  plus  simples  des  fonctions  elliptiques.  Cela  me  donnera  aussi  Topportunitd 
d'arranger  d'une  manifere  particulifere  les  formules  qui  se  rapportent  k  la  somme  ou  k 
la  difference  de  deux  area     On  a  d'abord 

C*u=l-^.S'u, 

G''u=l-k.S^u, 
S'u  =        Cu.Chi , 

Cu  =  —  7.8u.0u, 

G'u  =  -k.Su.Cu, 

^  8  (0)  =0,  C  (0)  =1,  G  (0)  =1, 

8'  (0)  =  1,  C"  (0)  =  0,  G'  (0)  =  0, 

8(-u)  =  -S{u),        C{-u)  =  C{u),        Gi-u)  =  G{v), 

G{^v)=  k',         G(^ii)=    0,         G(ii;+i^)=oo, 

«/     ,  ,    <■       'Jk.Cu  c-y      ,   iv\  i      Gu 

8(u  +  iv)=-^   ,         S(u+^8)=     ^.^^, 

S(u+^v  +  i8)=        -^, 

G(u  +  iv  +  i8)=  'Wk.~, 

S(u  +  mv  + 118)  =  (-  1)'"+"  .  Su , 
0(m  +  ?7?u  4- «*)  =  (-!)'"  .G^^, 
G  (u  +  mv  +  n8)  =  (-  1)"     .  Gu . 
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1      ik' 
Dans  ces  Equations  les  symboles  8,  C,  G,  v,  H,  k,  k',  i  et  8,  0,  C,  ^,  v,  j- ,  --,-  ,  —  i 

peuvent   etre   echang^s   les    uns    d'avec    les    autres.     Les   formules    fondamentales   qui    se 
rapportent  a  deux  arcs  sont 

,     Su  .Cv.Gv  +  Sv.Cu.Gu 
8{u  +  v)- 


C  (u  +  v)  = 
G  (u  +  v)  = 


1- 

8"-u. 

Sh) 

Cu 

Gv 

1 
k 

.Su 

Gu. 

8v. 

Gv 

1- 

Shi 

S'v 

Gu 

Gv 

-k 

.Su 

.Cu 

Sv 

Gv 

1  -  Shi .  S^'v 


auxquelles  on  ajoutera : 

^_il+^u.S^v)  (Cu .  Gu .  Gv .  Gv)  -  Su  .Sv{a-  2Shi  -  2S'v  +  aS'u.  S'v) 
t{u  +  v)G{u+v)-  _______  . 

Mais    pour    trouver    toutes    les    formes    diffdrentes    de    ces    Equations,    mettons    pour 
abr^ger  (en  supposant  comme  auparavant  Su  =  x,  &c.) : 

A  =  xY     ,       A'=         yX, 
B  =  XJ,,       B'=-\xyX,J,„ 

G=XJ,„      C'  =  ~kxyXJ,, 
P  =  ay'-y\ 

q  =  \  -j^af-j^y'  +  x'f-, 
R  =  l  -ka?  -  ky''  +  a?y\ 

8=   XY  ,         8'=-jxy, 

T=xX„Y,,  r=-yY„X„ 
U  =  xX,Y,„  U'=  yY,X,„ 
K=l-a?y\ 


Alors  on  aura 


,     A+A'_      P      _U+U'_T-T 
S{u  +  v)-     ^      -  A-A'~B  -B'~G-G" 

n^         ^_B  +  B'  _U-U'_      Q      _S  +  S' 
V(u  +  v)-      ^      -A-A'~B-B'~C-G" 

^_C+C'  _T+r_8-S'  _     R 
(r  (M  +  v)         ^         A-A'~  B-B'~C-C" 
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et  les  valeure  correspondantes  de  S{u-v),  C(u  —  v),  G(u  —  v)  se  trouveront  en  ^hangeant 
l«s  ngnes  de  A',  B,  C,  S,  T,  IT. 

[Reverting  to  the  functions  sin  am,  cos  am,  A  am,  or  say  sn,  en,  dn,  instead  of 
S,  C,  D,  and  introducing  Dr  Glaisher's  very  convenient  notation  «,,  c,,  d,  for  the 
sn,  en,  dn  of  u,  and  «,,  c,,  (2,  for  those  of  v,  the  formulae  just  obtained  may  be 
written 

^"'       '        l—k'si*8t*         SiCjdj  —  SjCidi  CiCt  +  SidiS^  rfjrfj  +  A-"s,Cs^ ' 

,         ._    CiC, - SjdiS^ _ SiCjd,  —  ajtyii  _  1  —  s," - s/  +  ^-'g, V _        CjdiCjcLi  —  k'%s, 
1  —  i-»«,'s,*    ~  «,Cjd,  —  s^d,  ~       c,c,  +  SidiS^       ~        did,  +  k'SiC^s^  ' 

viz.  we  have  thus  a  fourfold  representation  of  the  addition-equation  for  each  of  the  three 
functions] 

De  ces  forraules  il    pent    etre    tir^    un   grand    nombre   d'^uations    identiques;    par 
exemple  celles-ci: 

{A*-A^)  =  KP.  &c.,  8'-S''  =  QR,  &c. 

{B  +  B')(C-C')  =  K(S  +  S'),&c.,     {B-R)(C+C)  =  KiS-S').  &c, 

BC-BC^KS,  &c.,  BG-BC'  =  KS',  &c., 

{,S  +  Srf{T-\-T'){U+U')  =  (S-S'){T-T){U-JT)  =  PQR, 

s'Tir  +  s'Tu  +sru  +  STU'  =  o, 

STU  +SrU'  +  S'TU'  +  S'TU  =  PQR. 

(A-A')(S  +S')=     (C-C)(U-  U'\  &c., 
(J  +  JO  (-S  -  ^ )  =     {C  +  C'){U+  U'\  &c., 
{A-A'){T  -T)  =  P{G-C),  &c., 
(yl+J')(r  +  r)  =  P(C  +  C),  &c, 
{A-A'){U+  V)  =  P (B-B),  &c., 
{A  +  A')(U -  U')  =  P (B  +  B),  &c., 

&C.,   &C., 
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et  ces  Equations  donnent  immddiatement  et  dans  les  formes  les  plus  simples,  les  formules 
qui  se  rapportent  aux  sommes  et  aux  produits  des  fonctions  de  u+v  et  u  —  v,  par  exemple 


S  (u  +  v)S{u-v)  = 


A- -A'" 


savoir  au  moyen  de  la  premiere  de  ces  Equations  identiques: 


8  (u  +  v)S  (u  -v)  = 


K' 


de   manifere   que   toutes  ces  formules  peuvent  ^tre  considdrdes   comme  comprises  dans  les 
Equations  fondamentales  et  dans  ce  systfeme  d'dquations  identiques. 
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95. 


NOTE    SUE    QUELQUES    THEOREMES    DE    LA    GEOMETEIE    DE 

POSITION. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  XLI. 
(1851),  pp.  66—72.     Continued  from  t.  xxxviii.  p.  104,  70.] 

§  VII. 

En  consid^rant  les  soixante  droites  auxquelles  donne  lieu  le  theoreme  de  Pascal, 
et  en  appliquant  ce  th^orfeme  aux  hexagones  dif3f(^rents  qui  peuvent  etre  formes  par 
six  points  sur  une  meme  conique,  M.  Kirkman  a  trouv^  que  ces  soixante  droites  se 
coupent  trois  k  trois  non  seulement  dans  les  vingt  points  de  M.  Steiner  (points  que 
M.  Kirkman  nomme  les  points  g),  mais  aussi  dans  soixante  points  h.  II  a  trouve 
aussi  qu'il  y  a  quatre-vingt-dix  droites  J,  dont  chacune  contient  deux  des  points  h 
et  un  des  quarante  cinq  points  p,  dans  lesquels  s'entrecoupent,  deux  k  deux,  les  droites 
menses  par  deux  quelconques  des  six  points.  Les  recherches  t^tendues  que  M.  Kirkman 
a  faites  dans  la  g^omdtrie  de  position,  paraitront  dans  un  numdro  prochain  du  Cambridge 
and  Dublin  Matliematical  Journal,  [t.  v.  (1850),  pp.  185 — 200].  En  attendant,  M. 
Kirkman  a  public  dans  le  Manchester  Courier  du  27'^™®  Juiu  1849,  vingt  cinq  th^orfemes 
qui  contiennent  les  r^sultats  de  ses  recherches. 

Moi,  j'ai  depuis  trouvd  que  les  soixante  points  h  sont  situds  trois  k  trois  sur  vingt 
droites  X.  Tons  ces  th^orfemes  peuvent  etre  demontr^s  assez  facilement  quand  on 
connait  la  manifere  suivant  laquello  les  points  et  les  droites  doivent  etre  combines  en 
construisant  les  points  et  les  droites  h,  J,  &c.  Cela  se  fait  alors  d'une  manifere  trhs 
simple,  au  moyen  d'une  notation  que  je  vais  expliquer. 

Reprdsentons  les  six  points  sur  la  conique  par  1,  2,  3,  4,  5,  6.  En  combinant  ces 
points    deux    k    deux    par    les    droites    12,    13    &c.,    les    systfemes    tels    que    12,    34,    56 
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peuvent  etre   reprdsentds  par   les   combinaisons  binaires  des  six  symboles  a,  b,  c,  d,  e,  f, 
et   au   moyen   de   la  table   qui   se   trouve  §   III.   de   ce   mdmoire,   savoir  la  table 


(4) 


02.34.56  =  00 
12.3.5.64  =  6e 
12.S6Ao  =  df 


13.45.62  =  a6 
13.46.25  =  c(i 
13.42.56  =  6/ 


14.56.23  =  6cZ 
14.52.36  =  ae 
14.  53. 62  =  c/ 


15 .  62 .  34  =  de 
15.63.42  =  6c 
15.  64.  23  =a/ 


16.23.45  =  ce 
16.  24.  53  =  ad 
16.25.34  =  6/: 


le  sjTnbole  ac  denote  ici  I'ensemble  des  droites  12,  34,  56;  et  ainsi  de  suite. 

On  voit  que  pour  obtenir  les  six  c6t6s  d'un  quelconque  des  soixante  hexagones,  il 
n'y  a  qu'a  combiner  les  droites  correspondantes,  par  paires,  telles  que  ab,  ac,  qui  ont 
una  lettre  en  commun.  Cela  posd,  les  hexagones,  ou,  si  Ton  veut,  les  droites  derivees 
de  ces  hexagones  au  moyen  du  th^oreme  de  Pascal  (droites  que  je  nommerai  droites 
de  Pascal),  peuvent  etre  representees  par  les  sjnnboles  a6 .  ac,  &c.,  conform^ment  k  la 
table  que  void: 


(B) 


r  213456  =  a6.ac 
564  =  ef  .eh 
645  =  dc.df 
465  —  cd.ca 
546  =  ba  .be 
654  =/e  .fd 

314256  =  ea.e/ 
562  =  bd.ba 
625  =cf  .cd 
265  =/c  .fe 
526  =  ae  ab 
652  =  db  .dc 


214356  =  c/.ca 
563  =  db.df 
635  =  ea . eb 
365  =  ae  .  ac 
536  =/c  .fd 
653  =  bd  .be 

31.5246  =  c 6.  cfZ 
462  =  af  .ab 
624  =  erf.  e/ 
264  =  de  .dc 
426  =  bc  .ba 
642  =/a  .fe 

416235  =  ce  .cf 
352  =  ad . ae 
523  =  6/.  6d 
253  =/6  ./c 
325  =  ec  .  ea 
532  =  da  .  db 


215346  =  erf.  e  6 
463  =fa.fd 
634  =  cb  .  ca 
3G4  =  6c  .6e 
436  =  de  .df 
643  =  af  .ac 

316245  =  arf.a6 
452  =  ce  .cd 
524=/6./e 
254  =  bf  .  ba 
425  =  da .  dc 
542  =  ec  .ef 

516234  =  ec  .erf 
342  =  6/.  6c 
423  =  ad.af 
243  =  da.de 
324  =  ce  .cb 
432  =/6  .fa 


21634:0  =fb  .fd 
453  =  ec  .eb 
534  =  ad.ac 
354  =  da .  df 
435  =  6/.  6  e 
543  =  c e  .ca 

il 5236  =  af .  ae 
362  =  c  6  .  c/ 
623  =  de.rf6 
263  =  ed . ea 
326  =/a  ./c 
632  =  bc  .bd 
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Remarquons  maintenant  que  les  droites  de  Pascal  qui  passent  par  un  point  p, 
tel  que  12.45,  sont  ca  ce,  ha. he,  ac.ah.  ec.eb.  Cela  ^tant,  le  point  12.45  pent  ^tre 
repr^nt^  par  la  notation  ch.ae,  et  de  cette  manifere  le  systfeme  complet  des  points 
p  est  repr^nt^  par  la  table  suivante : 


(C) 


(12. S^  =  hd.ef 
12.  35  =  o/.cd 
12.36  =  o6  .ce 
12 .  45  =  ae  .  be 
12.  46  =  ad.  cf 
12.  56  =  hf.de 
13  .  24  =  ac  .  bd 

13.25  =  a/.6e 

15. 26  =  bd.ec 
13.45  =  c/.de 

13  .  46  =  ae  .  bf 
IS.  56  =  ad.  be 

14  .  23  =  ac  .  ef 
14  .  25  =  ce .  df 
U. 26  =  ad. he 


14 .  35  =  aft  .  de 
U.S6  =  hf.cd 

14 .  56  =  of .  ce 
15.2S  =  he  .cd 

15  .24  =  ae  .df 

15.  26  =  ac  .bf 
lo  .34  =  ab  .  cf 
15  .  36  =  ad  .fe 

15  .  46  =  6d.  ce 

16.  2S  =  ah  .df 

16  .  24  =  c/  .  be 
16  .  25  =  ac  .  de 
16  .  34  =  ae  .  cd 
16.  35  =  6c.  e/ 
16.45  =  a/.6d 


23 .  45  =  ad .  bf 

23  .  46  =  6c  .  de 
23 .  56  =  ae  .  cf 
24. 85  =  bf.ce 
24.36  =  af.de 

24  .  56  =  a6  .  ed 

25  .  34  =  ad .  ce 
25  .  36  =  6d .  cf 

25  .  46  =  a6  .  ef 
26.  34  =  a/.  6c 

26  .  35  =  ae  .  hd 
26 . 45  =  cd .  ef 
S4.  56  =  be.  df 

35  .  46  =  ac  .  df 

36  .  45  =  ac  .  be. 


Enfin  les  droites  12,  &c.  peuvent  ^tre  repr^sentdes  par  des  symboles  tels  que  ac.  be.df  &c., 
et  au  moyen  de  la  table  suivante,  qui  est  pour  ainsi  dire  la  r«^ciproque  de  la  table  (A) : 


(D) 


(  ache  .  df=  12 
ac .  hd  .fe  =  56 
ac.  bf.  ed  =  34 


ab .  ed  .fc  =  62 
ah  .ef  .cd  =  13 
ab  .ec  .  df=  45 

af.  be  .  ed  =  15 
af.  be  .dc  =  64 
af.  bd.ce  =  32. 


ae.d/.c6  =  36 
ae .  dc  .bf=  52 
ae .  dh  .fc  =  14 


ad  .fh .  ce  =  16 
ad  .fc  .  e6  =  53 
ad.fe.be  =  24 

II  y  a  k  remarquer  qu'une  droite  de  Pascal  ab .  ac  contient  les  points  6c .  ad,  be .  ae, 
bc.af,  et  que  par  un  point  ab.cd  passent  les  droites  (les  cotds  opposes  d'un  hexagone) 
a^.bd.  ef,  ah. be.  ef,  et  les  droites  de  Pascal  ca  .  c6,  da . dh,  ac .  ad,  be . bd.  Cela  pose',  en 
corabinant  les  propridtds  d4jk  connues  d'avec  celles  que  j'ai  dnoncdes  au  commencement 
de  cette  section,  en  particularisant  en  meme  temps  les  combinaisons  qui  donnent  lieu 
aux  points  et  droites  g,  h,  J,  &c.  et  en  adoptant  une  notation  convenable  pour  ces 
points  et  droites,  on  trouvera  ce  qui  suit: 

(a)  Les  droites  a6 .  6c,  6c .  ca,  ca .  ah  se  rencontrent  dans  un  meme  point  a6c  qui 
est  un  des  vingt  points  g,  et  que  j'ai  ddnotd  par  ce  symbole,  §  III.  de  ce  mdmoire. 
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(/3)  Les  points  abc,  abd,  ahe,  ahf  sont  situ^s  sur  une  meme  droite  ah  qui  est  une 
des  quinze  droites  de  M.  Steiner  ou  de  M.  Plucker,  et  que  j'ai  d^not^e  (§  III.).  Je 
nommerai   droites   /  ces   droites. 

(7)  Les  droites  ah .  ac,  ac .  ad,  ad .  ah  se  rencontrent  dans  un  meme  point  a .  ef 
qui  est  un  des  soixante  points  h  de  M.  Kirkman. 

(8)  Les  points  b.  cd,  c  .dh,  d.  be  sont  situds  sur  la  meme  droite  \bcd}  qui  est  une 
de  mes  vingt  droites  X. 

(e)  Les  points  ab.cd,  e.ab,f.ab  sont  situ^s  sur  une  meme  droite  (ah)cd  qui  est 
un  des  quatre-vingt-dix  points  J  de  M.  Kirkman. 

Quant  aux  theorfemes  (a)  et  (yS),  je  vais  reproduire  dans  la  notation  de  cette  section 
les  demonstrations  de  M.   Plucker. 

Voici  le  principe  de  la  demonstration  du  thdoreme  (a) :  principe  qui  s'applique 
aussi,  comme  nous  le  verrons,  aux  demonstrations  des  th^oremes  (7,  S,  et  e). 

Supposons  qu'il  s'agit  de  demontrer  gdneralement  que  trois  droites  X,  X',  X"  se 
rencontrent  dans  un  meme  point,  et  supposons  que  ces  droites  sont  determin^es: 


X' 
X" 
formons  d'abord  la  table 


en  des 

points 

A  ,    B, 

c, 

)j 

)» 

A'.    B', 

c, 

J) 

>» 

A",    B", 

C"; 

A' A", 

B'B" 

,    C'C", 

A" A  , 

B"B 

.    C"C  , 

AA', 

BB' 

c  c, 

(©) 


ou  A' A",  &c.  sont  les  droites  qui  passent  par  les  points  A'  et  A",  &c. ;  et  puis  la 
table 

'B'B".  C'C",    C'C".  A' A",    A' A".  B'B", 
(5)    \  B'B  .  C'C  ,    C'C  .  A" A  ,    A" A   .  B"B  , 

^BR.CC,    CC'.AA',    AA'.BB', 

ou  B'ff' .  C'C",  &c.  sont  les  points  d'intersection  des  droites  B'B"  et  C'C",  &c.  On  sait 
que  si  les  points  de  I'une  quelconque  des  colonnes  verticales  de  cette  derniere  table 
sont  situ^  sur  la  meme  droite,  les  droites  X,  X',  X"  se  couperont  dans  un  meme 
point;  et  r^ciproquement.  Precis^ment  de  la  meme  manifere  on  d^montrerait  que  trois 
points  X,  X',  X"  sont  situ^s  sur  une  meme  droite ;  seulement  A,  B,  &c.  seraient  des 
droites.  A' A",  &c.  des  points ;  et  ainsi  de  suite.  Or  les  droites  du  thdor^me  (a)  sont 
d^termin^es, 

ah .  be  au  moyen  des  points  ac .  he,     ae  .  bf,     ac .  bd, 

be  .  ca  „        „         „  ba  .  ce,     ha .  ef,     ha .  cd, 

ca.ah         „        „        „  ch.ae,     cb.af,     cb.ad; 

C.  70 


554  NOTE   SUB   QUELQUE8   TH^OBfeMES   DE   LA   G^OMiXBIE   DE   POSITION.  [95 

done  ia  table  (O)  se  r^uit  k 

ac.be.  df,  ac  .  bf.  de,  ac  .bd.  ef, 

ba.ce.df,  ba.cf.de,  ba.cd.ef, 

cb.ae.df,  cb.af.de,  cb.ad.ef, 

et  la  table  (»  k 

be.df,  bf.de,  bd.ef, 

ce.df  cf.de,  cd.ef 

ae .  df,  af.  de,  ad .  ef; 

et  lea  points  de  la  premiere  colonne  verticale  de  cette  table  sent  situ^s  sur  la  droite 
ed.ef,  ceux  de  la  deuxifeme  colonne  verticale  sur  la  droite  fd.fe,  et  ceiix  de  la  troisi^me 
colonne  verticale  sur  la  droite  de .  df:  I'existence  de  I'une  quelconque  de  ces  droites 
feit  voir  la  v^ritd  du  th^oreme  dont  il  s'agit. 

Pour  ddmontrer  le  theoreme  {P),  considdrons  h,  part  un  quelconque  des  points 
abc,  abd,  abe,  abf;  par  example  le  point  ahf  On  pent  envisager  ce  point  comme 
d^termin^  par  les  droites  ah.af  ab.bf  et  ces  droites  contiennent : 

ah  .af  \es  points  bf.  ac,     bf.  ad,     bf.  ae, 
ah  .bf     „      „      af.  be,     af.  bd,    af.  be. 

Or  bf.  ac  et  af.  be  sont  situ^s  sur  la  droite  ah  .de.  cf;  bf.  ad  et  af.  bd  sur  la  droite 
ab.ec.df;  et  bf.ae  et"^  af.be  sur  la  droite  ab.  cd.ef.  De  plus,  les  points  bf.ac, 
bf.ad,  bf.ae  sont  situ^s  sur  les  droites  ab  .be,  ab.bd,  ab.be  respectivement,  et  les 
points  af.  be,  af.  bd,  af.  be  sont  situ^s  sur  les  droites  ab .  ac,  ab.  ad,  ab .  ae  respectivement. 
Done  on  pent  representer  les  points  de  la  droite  ah .  af  par  les  symboles 

(ab .  de .  cf)  (ah .  be),     {ah .  ec .  df)  (ah .  bd),    (ab  .cd .  ef)(ab  .be), 

et  les  points  de  la  droite  ab.bf  par  les  symboles 

(ab .  de .  cf)  (ah .  ac),    (ah .  ec .  df)  (ah .  ad),    (ab .  cd .  ef)  (ab .  ae). 

Maintenant 

Lea  droites  de  mfime  que  les  droites         se  rencontrent  sur  la  droite 

ab .  bd,    ab  .ae  ab .  be,    ab  .  ad,  ah  .de .  cf, 

ab  .be,    ab .  ae  ab .  be,    ab .  ae,  ab  .ec  .  df 

ah .  be,     ab  .ad  ab .  bd,    ah  .ac,  ab  .cd .  ef, 

e'est  k  dire,  il  existe  un  aystfeme  de  trois  hexagones  dont  les  cotds  sont 

(ab  .de.cf  ah.ec  .  df,  ab  .cd.  ef,  ah .  be,  ah .  bd,  ab  .  be), 
(ab.de.  cf  ab.ec.df,  ab .  cd .  ef,  ab.ac,  ab.ad,  ab.ae), 
(ab  .be      ,    ab  .bd       ,     ab  .be       ,     ab .  ac,     ab  .  ad,     ah  .  ae). 
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Ces  hexagones  ont  pour  angles  les  memes  six  points.  Or  I'existence  de  I'une  ou  de 
I'autre  des  droites  ab .  af,  ab .  bf  suffit  pour  faire  voir  que  ces  six  points  sont  situ^s 
sur  la  meme  conique :  done  les  cot^s  opposes  du  troisifeme  hexagone  se  rencontrent 
dans  trois  points  situds  sur  la  meme  droite.  De  plus,  on  voit  ais^ment  que  les 
hexagones  sont  pr^cisdment  tels,  qu'en  vertu  du  th^orfeme  (a),  les  trois  droites,  auxquelles 
donnent  lieu  ces  hexagones,  se  rencontrent  dans  un  meme  point ;  et  ce  point  sera 
dvidemment  le  point  abf.  Mais  les  c6t^s  opposes  du  troisifeme  hexagone,  savoir  les 
droites  ab  .  be  et  ab  .  ac  ;  ab  .  bd  et  ab  .ad  ;  ab . be  et  ab .  ae,  se  rencontrent  dans  les 
points  abc,  abd,  abf:  done  les  quatre  points  abc,  abd,  abe,  abf  sont  situds  sur  la  m^me 
droite  :  theoreme   dont  il  s'agissait. 

Pour  demontrer  le  theoreme  (7),  on  n'a  qua  consid^rer  les  droites  de  ce  theoreme 
com  me  determin^es, 

ab  .  ac  par  les  points  be  .  ad,  be  .  ae,  be  .  af 
ac  .ad  „  „  cd.ab,  ed .  ae,  ed .  af 
ad .  ab         „         „        bd.  ae,     bd .  ae,     bd .  af. 

La  table  (O)  se  r^duit  alors  a 

be  .ad.  ef    da .  de,    da .  df 
cd.ab.  ef     ba.be,     ba.bf 
bd  .ae  .ef    ea.ee,    ea.  ef 
et  la  table  (J)  a 

(da .  df)  (da .  de),  af.  de,  ae .  df 
(ba .  bf)  (ba  .  be),  af.  be,  ae .  bf 
(e  a .  ef)  (ca .  e  e),     af.ce,     ae.ef 

Or  les  points  de  la  deuxifeme  colonne  verticale  sont  situ^s  sur  la  droite  ea .  ef  et  les 
points  de  la  troisieme  colonne  verticale  sur  la  droite  fa.fe.  L'existence  de  I'une  ou 
de  I'autre  de  ces  droites  fait  voir  que  les  droites  ab .  ae,  ae .  ad,  ad .  ab  se  rencontrent 
dans  un  meme  point  a .  be. 

Pour  demontrer  le  thdorfeme  (S),  il  est  Evident  que  les  points  de  la  premiere 
colonne  verticale  de  la  table  qui  vient  d'etre  prdsentde,  sont  situds  sur  la  meme  droite. 
Mais  ces  points  sont  pr^cLs^ment  les  points  d .be,  b .cd,  e.db;  le  theoreme  est  done 
ddmontr^. 

[En  remarquant  que  les  trois  droites  sur  lesquelles  sont  situt's  les  neuf  points  de 
la  table  g^ndrale  (J)  se  rencontrent  dans  un  m^me  point,  cette  demonstration  de 
l'existence  des  droites  X  fait  voir  que  la  droite  {bed}  passe  par  le  point  d'intersection 
des  droites  ae.af  ef  .fa,  savoir  par  le  point  afe;  ou  bien  que  chacune  des  vingt  droites 
X  passe,  non  seulement  par  trois  points  h,  mais  aussi  par  un  seul  point  g.  Ce 
th^or^me  est  dfl  h.  M.  Salmon,  qui  inddpendamment  de  mes  recherches  k  trouvd 
l'existence  des  vingt  droites  X.     8  aoftt  1849.     Inserted  here  from  Crelle,  t.  xli.  p.  84] 

70—2 
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Enfin,  pour  d^montrer  le  th^orfeme  (e),  nous  pouvons  consid^rer  lea  points  de  ce 
theoiime  comme  d^termin^, 

ab . cd  par  les  droites  bc.bd,  ad.be.ef,  ac.bd.ef, 
f.ab  „  „  fc.fd,  fc  .ft  ,  fd.fe  , 
e.ah        „         „        ec.ed,    ec  ./e     ,    ed./e 

La  table  (O)  se  r^uit  alors  k 

cd.ef,  f.ce,f.de, 

cd.eb,  c/.eb,    d/.eb, 

cd.bf,  ce.bf,    de.hf, 

et  la  table  (D)  k 

fe    ,  ce  .  cf,  de .  df, 

>  fe.fb,  cb.ce,  db.de, 

fe.eb,  cb.  cf,  db  .  df. 

Or  les  droites  de  la  premifere  colonne  verticale  de  cette  table  se  rencontrent  dans  le 
point  bf.  be,  celles  de  la  deuxi^me  colonne  verticale  dans  le  point  c .  ad,  et  celles  de  la 
troisieme  colonne  verticale  dans  le  point  d.  ac;  le  thdorerae  dont  il  s'agit  est  done 
ddmontrd    Dans  cette  demonstration  on  aurait  aussi  pu  dchanger  les  lettres  a,  b. 

Les  theorfemes  (a)  et  (7)  peuvent  ^tre  ^noncds  par  le  seul  th^orfeme  suivant : 

"!&tant  donnas  six  points  sur  la  meme  conique,  et  menant  par  ces  points  neuf 
droites,  de  manifere  que  chaque  droite  passe  par  deux  points  et  que  par  chaque  point 
il  passe  trois  droites:  on  formera  avec  ces  neuf  droites  trois  hexagones  diff^rents  dont 
chacun  a  les  six  points  pour  angles.  Les  droites  de  Pascal,  auxquelles  donnent  lieu  ces 
trois  hexagones,  se  rencontreront  dans  un  meme  point." 

En  supposant  que  le  systferae  de  neuf  droites  contient  toujours  un  meme  hexagone, 
il  est  possible  de  completer  de  quatre  maniferes  diff6rentes  le  systfeme  des  neuf  droites; 
savoir,  on  pent  ajouter  aux  cot^s  de  I'hexagone  1  les  trois  diagonales  de  I'hexagone 
2,  3  ou  4,  en  menant  une  quelconque  de  ces  diagonales  et  deux  droites,  chacune  par 
deux  angles  altern^s  de  I'hexagone.  Ces  quatre  systfemes  donnent  lieu  au  point  g,  et 
aux  trois  points  h,  qui  se  trouvent  sur  la  droite  de  Pascal,  correspondante  a  I'hexagone 
dont  il  s'agit ;  savoir  le  premier  systeme  donne  lieu  au  point  g,  et  les  trois  demiers 
syst^mes  au  point  h. 
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MEMOIRE    SUR    LES    CONIQUES    INSCRITES    DANS    UNE    MEME 
SURFACE  DU  SECOND  ORDRE. 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  XLi.  (1851), 

pp.  73—86.] 


En  considdrant  une  surface  quelconque  du  second  ordre,  le  problfeme  se  presente : 
d'examiner  lea  propriet^s  dea  coniques  inscrites  dans  cette  surface  et  des  c6nes  circon- 
scrita.  La  plupart  de  ces  propri^tds  est  peut-etre  eonnue  ^ ;  cependant  je  crois  qu'on  ne 
les  a  pas  encore  d^velopp^es  syst^matiquement.  Je  me  propose  de  donner  ici  I'analyse 
des  propriet^s  les  plus  simples  d'un  tel  systeme  de  coniques,  et  la  solution  du 
problfeme  analogue  au  probleme  des  tactions  qui  se  presente  ici,  ainsi  que  quelques 
th^orfemes  relatifs  au  passage  k  un  systfeme  de  coniques  situ^es  dans  un  meme  plan  et 
inscrites  dans  une  meme  conique,  en  me  rdservant  pour  une  seconde  partie  de  ce 
mdmoire  les  d^veloppements  ult^rieurs  concemant  ce  passage,  et  la  solution  complete  du 
problfeme  analogue  au  problfeme  de  Malfatti,  g^neralis^  par  M.  Steiner. 

Remarquons  d'abord  que  les  coniques  inscrites  et  les  c6nes  circonscrits,  ainsi  que 
les  plans  des  coniques  inscrites  et  les  sommets  des  cones  circonscrits,  sent  des  figures 
r^dproques  par  rapport  a  la  surface  du  second  ordre.  En  consid^rant  deux  coniques 
inscrites  quelconques,  et  lea  c6nes  circonscrits  correspondants,  on  remarquera  que  les 
plans  des  coniques  inscrites  ae  rencontrent  dans  une  droite.  Je  la  nommerai  Droite  de 
aymptose.  Les  sommets  des  cones  circonscrits  seront  situ^s  dans  une  droite  que  je 
nommerai  Droite  d'homologie.  Ces  deux  droites  seront  ^videmment  rdciproques  I'une  a 
I'autre.  II  se  trouvera  sur  la  droite  d'homologie  deux  points  dont  chacun  est  le  sommet 
d'un  c6ne  qui  passe  par  les  deux  coniques  inscrites.  Ces  deux  points  peuvent  etre 
nommes  Points  d'homologie.     De  m^me  il   passera  par  la  droite  de  symptose  deux  plans, 

>  Voyez  le  vabmoiie  de  M.  Steiner  "Einige  geometrische  Betrachtungen  "  Journal  t.  i.  [1826]  pp.  161 — 184, 
et  nn  mdmoire  de  M.  Olivier,  Qnetelet,  Corresp.  Math.  t.  v.  [1829]. 
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qui  sont  les  plans  des  coniques  dans  lesquelles  se  coupent  les  deux  cones  circonscrits. 
Ces  deux  plans  peuvent  dtre  nommds  Plans  de  symptose.  Les  plans  de  symptose  et 
les  points  d'homologie  ne  sont  pas  seulement  des  figures  r^ciproques :  les  deux  plans 
de  symptose  passent  aussi  par  les  deux  points  d'homologie,  chacun  par  le  point 
i^iproque  de  I'autre  plan ;  c'est  k  dire :  les  plans  de  symptose  sont  des  plans  coiijuguds 
par  rapport  k  la  surface  du  second  ordre,  et  les  points  d'homologie  sont  des  points 
omiuguis  par  rapport  h  cette  meme  surface.  Remarquons  aussi  qu'en  consid^rant  le 
Bvst^me  form^  par  les  plans  des  coniques  inscrites  et  les  plans  tangents  h,  la  surface 
men^  par  la  droite  de  symptose,  on  trouvera  que  les  plans  de  symptose  sont  les  plans 
doubles  (ou  si  Ton  veut  les  plans  auto-conjugues)  de  I'iuvolution.  De  meme,  en 
consid^rant  le  syst^me  formd  par  les  sommets  des  cones  circonscrits  et  par  les  points 
de  leur  intersection  avec  la  surface  de  la  droite  d'homologie,  on  trouvera  que  les  points 
d'homologie  sont  les  points  doubles  (ou  avio-conjuguh)  de  I'involution.  Les  deux  cones 
circonscrits  qui  ont  pour  sommets  les  deux  points  d'homologie,  peuvent  etre  nommes 
C&nes  dhomologie ;  de  meme,  les  deux  coniques  inscrites,  situ^es  dans  les  deux  plans  de 
sytaptose,  peuvent  ^tre  nomm^es  Coniques  de  symptose.  (En  passant,  nous  remarquerons 
que  ces  coniques  de  symptose  correspondent  aux  Potenzkreise  de  M.  Steiner.)  II  est 
Evident  que  les  cones  d'homologie  et  les  coniques  de  symptose  sont  des  figures  reciproques. 

En  consid^rant  trois  coniques  inscrites,  et  les  c6nes  circonscrits  correspondants,  on 
verra  que  les  plans  des  coniques  inscrites  se  rencontrent  dans  un  point  que  je 
nommerai  Point  de  symptose.  Les  sommets  des  c6nes  circonscrits  seront  situds  dans 
un  plan  que  je  nommerai  Plan  dhomologie.  Ce  point  et  le  plan  seront  reciproques 
I'un  k  I'autre.  En  combinant  deux  k  deux  les  coniques  inscrites  ou  les  cones  circon- 
scrits, cela  donne  lieu  k  trois  droites  de  symptose  qui  passent  chacune  par  le  point  de 
symptose,  et  k  trois  droites  d'homologie  situ^es  chacune  dans  le  plan  d'homologie.  II 
existe  aussi  six  plans  de  symptose  qui  se  coupent  trois  a  trois  dans  quatre  droites,  aretes 
d'une  pyramide  quadrilatfere  qui  a  pour  axes  les  trois  droites  de  symptose.  Les  quatre 
droites  dont  il  s'agit,  peuvent  Stre  nommees  Axes  de  symptose.  II  existe  dgalement  six 
points  d'homologie,  situes  trois  k  trois  dans  quatre  droites,  cotds  d'un  quadrilatere  qui 
a  pour  axes  les  trois  droites  d'homologie.  Les  quatre  droites  dont  il  s'agit,  peuvent 
6tre  nomm^  Axes  d'homologie.  La  pyramide  et  le  quadrilatere  sont  des  figures 
reciproques,  et  il  convient  de  remarquer  (quoique  cela  soit  assez  Evident)  qu'il  y  a  ici 
trois  points  d'homologie,  non-situes  dans  un  des  cott^s  du  quadrilatere,  mais  contenus 
dans  trois  points  de  symptose  qui  se  coupent  dans  une  ar^te  de  la  pyramide. 

Par  I'un  quelconque  des  axes  d'homologie  il  passe  deux  plans  dont  chacun  touche 
les  trois  coniques  inscrites;  de  meme  il  se  trouve  sur  I'un  quelconque  des  axes  de 
symptose  deux  points,  dont  chacun  est  un  point  d'intersection  des  trois  cones  circonscrits. 
Cela  constitue  la  solution  du  problfeme :  Trouver  la  conique  inscrite,  ou  le  cone 
circonscrit,  qui  touche  trois  coniques  inscrites,  ou  trois  cones  circonscrits.  II  y  a  huit 
solutions  de  ce  probl^me. 

Avant  d'aller  plus  loin,  je  vais  indiquer  quelques-unes  des  formules  analytiques 
correspondantes  k  la  th^orie  qui  vient  d'etre  expliqu^e. 
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Ecrivons,  pour  abreger : 

U  =  Ax'  +  Bf+  Gz"  +  Dv}"  +  ^Fyz  +  2Gxz  +  2Hxy  +  ^Lxw  +  2Myw  +  2Nzw, 

V=  ax    +  ^y  +y2   +  Sw, 

et  representons   par   21,  33,   (5,  2),  §,  @,  .§,  S,  ^,  51   les  coefficients  du   systeme   inverse 
de  A,  B,  C,  D,  F,  G,  H,  L,  M,  N.    Soit  de  plus 

X=Ax+Hy  +  Gz+  Lw, 


jf  =  2(a=  +  SyS^  +  gy!  +  2)8^  +  2g^7  +  2®ya  +  2^ix^  +  2SaS  +  23JZ/3S  +  29175. 

Cela  posd,  en  prenant  C7  =  0  pour  (Equation  de  la  surface  du  second  ordre,  et 
Fi  =0,  V„=0,  F3  =  0  pour  les  Equations  des  plans  des  coniques  inscrites,  on  obtient 
pour  I'un  des  plans  de  symptose  des  coniques  inscrites  {U  =  0,  Fj,  =  0),  (U=0,  ^2  =  0) 
I'equation  trfes  simple  ^jFj  =/)iF2  =  0.  De  la  on  tire  pour  les  coordonn^es  du  point 
d'homologie,  qui  est  le  rdciproque  de  ce  plan  de  symptose,  les  Equations 

X  :  Y  :  Z  :   W ^p^a^-p^a..  :  pSi-pA  ■  p/Yi-piy^  ■  pA-pA- 


En  formant  dgalement  les  expressions  des  coordonndes  d'un  point  d'homologie  des 
deux  autres  paires  de  coniques  inscrites,  on  obtient  pour  Equation  de  I'un  des  axes 
d'homologie : 

X,      Y,     Z,     W    =0; 


Pu 

fli, 

A, 

7i. 

B, 

Pa, 

02, 

A, 

73, 

S2 

P,, 

<h, 

/Ss, 

73> 

s. 

savoir,  en  choisissant  quatre  colonnes  verticales  quelconques  de  cette  formule,  on  trouve 
que  les  determinants  que  Ton  obtient,  sont  tons  dgaux  a  z^ro. 

Nous  ajouterons  que  la  droite  qui,  par  rapport  a  la  conique  (U  =  0,  F]  =  0),  est 
r^ciproque  de  cet  axe  d'homologie,  est  donn^e  par  les  Equations 

Fi  =  0,     V,  :   V,=ptp,-^aiCL,- ...  :  piPs-^oi^(h- ■••; 

U  est  clair  que  cette  droite  rencontre  la  surface  du  second  ordre  en  deux  points 
situ^s  dans  les  plans  des  coniques  inscrites  qui,  au  moyen  de  I'axe  d'homologie  dont 
I'equation  vient  dtre  donn^e,  sont  determines  de  manifere  a  toucher  les  trois  coniques 
inscrites  donnees.  Mais  sans  se  servir  des  Equations  de  cette  droite,  on  pent  determiner 
I'equation  des  deux  plans  menes  par  I'axe  d'homologie  dont  il  s'agit,  de  maniere  k 
toucher  la  conique  inscrite  (U=0,  Fi  =  0);  et  la  symetrie  du  resultat  fera  voir  que 
ces  deux  plans  touchent  aussi  deux  autres  coniques  inscrites.  La  recherche  de  cette 
equation  etant  un  pen  difficile,  je  la  donnerai  en  detail,  en  supposant  cependant  counu 
le  theorfeme  suivant: 

En  ecrivant  v^Xx+^iy  +  v2  +  pw,  v'  =  \'x  +  yfy  +  v'z  +  p'w :  les  plans  menes  par  la 
droite  (i'  =  0,  v'  =  0)  de  manifere  qu'ils  touchent  la  conique  inscrite  (U  =  0,  F=0),  sont 
donnes  par  I'equation 

p=  [21  (\v'  -  X'vy  +...]-  [2la  {\v'  -  \'v)  +  ...]■-  =  0. 
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Pour    appliquer  ce   th^rfeme   au   problfeme   dont   il    s'agit,  nous   n'avons   qu'^   substituer 
F,  au  lieu  de  F,  et  qu'i  Aaire 


w  = 


a,    b  ,    c  ,    d 
X,     Y,    Z.     W 

Pi,    "i,     A.     7i.     ^1 


V  = 


a',    b',    c',     d' 
X,     Y,    Z,     W 

Pu       «!.       A.       7l.       ^1 


oil  les  coefficients  a,  b,  c,  d;  a',  b',  c',  d'  sent  des  quantit^s  quelconques. 

R^uisons  d'abord  I'expression  2{aj (Xv' - \'v)  + ....  Pour  cela,  mettons  dans  les 
valeurs  de  v,  v',  les  expressions  2(a, +  ...,  ^ai+...,  &c.  k  la  place  de  a;,  y, ...:  les 
quantiys  X,  Y,  Z,  W  deviennent  alors  Ka^,  K^i,  jfiT^i,  iTS,  (ou  comme  k  1 'ordinaire  K 
est  le"  determinant  fonnd  par  les  quantites  A,  B,  ...),  et  Ton  obtient  ainsi,  aux  signes 
prfes : 


ila,\ +  ...=Kpi 


a,     b  ,     c  ,     d 
Oi,    Bi,    7i.     ^1 


,      ^a,X'+...  +  =  Kp, 


a',     b'  ,     c' ,     d' 
Oi,     01,     7i,     Sj 


et  de 

\k 

oh. 

D  = 

a, 

b', 

c  , 

d 

«i> 

A. 

7i. 

«a 

2(ai  (Xv'-\'v)  +  ...=KpiO, 


-      a',     V,    c',     d' 
X,     Y,     Z,     W 

Pu       «!,       A.       7l.        ^1 


a' ,    b' ,    c' ,    d' 

«!.      A,      7i.      ^1 


a  ,     b  ,     c  ,     d 
X,     Y,    Z,     W 

Pu     Oi,    A.     7i.     ^1 


formule  qui  au  moyen  des  propri^t^s  des  determinants  se  rdduit  k 


D  = 


X,     Y,    Z,     W 

«!,         A.         7l'         ^1 


a ,     b  ,     c  ,     d , 

a',    b' ,    c',    d'. 

Pi,    Oi.    /3i,    7i,     Si, 


Passons  k  I'expression  21  (\v'  —  X'v)"  + ... ,  que  nous  mettrons  sous  la  forme 

^{A[n(\v'-\'vy+...]^ +  ...}. 

En  prenant  des  quantites  quelconques  a,  b,  t,  U,  on  obtient  par  une  analyse  semblable : 

^a(Xv'-\'v)  +  ...=Kn, 
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oh 


a,  b  ,  c  ,  It 

a ,   b  ,   c  ,   d 
Pi,  Oi,   A.   7i.    Si 


a',   b' ,   c' ,   d' 
X,    Y,   Z,  W 

Pi,    «!.    A.     7i.    Si 


formule  qui  se  r^duit  a 


n  = 


a  ,    t  ,    t  ,    to 
X,     Y,    Z,    W 

Pi,     a.,     A,    7,,     S, 


a ,  b  ,  c  ,  & 

a',   6',   c',   d' 
Pi,   <^i,  /3i>   7i,   Si 


a ,     b  ,     c  ,     d 

a' ,     b' ,     c' ,     d' 

Pi,     «i,    /3i,    7).     Si 


a  ,   b  ,   c  ,   d 
X,   Y,  Z,  W 

Pi,  «!,  /3i,  7i,   Si 


De  la,  en  supprimant  les  facteurs  constants  de    □  et  de  □,  on  obtient 


a^+\)V  +  C^  +  tia)  = 


a ,    b  ,    c  ,    IJ 
X,    Y,    Z,    W 

Pi,     «!,     A,     7i.     Si 


expression   qui    sert    k   definir   les    fonctions    f,   tj,   f,   w.      L'dquation    qu'il    s'agissait    de 
trouver  devient 


A^+...-K 


X,     Y,    Z,     W 

Oi,     A,     7i.     Si 


'=0, 


oil   il   fitiut    avoir    ^gard    que    Ton    a  X  =  Ax  + ... ,   &c.     Savoir,    I'^quation    qu'on    vient 

d'^crire    se   d^omposc   n^cessairement  en    facteurs   lin^aires  qui,   ^galds  a   z^ro,   donnent 

les   Equations   des   plans   des   coniques  inscrites   qui   touchent    chacune    les    trois    coniques 
inscrites   donn^es. 

Nous  avons  obtenu  ce  r^sultat  en  traduisant  en  analyse  une  construction  geom^- 
trique ;  mais  on  y  pent  aussi  parvenir  en  considerant  le  problfeme  d'une  mani^re 
purement  analytique.  En  effet :  soient  comme  plus  haut,  U  =  0  I'dquation  de  la  surface 
du  second  ordre,  F,  =  0,  F,  =  0,  Fj  =  0  les  Equations  des  plans  des  trois  coniques 
inscrites  donn^es,  F  =  0  I'dquation  du  plan  de  la  conique  inscrite  qui  touche  chacune 
de  ces  trois  coniques.  La  condition  pour  que  cette  conique  touche  la  conique  inscrite 
situ^e  dans  le  plan   Fi  =  0,  est  2Iaa,  + ...  =^i.     On  a  done  les  trois  equations 

2laa, +  ...  =ppi, 

3laaj+  ...  =ppi, 

8laa,+  ...  =p2)3. 

Au  lieu  de  tirer  de  ces  Equations  les  quantites  a  :  /S  :  7  :  8,  nous  ajouterons  au 
syst^me  la  nouvelle  Equation 

00!+.. .-0, 

C.  71 
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par  laquulle  il  sera  possible  d'^liminer  les  quatre  quantitds  a,  /3,  y,  8.  En  attribuant  a 
AT, ...  la  m&me  signification  qii'auparavant,  nous  mettrons  les  quatre  Equations  sous  la 
forme 

(2la  +  ...)a, +  ...=;)p„ 

(2la  +  ...)aj  +  ...=i>p„ 
(^a  +  ...)a,  +  ...=pp^, 
(2la  +  ...)Z  +  ...=   0. 


£!crivon8  de  plus 


(2la  +  ...)a  +  ...  =i>0, 


oh  les  quantit^s  a,  h,  C,  ti  sont  arbitraires.  En  dliminant  de  ces  (Equations  les  fonctions 
(8la +  ...),  puis  en  mettant  a  la  place  de  p@  la  quantite  a  gauche  de  lequation,  on 
obtient,  k  un  facteur  constant  prfes, 


(2la  +  ...)a  +  ...= 


cela  donne  d'abord 


2laa, +  ...  =pi 


a  ,    b  ,    t ,    U 
X,    Y,    Z,    W 

Pi,    a,,     ^,,    7.,     S, 


X.     Y,    Z,     W 

«!.     A>     7i,     Si 


puis,  en  ^crivant  p'  =  Sla^  +  ...  =  -f^[A  (2{a  +  . ..)''  +  . . .],  on  a 


et 


af+...= 


a  ,    t  ,    c,    Ij 
X,     F,    Z,    W 

Pi,         «!.         A,         7l.  ^1 


et  de  Ik  enfin,  en  substituant  dans  I'^quation  Slataj  +  ...  =ppi,  on  obtient  eomme  plus  haut 
r^quation 


A^'  +  ...-K 


X,     Y,    Z,     W 

«!  .       A.      7l.       ^1 


=  =  0. 


II    est    clair    que    cette    analyse    pent    etre    appliquee    a    la    solution    d'un    nombre 
quelconque  d'^quations  de  la  forme  2taai  + ...  =^j3i. 
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En  revenant  a  la  theorie  geom^trique,  consid^rons  un  point  quelconque  que  nous 
prendrons  pour  point  de  projection :  le  cone  qui  passe  par  une  conique  inscrite  quel- 
conque aura  (comme  on  sait)  un  contact  double  avec  le  c6ne  qui  a  pour  sommet  le  point 
de  projection.  Le  plan  de  contact  sera  le  plan  men^  par  le  point  de  projection  et  par 
la  droite  d'intersection  du  plan  de  la  conique  inscrite  et  du  plan  r^ciproque  au  point  de 
projection.  En  considerant  plusieurs  coniques  inscrites  ayant  une  droite  de  symptose 
commune,  tons  les  cones  auxquels  donnent  lieu  ces  coniques  inscrites,  auront  pour 
aretes  communes  les  deux  droites  ment^es  par  le  point  de  projection  aux  points  dans 
lesquels  la  surface  est  rencontrde  par  la  droite  de  symptose  commune.  Ajoutons  que 
les  plans  de  contact  des  cones  dont  il  s'agit,  avec  le  c6ne  circonscrit,  rencontrent  le 
plan  des  deux  aretes  communes  dans  une  droite  fixe,  savoir  dans  I'une  ou  I'autre  des 
droites  doubles  (ou  auto-conjugudes)  de  I'involution  formde  par  les  deux  aretes  communes 
et  par  les  droites  dans  lesquelles  le  plan  de  ces  deux  aretes  communes  rencontre  le 
c6ne  circonscrit.  De  plus,  en  considerant  les  plans  tangents  menes  par  I'une  ou  par 
I'autre  des  deux  aretes  communes,  ces  plans  tangents  forment  un  systfeme  homologue 
a  eelui  des  plans  des  coniques  inscrites.  En  considerant  en  particulier  I'uue  ou  I'autre 
des  coniques  de  symptose  de  deux  coniques  inscrites  quelconques :  le  plan  tangent  du 
c6ne  correspondant  est  le  plan  double  (ou  auto-conjugue)  de  I'involution  formde  par 
les  plans  tangents  des  cones  qui  correspondent  aux  deux  coniques  inscrites  (c'est  h,  dire 
par  les  plans  tangents  qui  passent  par  I'arete  commune  dont  il  s'agit),  et  par  les 
plans  tangents  de  la  surface  du  second  ordre  mends  par  cette  m^me  arete  commune. 
C'est  \k  en  efFet  la  propridtd  qui  conduit  a  la  construction  des  coniques  de  symptose 
de  deux  coniques  situdes  dans  le  m^me  plan  et  considerdes  comme  inscrites  dans  une 
conique  donnde. 


71—2 
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NOTE    SUR    LA    SOLUTION    DE    L'EQUATION  x-'-l=0. 

[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  XLI.  (1851), 

pp.  81—83.] 

X  SoiT  pm  la  m"""  puissance  d'une  racine  quelconque  (I'unit^  except^e)  de  I'^quation 
ir»  - 1  =  0,  et  reprf^sentons  par  a.  une  racine  quelconque  (I'unite  except^e)  de  I'equation 
at"  -  1  =  0.     En   posant   I'^uation 

(Po  +  a/),  +  a»P3 . . .  +  ci^p^y  =  M{po  +  a%  +  a'p,...  +  oF^p^), 
on  sait  que  la  quantity  M  pent  ^tre  exprimde  en  fonction  rationnelle  de  a.     Cette  fonction 
une  fois  connue,  donncra  tout  de  suite  la  valeur  de  Texpression  (^o  +  api  +  a'pa . . .  +  a*"/).^)'^ 
en  fonction  rationnelle  de  a,  et  cela  suffit  pour  resoudre  I'equation  dont  il  s'agit. 

Une  solution  du  probleme  a  dt^  donnde  depuis  longtemps  par  M.  Richelot  qui 
commence  par  supposed  que  a  soit  une  racine  primitive  de  I'equation  a'^  —  1  =  0.  Cette 
solution  est  comprise,  comme  cas  particulier,  dans  celle  que  je  vais  donner.  La  question 
est  d'ailleurs  int^ressante,  k  cause  de  son  rapport  avec  la  throne  des  nonibres.  En 
eflfet,  quoiqu'en  tant  que  je  sache  Ton  n'a  pas  encore  trouv6  la  regie  pour  former  d, 
priori  la  valeur  de  M,  il  est  clair  que  los  recherches  de  MM.  Jacobi  et  Kummer 
doivent  conduire   h   cette   rfegle.     Le   r^sultat   ici   bas  pourra  servir   pour   la   verifier. 

Voici  la  valeur  que  j'obtieus  pour  la  fonction  M : 

M  =  -2  +22  -2a*  +2a»  +2a'  +2a»  - 2a"*  - 2a"  - 20'"  +  2a='  +  2a=» 
+  2a»  -  2a*'  -  2a=«  +  2a'»  -  20**  +  2a'"  -  2a*'  -  23**  +  2a^  -  2a*'  +  2a« 
+  2a*'  -  2a«  +  20"  -  2a'"'  +  2a"  +  2^"*  -  2a«  -  2a«"  +  2a«'  -  2a"  +  2a^ 

-  20"  +  2a«'  -  2a«  +  2a«'  -  2a"  -  2a'''  +  2a"  -  2a"'  +  2a'»  -  2a«'  -  2a*' 

-  2a"  —  2o*'  +  2a«'  —  2a''=  —  2a*'  —  2ai*'  +  2a'°'  -  2a'*'  —  2a"*'  -  2a"*  +  2a'* 
+  2o"'  +  2a"»  -  2a"*  +  2a"»  +  2a'"  +  2a"'-'-  2a'«  +  2a'-^  -  2a''»  +  2a'"  -  20'=* 
+  2a"*  -  2a'*'  -  2a'»*  +  2a'=°  -  2a'»»  +  2a'*'  +  2a'*»  +  2a'*''  +  2a'"  +  2a"-''  —  22''" 

-  2a'«  -  2  a"»  +  2a'«'  +  2a"°  -  2a'»'  +  2a'»  -  2a"*  +  2a'"  +  2a"'  +  2a'«'  -  2a'»2 
+  2a'*'  -  2a'*  +  2a'»'  +  2a'8»  -  2a"»  -  2a"«  +  2a'™  -  2a"«  -  2a"*  +  2a'»»  —  2a'-»» 

-  2a»'»  +  2a»"  -  2a»'*  +  2a»"'  -  2a='»  +  2a''"  -  2a-="  +  2a*"  +  2a«=  +  2a^-'-'  -  2o''-* 
+  2a"'  -  2a*-»  +  2a^  +  2&'-'*'  -  2a^  +  2a^  -  2a^  +  2a*"  -  2a^  +  2a^  -  2a'^ 
+  2a»*»  -  2a'^  -  2a»'  +  2a'-'*'  -  2a^  +  2a^''  -  2a=''2  -  2a*«. 
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Reprdsentons  par  M'  ce  que  devient  M,  en  supposant  a'^  + 1  =  0,  nous  obtiendrons 

M'  =     2a-   -  2a*  +  2a»   +  2a«    +  2a«   -  23^'  -  2a"  -  2a'«  -  23''  -  2a"  +  2a^' 
+  2a29  -  2a*'  +    a^^  -  2a^  -  20^=  -  2a«  +  2a«  +  2a*'  -  2a*«  -  2a™  +  2a»i 

-  2a'»  +  2a=8  -  2a»»  -  2a«»  +  2a«'  +  2a'»  -  2a»  +  2o^  +  2a'»  -  2a"  -  20^^ 

-  2a"  +  2a"  -  2a'«  +  2a™  +  2a™  -  2a*'  -  2a?^  -  2a«'  -  2a«'  +  2a>«*  -  2a''' 

-  2o*»  -  2a»^  —  20*^  +  20*8  —  2a'«  -  2a"'*  -  2a"'=  —  2a""  +  2a"''  +  2a"='  +  2a"' 

-  2a"*  +  2a"''  +  2a"''  +  2a"*  +  2a™  -  2a'2'  -  2a'=^  +  2a>^  +  2a''»  +  2ai'^. 

Soient  Mi,  M,  ce  que  devient  M  en  supposant  successivement  a'^  —  1  =  0,  a"  + 1  =  0, 
et  soient  M.^,  M^  ce  que  deviennent  M  ou  M^  en  supposant  successivement  a**— 1=0, 
a'^+  1=0,  et  ainsi  de  suite,  jusqu'^  M,,  M-j  qui  seront  ce  que  deviennent  M  ou  M^,  &c. 
en  supposant  successivement  a"— 1=0,  a+l  =  0;  nous  aurons : 

J/,  =  _  4      +  4a    -  2a=  -  2a*   +  2a5   -  2a«   +  4a'   +  2a»   -  4a"'  +  2a"  -  2a» 

-  2a"  +  2a"  +  Sa'"  +  2a='  +  ^o?"  +  4a^  -  4a'"'  -  4a^  +  2a^  -  2a»'  -  a-'=' 
+  43"  -  20"  +  2a»  -  4a»'  +  4a^  -  4a'«  +  20**  +  2a*=  +  2a*'  -  2a*»  +  4a*» 

-  2a™  +  2a'"  +  4a«  -  4a«  +  2a^  -  2a'»  +  2a»'  -  2a™  +  4a«'  -  2a«^  -  4a" 
+  2a'»  -  2a««  +  4a«'  -  4a'«  +  2a«»  -  2a"'  +  2a'^  -  2a'--'  -  2a'*  +  2a'=  -  2a"' 

-  2a'»  +  2a'»  -  2a*'  -  2a«=  -  4a»*  +  2a*'  -  4a*'  +  2a«'  -  2a««  +  4a«'  -  4a'« 
+  2a»'  —  20"  +  2a*'  +  20*"  —  2^  +  2a^  -  4a"*'  +  4a""  -  28'**  +  2a"'^  —  4a"* 
+  2a'"'  -  4a"*  +  4a"»  -  21""  +  4a'"  -  2a"^  +  2a"'  -  2a"*  +  4a"5  -  2a"*'  +  2a"' 

-  2a"«  +  4a"»  -  2a"»  +  2a'"  -  la^"^  +  2a'^  -  4a'-'*  -  2a'-«  +  2a'^. 

J/,'  =     2a   -  405  +  2a*  +  2a'  +  2a'  +  2a9  -  2a"'  -  2a"  +  2a'=  +  2a"  -  2a'»  +  2a" 
+  2a"  +  2a"  +  4a^  +  4a*'  +  2a^  +  2a"  -  4a=»  -  20"  -   a'^  +  2a''  -  4a'«  +  2a*' 

-  20*1  +  40*"  +  4a"  -  2a*»  +  2a*«  -  2a*'  +  2a«'  -  2a'"  +  2a^  +  2a'"  -  2a«  -  2a« 
+  2a«-  2a'''  +  2a«'  +  4*"  -  2a«'. 

M.  =  -  8     +  6a   -  4a=  +  40*  -  6a*  +  4a»  -  4a«  +  6a'  -  2a»  +  2a»  -  6a'»  +  2a" 

-  23'"  +  2a"  -  2a'*  +  2a"  -  4a"  +  2a"  -  2a"  +  2a"  -  4a-''  +  4a='  -  4a^  -+  ea"' 

-  23"  -f  Sa**  —  4a*  -  Sa^*  -f  4a''»  -  4a*'  +  2a''  -  a'^  +  ea"  -  43**  -I-  4a«'  -  Sa*' 
-I-  Sa"  -  4a'«  -  2a*'  -|-  2a*'  -  4a*'  4-  4a*'  -  4a**  +  60*'  -  20*"  +  6a*'  -  4a*»  +  6a«' 

-  4a«'  -1-  ea"  -20^-1-  6a'"  -  6a'>*  +  ea'"  -  2a'*  -f-  2a'"  -  4a'«  +  4a®'  -  63""  +  40"' 

-  4a«'  +  2a'». 

ifj'  =  -  7     -f  2a*  -  43'  +  6a'  -  2a'"  -  2a"  +  2a'-  -  4a"  -  2a'*  -  4a'^  -  4a"  +  2i'« 

-  4a"  -  2a'"  -  2a'''  +  2a'»  +  ea'^  -  4a'''  -  2a'*. 
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M,  =  -9  +12a  -So*  +  Sa* -lio*  +120' -So*  +  6a' -4.a• 
+ ♦a' -  lOa'"  +  6a»  -  6a"  +  8a"-  6a"  +  8a»-  8a''  +  8a'' 
-  6a"  +  8a"  -  60"  +  10a"  -  lOa"  +  12a»  -  4a"  +  lOa"  -  8a* 
+  4«»-14a"  +  8a»-   8«*'+   4a»'. 

Jf,'  =  -1     +4a  -28» -8a*  +  2a»  +  2a'-6a'-8a»-6ai»-2a'" 
+  2a"  +  8a"  +  2a»  +  4a". 

j/^  =  _  17    +  20a  -  14a'  +  16a»  -  20a«  +  22a»  -  18a»  +  18a'  -  8a« 
+  14a»  -  ISa"  +  10a"  -  20a"  + 162"  - 1 4a"  +  12a". 

Jf/ =  -  9  +  6a  +  4a»  +  60"  4- 6a»  -  4a«  +  6a'. 

if.  =  -  25  +  34a  -  32a»  +  268"  -  40a*  +  38a»  -  32a«  +  30a'. 

if;  =  -15-4a-4a». 

M,  =-65  +  72a  -  64a'  +  56a». 

ir.'  = -l  +  16a. 

il,  =-129  +  128x 

M;  =  -  257. 

Ces  dififdrentes  expressions  ^tant  trouv^es,  supposons  que  a  soit  une  racine  primitive, 
et  repr^sentons  par  F,  Fi,  F,,  ...  F,  ce  que  deviennent  M',  Mi,  M,  ...  M,'  en  siibstituant 
a,  a?,  a*,  ...  a"«  au  lieu  de  a  {F=M',  F,-  —  257);  nous  aurons 

(p«  +  api  +  a%...  +  oF'Pvi.T  =  -F'^.  F^"* .  F,^ .  ^," .  F/ .  F,* .  F,' .  F, ; 
cette  Equation  constitue  la  solution  dont  il  s'agit. 

Ajoutons  encore  les  formules  beaucoup  plus  simples  qui  correspondent  a  I'l-quation 
a;"  —  1  =  0.     En  supposant  a"  —  1  =  0,  nous  aurons 

M  =  -  2  -  a*  +  2a»  +  2a'  -  2a«  +  2a«  -  2a"  +  2a"  -  2a". 
M'  =  -  2a  +  2a'  -  a*  +  2a'  +  2a'. 
if,  =  -  4  +  2a  -  2a'  -  a*  +  4a»  -  2a«  +  2a'. 
i/,'  =  -  3  -  2a  -  2a'. 
Jfj  =  _  5  +  6a  -  4a'  +  2a'. 
if,'  =  -  1  +  4a. 
if,  =_  9  +  8a. 
if,'  =  -l7; 
et  de  ]k,  en  supposant  que  a  soit  une  racine  primitive : 

(p>  +  api  +  ...+a-"Pi,y' 

=  (-  2a  +  2a'  -  a*  +  2a»  +  2a')«  .  (-  3  -  2a'  -  2a«/  .  (-  1  +  4a*)».  17. 

Pour  a;*  —  1  =  0  on  obtient  sans  peine 

(Po  +  api  +  a»p„  +  a'p,y  =  (_  2  -  a'  +  2a»)' .  5  ; 
oil  a  est  une  racine  primitive  de  I'dquation  a*  —  1  =  0,  savoir  a  =  +  { . 
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98. 


NOTE   RELATIVE  A   LA   SIXIEME  SECTION   DU   "MEMOIRE   SUR 
QUELQUES  THEOREMES  DE  LA  GEOMETRIE   DE  POSITION." 

[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  XLi. 

(1851),  p.  84.] 


Thia  Note   which   ia   thus  eutitled  in  Crelle,  but  which  in  fact  refers  to  the  seventh  section  of  the  Memoir, 
is  inserted  in  its  proper  place,  ante  p.  555. 
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99. 


NOTE  SUR  QUELQUES  FORMULES  QUI   SE  RAPPORTENT  A  LA 
MULTIPLICATION  DES  FONCTIONS   ELLIPTIQUES. 

[From  the  Joumul  fur  die  reine  und  angewandte  Mailiematik  (Crelle),  torn.  XLi. 

(1851),  pp.  85—92.] 

En  revenant  sur  I'^quation 

{-tK-mfi-^H-  mf]  Pim 

+  t(\  -  2?  +  2»i  +  2)  (X  -  2Z  +  2m  +  l)Pj-,.m 

+  m  (^  +  2i!  -  2m  +  2)  (/i  +  2i  -  2m  + 1)  Pj.m_i 

-  16Zm  [\fi - {21  +  2m  -  4)  (X  +  fi)]  Pi^^^m-i  =  0, 

dans   laquellc   P(,„  =  l,  les   exptessions   que  j'ai   donn^es  pour  Pi,,,  Pj ,  [93,  see   p.    535] 
peuvent  etre  Rentes  comme  suit: 

P,.o  =  X[X-i-l]f-', 

P,.,  =  M  [X  -  i  -  1]'-  +  ZX  [\  -  i]'-»  {\%l  -  16  +  '^Jtz^a^LZ^  +  -^  (_  lolK  [X  -  «]'-») : 

equations  qui  peuvent  Stre  repr&entdes  par 

A,  +  /«. 
ce  qui  conduisent  ii  la  forme 

Xm   ,  p        \Y 


Pi.%  =  Qt,i  +  P/,s;  1  q— i — ^  ■^i,i;irr~, — ^» 


oh  les  coefficients  .R  ne  contiennent  que  la  seule   quantity  X,  et  ob.  Qit  est  une  fonction 
int^grale  du  i"""  ordre  par  rapport  k  X,  et  du  second  ordre  par  rapport  k  fi. 


99]  NOTE    SUR    QUELQUES    FORMULES    QUI    SE    RAPPORTENT   &C. 

Cela  donne 
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l\-2iM  +  {l-2f}^Qi,,     +Ri_,._,    ^  +  i?,,,,. 


{-l\- 


I  A  +  /i 

-  32i  {V  -  2?  (X  +  ^)}  fa-i.x  +  i?j-i.i; : ^l  =  0, 
ce  qui  se  reduit  a 

{_  ^  _  2^  +  (Z  -  2)=}  Q,,,  -  (Z  -  2)  (X  -  Z  +  2;  |i?j,,,  >  ^  +  i2,,,,  ,^^^^ 

-  2X,iRi^,. ,  -  2X>i?,.,, ,  +  2X^12,.,,  .7^^, 

(X  +  /i) 

+  i  (\  -  2?  +  6)  (X  -  2?  +  5)  JQj_,.,  +  i?,_,.,,,  -^  +  i?^-,,., .  y^^. 

+  2{fL  +  2l-2)(^  +  2l-3)Qi^,  +  2(fj,-\  +  il-5)  \^l,Rl,^,  i 

+  2{X-2l  +  2)(\-2l  +  3)Ri,.,  j-^. 

-  321  {\/i, -2l(\  +  /i)}  Q,_i,i -  32lXfi  (X  -  21) i?i_j,,.  ^  +  32ZX^i?j_i,i. ,  -^^  =  0. 

'  '    X  +  /[i 

En  ne  faisant  attention  d'abord  qu'aux   termes   qui   contiennent  des  puissances   nega- 
tives de  X  +  ^,  nous  obtenons 


et 


-  (1-2)  (X-l  +  2) Ri^.,,^  +  l(X-2l  +  6) (X -  2Z  +  5) Ri_,_,. ,  =  0 


-  (/  -  2)  (X -  Z  +  2)  iij,,.  1  +  Z  (X  -  2Z  +  6)  (X  -  2i  +  5)  Ri^,^,, , 

+  2  (X  -  2Z  +  2)  (X  -  2Z  +  3)  iJ,,,.  1  +  32lX'Ri_,^,. ,  +  2X^iij,j.  ^  =  0. 

La  premifere  Equation,  en  calculant  la  constante  arbitraire  au  moyen  de  i^a.s.a  =  200,  donne 

iJj.j.  2  =  100  Z  (Z  - 1)  X  [X  -  Z +  !]'-» ; 

I'expression  de  iJ3,,_j=200  se  trouve  par  celle  de  Pja  qui  pent  ^tre  6crite  sous  la  forme 
P„  =  \  (X  -  3)  /*  (ai  -  3)  +  1.52X^  +  336  -  40X>  +  (40X^  -  1156)  -'^  +  ^^^!, . 

X  +  fi    (X  +  fji,y 

Eln  substituant  la  valeur  de  i?i,2.2  et  celles  de 

P,,,.,  =  -10ZX[X-f]'-^,       i2(_,,i,,  =  -10(Z-l)X[X-Z  +  l]'-' 
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dans  la  seconde  ^uation,  on  obtient 

-(i-2)(X-f  +  2)ii,..,,  +  i(\-2i  +  6)(X-2i  +  5)iJ^i.,,, 

-'20l\(\-2l  +  3)[X-l]'-'-l20l{l-l)\*[\-l  +  lf-'  =  0, 
c'est  k  dire 

-(i-2)(X-i  +  2)i2,.,,,  +  i(X-2i  +  6)(\-2i  +  6)i?,_,.j., 

-20tX[\-lf-*[6(l-l)\''(X-l+l)  +  0^-2l  +  ^)(\-2l  +  3y(X-2l  +  2)}. 

Mettons 

cela  donne 

—  20 

+  i\-2l  +  4:)(\-2l  +  3)»  (\-2l  +  2)}, 

ce  qui  devient,  quelques  reductions  faites, 

—  ^0 

20  (I  -2){l-  3)     20  (^  -  2)  (^  -  4) 
X-i  +  1        "*"        \-l  +  2 

et  de  1^  on  tire 

20(X+l)(X  +  2)     20  (^  -2)  {I-  3) 


■^,  =  C  -  340^  + 


l-l  \-l+l 


Or  ii,.,,  1  =  2N['a  =  40X»  -  1156 ;  done  ^,  =  20X=  -  578,  et  de  lkC  =  62-  60X ;  done  enfin,  en 
restituant  la  valeur  de  Ri^.i, 

iZ,,.  =  ^(^-l)X[X-^  +  ir3|62-340Z-60X  +  ^Q(^+^)f  +  ^)-^Q<[:^/|\-^)}. 

Passons  a  1' expression  de  Qi^.     EUe  donne 

{-  l\-2^i  +  {l-2y}Qt_,  +  l{\-2l  +  6)  (X  -  2Z  +  5)  Q^. ,, 
+  2(/j^  +  2l-2)(fi  +  2l-S)Qi_,         -32qX/i-2Z(X  +  /*)}Qj_,,, 

+  2  (m  -  X  +  4i  -  5)  X/tiJj,i. , 
-  2X/u,i?,,,.  1  -  2XVi?,,2.  J  -  32^/i  (X  -  21)  Ri_,,. ,  =  0  ; 

oil  la  demifere  ligne  se  rdduit  k 

-2^(^-l)MX'[X-^  +  ir3{62-20Z-120X-^»(^V)(^  +  ^)-^Q(^-V<^-^)l. 


- 32Z  {\/j. -2l{\  +  /ji)}  \/i\[\-ry-^  +  (l-l)\[\-l  + 1]'-' [is;  - 34  + 

-  20;  (4i  -  5  +  yu,  -  X)  \>  [\  -  IJ-^ 
-2l(l-l)X'fi[\-l  + 1]'-=  \q2  -  201  -  120X  + 


99]  A   LA   MULTIPLICATION   DES   FONCTIONS   ELLIPTIQUES. 

Done  on  a 

{lk  +  2^i-(l-  2y}  Qi,,  -l(x-2l  +  6){X-2l  +  5)  Q,_,.a 

=  2{,i  +  2l-2){fi+2l-S)  L\  [\-l-  ly-'  +  IX[\-  ly-''  (is;  -  16  +  ^  ^^  ~l]}\  ~  ^^ 

2(Z-2)(;-3)' 
\-l  +  l 

20(\  +  l)(\  +  2)     20(X-l)(\-2) 
l-l  \-l+l 

^nation  qui  peut  ^tre  representee  par 

{l\  +  2^,-(l-2y}Qi_,-l(X-2l  +  6)(\-2l  +  5)Qi_,_,  =  ^fj?  +  m,i^  +  (!I,fi  +  'm, 
ou  les  valeurs  de  ^,  23,  CT,  53  sont  donndes  par  les  formules 

a  =  2x[x-i-iy-s 

23  =  2(«-5)X  [X-i  -  iy-'+  2ZX[X-  ;]'-=  (l8Z-  16  +  ^(^-^H^^-^) 

-  S21X  (X  -  20  [X  -  ly-"-  -  20ZX=  [X  -  Z]'-^ 
Ci:  =  2  (2Z  -  2)  (2/  -  3)  X  [X  -  Z  - 1]'-' 

+  2  (4Z  -  5)  ZX  [X  -  /]'-^  lis;  -  16  +  ^^^~^]}l~^^ 
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+  64Z^X»  [X  - 1]^ 

-32Z(Z-l)(X-20X[X-Z  +  l]'-4l8Z-34  + 
-  201  (4Z  -  5  -  X)  X'  [X  -  ly-^ 
-2l{l-l)X'[\-l  +  ly-'  l62  -  20?  -  120X  + 


2  (I -2) (I- 3)' 
X-l  +  1 

20  (X  +  1)  (X  +  2)     20  (l  -l)(l-  2) 


Z-1 

19  =  2  (2Z  -  2)(2;  -  3);x[X-  q'-=  lis;  -  16  +  ^  ^^  ~^^_}l  ~  ^^ 
+  m^  (l-\)x^\x-l+  l]'-3  (l8Z  -  34  +  ^  ^^  ~  ^^  ^^  ~  ^^ 


X-Z  +  1 


X-i  +  1 

Sans   m'arreter  a  r^duire   ces   expressions  aux   formes   les  plus   simples,  j'^cris 

<2i..  = /*  (^  -  3)X  [\  -  ;  -  1]'-' +  ^/^  +  J, ; 

en  substituant  cette   valeur,  les   termes   qui   contiennent  y?  se   ddtruisent,   et   la   compa- 
raison  des  autres  termes  donne 

2Ii  -  6X  [X  -  Z-  1]'-  +  {IX  -{l-2y\X\X-l-  1]'-' 

-  ;  (X  -  2/  +  6)  (X  -  2i  +  5)  X  [X  -  ly-^  -  23  =  0, 

72—2 
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2Ji  +  \IX -(I-  2y\  {-S\[\-l-  1]'-'  +  Ii} 
-l(\-2l  +  6){\-2l  +  5)  [-  3X.  [X  -  q*-*  +  7^.,}  -€  =  0, 

[IX  -{I-  2y}  Ji-l(\-2l  +  6)(\-2l  +  5)  Jj_,  -  B  =  0. 

Lea  valeurs  de  /j  et  Ji  peuvent  etre  tiroes  sans  integration  de  la  premiere  et  de 
la  seconde  de  ces  dquationa  La  valeur  ainsi  trouvde  de  Jt  satisfera  k  la  troisifeme 
^uation  (ce  qui  cependant  doit  ^tre  verifi^  a  posteriori).  II  m'a  paru  plus  simple  de 
tirer  la  fonction  It  de  la  premiere  ^nation,  et  celle  de  Ji  en  integrant  la  troisifeme 
^uation ;  alors  ce  sera  la  seconde  Equation  qu'il  y  a  a  verifier.     En  effet  on  obtient 

Ii  =  iX  [X - ly-^  \S61  +  4  -  20X  +  *^^~^]}l~^  . 

L'^uation  qui  sert  k  determiner  Jj  devient,  en  substituant  la  valeur  de  IB, 
{lX-(l-2y]Ji-l(X-2l  +  6)(\-2l  +  o)J^.^ 

=  U(l-l){2l-3)X[X-  /]'-»  hsi  -  16  +  ^  ^^  ~l]^\  ~  ^^] 

+  6U' (l-l)x'[X-l  +  !]'-»  \m  -  34  +  2(^-2)(^-3)|  _ 

(.  X  —  ( + 1       J 


E<n  ecrivant 
on  trouve 


En  faisant 


J,=  Z(i-l)X[X-i  +  l]'-'Fj, 

{lX-il-2y}Vi-{l-2)(X-l  +  2)Vi_, 
=  8  i2l -3) (^-2^  +  3)(X-2^  +  4)  r  ^  _  3  ^  (^-1)(^-2)| 


X-^  +  1      {X-l  +  l)(X-l)' 
cette  Equation  se  r&luit  k 

{l\ -(I-  2y}  M,-(l-2}(X-l  +  2) Mi_, 

+  lAt-(l-2)At.,+ ^^-j-^^ +  (X^i  +  l)(X-0 

8  (2^  -  3)  (91  -  8)  |(X  -  3^  +  6)  -  ^^~^y  ~  ^H 

+  128;x  (91  -  17)  +  128  ^(^-l)(^-2)(^-3)  ^ 
et  cela  donne   tout  de  suite   la  valeur  de  Bi,  et  aprfes  quelques  reductions  celle   de  Ai. 
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On  obtient  ainsi 

Ai  =  2(l-2)(l-S)(S6l  +  7), 

Bi  =  2(l-2)(l-  3)  (I  -  4)  (21  -  3). 

En  substituant  ces  valeurs,  on  a,  toute  reduction  faite: 

{Z\  -  (i  -  2)'}  if,  -  (i  -  2)  (\  -  i  +  2)  ifj_,  =  8\  (162Z^  -  315i  +  24)  -  24  (Z  -  2)"  (27i  -  26), 

c'est  a  dire 

IMi  -(1-2)  Mi^,  =  1296?=  -  2520Z  +  192, 

Ml  -  Mi_^  =  648Z  -  624, 
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ou  eniin 


Ml    =  324?' -  300Z  -  528 , 
if,_,  =  324Z2- 948^+192: 


valeurs   qui   (comme   cela  doit   etre)  se   changent  I'une   dans   I'autre    en    entrechangeant 
les  quantity   I,   l  —  \. 

De   Ik  on   obtient 

{_  A.  —  t  +  1 

2(2l-^)(l-2)(l-Z)(l-4>y\ 
(\-l  +  \)(\-l)  J' 

valeur  qu'on  trouverait  aussi  par  I'autre  procdde  indiqud  ci-dessus.     Or  nous  avons 

Ql^,  =  fJL(^-^)\[\-l-lT'+I^Il  +  Jl, 

Pi,.  =  Qir.  +  ^'.=;  >  xT7  "^  ^'•'■' '  (M^' ' 
done  enfin,  en  rdunissant  les  valeurs  des  diffdrentes  parties  de  P, ,,  on  obtient 

-P«.»  =  A'(a'-3)X[X -?-!]'-> 

m-l)(l-2)\ 


+  ,d\  [X.  -  /]'-'  J36i  +  4  -  20\  + 


+  l(l-\)\[\-l  +  !]'-» ]324i*-300Z  -528  + 


X-l        ) 

2(Z-2)(Z-3)(36Z  +  7) 
\-l  +  \ 

2  (21  -  3)(Z-2)(Z-3)(Z-4) 


(\-l  +  \)(\-l) 
-HZ(Z-l)X[X-Z4-ir{62-340Z-G0X+^Q("Vy'''^-'"^l"?rr'^k-^ 
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^uation  qui  fait  suite  aux  ^uations 


Je   vais  esisayer  maintenant   k  chercher  d'une  mani^re  plus  systdmatique  les  termes 
de   Pj.m   qui    ne    contiennent    pas   la   quantity   /i,   ou    bien    a    chercher    la    solution   de  I 

r^uation  i 

I 

+  i(X-2i  +  2m  +  2)(X-2Z  +  2m  +  l)P,_,,„  j 

+  2m(l-m  +  l)(2l-2m  +  l)Pi„^, 

+  S2lm,(l  +  m-2)  Pi_, .  ,„_i  =  0. 

En  supposant  que  j 

(oil   la  sommation   se  rapporte  h.  p,   nombre  qui  doit   etre   ^tendu   depuis  p  =  0  jusqua 
p  =  m),  on  obtiendra  sans  peine 


+  2m  (2i  -  2m  + 1)  [X  -  2?  +  2mP  X 


■"■l,vi—l,p 


[X-l  +  m-iy+' 


oh  p  s'^tend  seulement  jusqu'k  m  —  1  dans  la  troisi^me  et  dans  la  quatrieme  ligne. 
Pour  r^uire  la  premiere  ligne,  j'^cris 

-lX  +  (l-  my  =  -l(\-l  +  m-p)+[m--(m  +  p)  I], 
ce  qui  r^uit  le  terme  g^n^ral  k 

-l-^i.m.p  [■in'-(m+p)l]Ai,„_p 

[X-i  +  m-l]*'-''*'       [X-;  +  m-l]P       ■ 
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expression   qui,    en   ecrivant   r  + 1    au    lieu   de  p   dans    le   premier   terme,   et  r  dans   le 
second  terme,  peut  etre   remplac^e   par 


(«) 


\\-l  +  m-lY  [\-l  +  m-lY       ■ 


La  seconde  ligne  donne  tout  de  suite  le  terme  general 

Pour  reduire  la  troisieme  ligne,  je  mets 

[\  -  2i  +  2mf  =\\-l  +  m-pf  -2[l- m-p  +  lY[\-l+  m-p-l]'  +  [l-m  -p]", 
ce  qui  rdduit  le  terme  gdn^ral  k 


2m (2l-2m  + 1)  ,,     f'-'^''^.^,  -  4m (2Z  -  2m  +  1)  ^^  -"*  "^  +  ^^'  ^' 


in—l,p 


[X-l+m-l]P-^  "■  '  [X-Z  +  m-l]P 

2m(2;-2m+l)[Z-m-;?]'^;.^,.„ 


+  - 


[X-Z  +  m-l]P+' 


expression   qui  (en  Ecrivant  r  +  1  au   lieu  de  p  dans  le  premier  terme,  r  dans  le  second 
terme  et  r  — 1  dans  le  troisieme  terme)  peut  etre  remplac^e  par 


J*!— 1 ,  r— 1 


2m{2l-2m  +  \)\l-m-r+\JAi, 

Pour  r^uire  la  quatrifeme  ligne,  je  mets 

X  =  (X  -  i  +  m -^)  +  (Z  —  m +p), 
ce  qui  rdduit  le  terme  g^ndral  h, 

S2lm  (Z  4-  m  -  2)  ^^  _1y  ^  ^V'  ^  '"'^  ^^  "^  ^  ^>  ^-^St^^^  ■ 

expression  qui  (en  Ecrivant  r  + 1  au  lieu  de  p  dans  le  premier  et  r  dans  le  second  terme) 
peut  etre  remplac^e  par 

(B)    32Z«.(Z  +  m-2)p^4^1f^^+32Z.(Z  +  m-2)(i^^ 
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Done  en   r^uniasant   lea  expressions  (a),  (/3),  (7),  (B)  et   en   faisant  attention  que  le  , 

coefficient   du    terme    qui    contient  [\.  —  l  +  m  —  iy  au  d^nominateur,  doit  se   r^duire  a 
z^TO,  on  obtient,   en  arrangeant  encore  les  termes  d'une  maniere  convenable:  -j 


2m  (21  —  2m  +  1)  Ai_,n-i.r+i 
+  22lm  (l  +  m-  2)  ^i_,,^,.,+, 

+  (l-m)Ai^i_m,r+l 

-  4m  (21  -2m  +  l)(l  —  m  —  r  +  l)  ^, _,„_,,. 
+  32Zm  (Z  +  m  -  2)  (/  +  m  -  r)  -4j_,  „,_,,. 
+  (m»  -(m  +  r)  I)  Ai^^.r 
+  2m{2l-2m  +  l){l-m-r  +  l)(l-m-  r)  Ai_„^ir-i  =  0, 

oil  r  s'^tend  depuis  r  =  0  jusqu'^  r  =  m,  en  rdduisant  k  z6to  les  termes  pour  lesquels 
le  troisifeme  suffixe  est  n^gatif  ou  plus  grand  que  le  second  suffixe.  Par  exemple  dans 
le  cas  de  r  =  m,  on  obtient  I't^quation  trfes  simple 

(2l-in)Ai_m.m 

-2(2l-2m  +  l)(l-2m  +  l)(l-2m)Ai_rn-i.m-i=0 

qui  (sous  la  condition  Ai„^„  =  l)  donne  sans  peine  la  valeur  g^n^rale  de  Ai^mm,  savoir: 

Ai,„,,,n  =[2l-m-  l]'" [l-m-  !]"• : 

valeur  qui  peut  etre  prdsent^e  sous  d'autres  formes  en  considdrant  k  part  les  deux  cas 
de  m  pair  et  de  m  impair.     En  supposant  m  =  l,  m  =  2,  on  obtient 

^i.i.i  =  2(Z-l)(Z-2),    Ai_,_,  =  2(2l-3)(l-2)(l-3)(l-4,): 

valeurs  qui  servent  k  verifier  des  r^sultats  d^j^  trouvds. 


I 
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NOTE    SUE    LA    THEOEIE    DES    HYPERDETERMINANTS. 


[From  the  Jowmal  fU/r  die  reine  und  angewandte  Mathematik  (Orelle),  torn.  XLii.  (1851), 

pp.  368—371.] 


Dans  la  thdorie  dont  il  s'agit,  je  suis  parvenu  a  un  thdor^me  qui  pourra,  a  ce 
qu'il  me  parait,  conduire  a  des  ddveloppements  int^ressants. 

Je  ne  considfere  ici  que  le  cas  d'une  fonction  homogfene  h  deux  variables,  et  en 
me  servant  des  nouveaux  termes  de  M.  Sylvester,  je  nomme  Covariant  d'une  fonction 
donnde,  toute  fonction  qui  ne  change  pas  de  forme  en  faisant  subir  aux  variables  des 
transformations  lindaires  quelconques,  et  Invariant  toute  fonction  des  seuls  coefficients 
qui  a  la  propridtd  mentionnde. 

Cela  posd,  soit  U  une  fonction  donnde  quelconque,  du  degrd  n  par  rapport  aux 
variables,  et,  comme  k  I'ordinaire,  contenant  des  coefficients  arbitraires  a,  b,  c,  &c. 
Seit  Q  un  covariant  quelconque  (y  compris  le  cas  particulier  oii  Q  est  un  invariant) 
de  la  fonction  U,  s  le  degrd  de  Q  par  rapport  aux  variables,  r  le  degrd  de  cette 
mSme  fonction  Q  par  rapport  aux  coefficients.  En  supposant  que  la  fonction  U  ait  un 
facteur  ^  (ou  0  =  lx  +  my  est  une  fonction  lindaire  des  variables),  ou  autrement  dit,  en 
supposant  I'dquation  U=6'V,  je  dis  que  le  covariant  Q  contiendra  ce  meme  facteur 
0  6\ev6  k  la  puissance  rv  —^  {m  —  s). 

En  effet,  en  se   rappelant   la  mdthode  dont  je  me  suis  servi  dans  la  seconde  partie 

de  mon  mdmoire  sur  les  Hyperddterminants  (t.  xxx.  de  ce  Journal,  [16])  (je  suppose  que 

le   lecteur   ait    ce   mdmoire    sous    les    yeux),   on    verra    que    cette    fonction    Q,    supposde, 

comme   plus   haut,   du   degrd  r   par  rapport   aux   coefficients,   sera  ndcessairement   de   la 

forme  _^  _p  _ 

g  =  12    13   23   ...  U,U,...  Ur, 

puisque   les   coefficients  n'entrent  dans  Q  que   par  les  fonctions   Ui,   C/o,  &c.     Or  Q  dtant 
du  degrd  a  par  rapport  aux  variables,  on  obtient  s—rn  —  2(a  +  0  +  y+...),  c'est  k  dire: 

a  +  ^  +  y  ...=^(rn-8). 

Cela    posd,    puisque    U=0''V,    on    aura    de    mSme    C7i  =  ^i''Fi,    Ui  =  6^''V2,    &c.     Les 
expressions   12,  &c.  qui  entrent  dans  I'expression  de  Q  contiennent  dx^,  dy^,  &c. :  symboles 
C.  73 
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qui  doivent  ^tre  remplac^  par  9,,  +  i9»,,  9„, +  ni9»,,  &a  en  supposant  (comme  il  est 
permis)  que  les  nouveaux  symboles  3,,,  3y,,  &c.  ne  se  rapportent  plus  k  ^/Fj,  &c., 
mais  seulement  h,  F,,  &c.     Cela  donne 

12 = (a«, + ide,)  (dy,  +  md»,)  -  (a,.  +  Ide,)  (9v.  +  ^».) 

c'est  ^  dire:  12  est  une  fonction  lin&ire  par  rapport  k  dg^,  de,,  et  il  en  sera  de  mfime 
pour  les  expressions  analogues  13,  23,  &c.:  done  le  nombre  des  differentiations  par 
rapport  aux  quantity  ^,,  6,,  &c.,  prises  ensemble,  ne  surpasse  pas  a  +  /3+7+...,  ou 
J(f7i— s).  Or  I'expression  k  difif^rentier  contient  le  facteur  O^'Oi' ...  ^/;  done,  en  remettant, 
apr^  les  differentiations,  6  au  lieu  de  ^,,  d,,...dr,  la  fonction  Q  contiendra  le  facteur 
0  616\6  k  la  puissance  7-v  —  ^  (m  —  s). 

Tout  cela  suppose  implicitement  que  Ton  ait  rv  —  ^(m  —  s)<s.  Or  le  meme 
raisonnement,  modifie  trfes  peu,  fait  voir  aussi  que  pour 

rv  —  ^  (7ir  —s)>s, 
ou  plus  simplement  pour 

r(v-  ^n)  >  Js, 

la  fonction  Q  doit  s'^vanouir  d'elle-meme,  savoir  en  ^tablissant  entre  les  coefficients  de 
U  les  relations  qui  expriment  I'existence  du  facteur  6".  De  la  on  tire  le  thdorfeme 
suivant : 

Etant  donn^e  une  fonction  U  du  degre  n,  tout  covariant  du  degr^  r  par  rapport 
aux  coefficients  et  du  degrd  s  par  rapport  aux  variables,  s'^vanouit  en  supposant  que 
la  fonction  U  ait  un  facteur  0  pour  lequel  r  (v  —  ^n)  >^s;   et  en  particulier : 

Un  invariant  quelconque  de  la  fonction  U  s'^vanouit  en  supposant  que  la  fonction 
U  ait  un  facteur  0",  pour  lequel  v  >  ^n. 

En  mettant  n  =  2m  ou  2m  + 1,  Yinvariant  s'^vanouit  en  supposant  que  U  ait  le 
facteur  0^K 

Les  conditions  pour  que  la  fonction  U  ait  un  tel  facteur,  se  trouvent  en  ^galant 
k  z4to  les  coefficients  diffdrentiels  de  U  du  m'**""  ordre  par  rapport  aux  variables  x,  y, 
et  en  dliminant  ces  variables. 

Mais  avant  d'aller  plus  loin  il  convient  d'entrer  dans  quelques  details  de  la 
th^orie  d'une  telle  dlimination.  Je  prends  I'exemple  le  plus  simple,  et  je  suppose  que 
Ton  ait  k  eiiminer  x,  y  des  Equations 

ax  +by  —  0, 

bx  +cy  =  0, 

ex  +dy=  0. 

On  est  habitue  k  dire  que  ce  systeme  dquivaut  a  deux  Equations  entre  les  seuls 
coefficients :  mais  cela  n'est  juste  que  dans  un  sens  qui  manque  de  precision.  Le 
systfeme  dquivaut  plut6t  k  deux  relations  entre  les  coefficients,  et  ces  deux  relations 
scut  exprim^es  par    les    trois  Equations,   bd-(?=Q,   be- ad=0,  ac-b-  =  0.     II   n'est  pas 
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vrai  que  deux  de  ces  Equations  embrassent  necessairement  la  troisifeme.  En  effet,  la 
premiere  et  la  seconde  Equations  sont  satisfaites  en  ecrivant  c  =  0,  d  =  0,  mais  ces 
valeurs  sont  absolument  ^trangeres  k  la  question,  et  ne  satisfont  pas  k  la  troisi^me 
Equation,  de  maniere  que  toutes  les  trois  equations  sont  n6cessaires  pour  exprimer  les 
relations  entre  les  coeflBcients.  C'est  pourquoi  je  dis  que  ces  trois  Equations  sont  des 
rdsultats  distincts  de  I'dlimination.  Et  de  meme,  pour  un  systfeme  quelconque  d'^qua- 
tions,  le  nombre  des  r^sultats  distincts  de  I'elimination  n'est  pas  g^neralement  a  beaucoup 
pres  si  faible  que  le  nombre  des  relations  entre  les  coefficients.  Qu'on  veuille  consulter 
sur  ce  sujet  mon  mdmoire  "On  the  order  of  certain  systems  of  algebraical  equations," 
Cambridge  and  Dublin  Mathematical  Journal,  t.  iv.  [1849]  pp.  132 — 137  [77],  et  le  m^moire 
de  M.  Salmon  "  On  the  Classification  of  curves  of  double  curvature,"  t.  v.  [1850]  pp.  23 — 46. 

Je  reviens  k  I'objet  de  cette  note,  et  je  suppose  qu'en  dgalant  k  z^ro  les  coefficients 
diff^rentiels  du  m"'™  ordre  de  la  fonction  U,  les  Equations  P  =  0,  Q  =  0,  i2  =  0,  &c. 
forment  le  systeme  entier  des  rdsultats  distincts  de  I'elimination.  Un  invariant  quelconque 
/  s'^vanouira  en  supposant  P  =  0,  Q  =  0,  jB  =  0,  &c.  II  doit  done  exister  une  equation  telle 
que  Xl=  aP  +  ^Q  +  yR+ ...,  ou  \,  a, /3,  7...  sont  des  fonctions  rationnelles  et  int^grales 
des  coefficients.  Mais  de  plus,  la  fonction  A,  doit  etre  purement  num^rique,  ou  ce  qui 
est  le  meme,  doit  se  r^duire  k  I'unite,  car  autrement  7=0  serait  un  rdsultat  de  I'elimi- 
nation different  des  r^sultats  P  =  0,  Q  =  0,  P  =  0,  &c.,  et  ces  Equations  ne  seraient  plus 
le  systfeme  entier  des  r^sultats  distincts.  Done  enfin:  un  invariant  quelconque  /  sera 
exprime  par  une  Equation  telle  que 

/=aP  +  ^Q  +  7P+..., 
a,  /3,  y, ...  etant  des  fonctions  intdgrales  et  rationnelles  des  coefficients. 

Les  r^sultats  que  je  viens  d'obtenir  s'accordent  parfaitement  avec  ceux  dans  ma 
"  Note  sur  les  hyperd<5terminants,"  t.  xxxiv.  [1847]  pp.  148 — 152  [54].  En  effet,  j'y 
ai  fait  voir  qu'en  supposant  qu'une  fonction  aa^  +  46«^y  +  Qcafy"  +  4:dxy^  +  ey*  ait  un 
facteur  (ate  +  fiyY,  I'dlimination  des  variables  entre  les  equations 

aa?  +  2bxy  +  cy''  =  0, 
bx^  +  2cxy  +  dy^  =  0, 
ex'  +  '2.dxy  +  ey''  =  0, 

donne  lieu  aux  Equations  ae  —  ibd  +  Sc"  =  0,  ace  +  2bcd  —  ad'  —  b^e  —  (f  =  0;  et  les  fonctions 
^galees  k  zero  sont  en  effet  les  seals  invariants  de  la  fonction  du  quatrieme  ordre. 
J'ajoute  que  la  th^orie  actuelle  fait  voir  aussi  que  dans  le  cas  dont  il  s'agit,  la   d^riv^e 

{ax^  +  2bxy  +  cy")  {ca?  +  2dxy  +  ey'')  -  (bx'  +  2cxy  +  dy% 

ou  son  d^veloppement 

(oc -  60 «*  +  2  {ad  -  be) a?y  +  {ae  +  2bd  -  3c'')  a;y  +  2  {be-  cd) xy^  +  (ce -  d')  f, 

86  rdduit  (k  un  coefficient  constant  prfes)  k  {ax  +  ^yY:  et  au  cas  ou  la  fonction  donn^e 
du  quatrifeme  ordre  est  suppos^e  etre  un  carr4  cette  fonction  et  la  d^riv^e  qui  vient 
d'etre  ^crite  sont  ^gales  k  un  facteur  constant  prfes;  resultat  dont  je  me  suis  servi 
ailleurs. 

73—2 
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1.  As  to  the  history  of  Determinants,  see  Dr  Muir's  "  List  of  Writings  on 
Determinants,"  Quart.  Math.  Jour.  vol.  xvii.  (1882),  pp.  110 — 149;  and  the  interesting 
analyses  of  the  earlier  papers  in  course  of  publication  by  him  in  the  R.  8.  E.  Proceedings, 
vol.  XIII.  (1885 — 86)  et  seq. 

The  (new  ?)  theorem  for  the  multiplication  of  two  determinants  was  given  by 
Binet  in  his  "  M^moire  sur  un  systfeme  de  formules  analytiques  &c."  Jour.  Ecole 
Folyt.  t.  X.  (1815),  pp.  29—112. 

An  expression  for  the  relation  between  the  distances  of  five  points  in  space, 
but  not  by  means  of  a  determinant  or  in  a  developed  form,  is  given  by  Lagrange 
in  the  Memoir  "Solutions  analytiques  de  quelques  problemes  sur  les  pyramides 
triangulaires,"  M^m.  de  Berlin,  1773 :  the  question  was  afterwards  considered  by 
Camot  in  his  work  "  Sur  la  relation  qui  existe  entre  les  distances  respectives  de 
cinq  points  quelconques  pris  dans  I'espace,  suivi  d'un  essai  sur  la  thdorie  des  trans- 
versales,"  4to  Paris,  1806.  Camot  projected  four  of  the  points  on  a  spherical  surface 
having  for  its  centre  the  fifth  point,  and  then,  from  the  relation  connecting  the 
cosines  of  the  sides  and  diagonals  of  the  spherical  quadrilateral,  deduced  the  relation 
between  the  distances  of  the  five  points:  this  is  given  in  a  completely  developed 
form,  containing  of  course  a  large  number  of  terms. 

Connected  with  the  question  we  have  the  theorem  given  by  Staudt  in  the  paper 
"Ueber  die  Inhalte  der  Polygone  und  Polyeder,"  Crelle  t.  xxiv.  (1842),  pp.  252—256; 
the  product  of  the  volumes  of  two  polyhedra  is  expressible  as  a  rational  and 
integral  function  of  the  distances  of  the  vertices  of  the  one  from  those  of  the  other 
polyhedron. 

More  general  determinant-formulae  relating  to  the  "powers"  of  circles  and  spheres 
have  been  subsequently  obtained  by  Darboux,  Clifford  and  Lachlan :  see  in  particular 
Lachlan's  Memoir,  "On  Systems  of  Circles  and  Spheres,"  Phil.  Trans,  vol.  CLXXVii. 
(1886),  pp.  481—625. 

2  and  3.  The  investigation  was  suggested  to  me  by  a  passage  in  the  M^canique 
Analytique,  Ed.  2  (1811),  t.  i.  p.  113  (Ed.  3,  p.  106) ;  after  referring  to  a  formula 
of  Laplace,  whereby  it  appeared  that  the  attraction  of  an  ellipsoid  on  an  exterior 
point   depends   only   on   the   quantities   &  —  A'^   and   C^  —  A'   which   are   the    squares    of 
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the  eccentricities  of  the  two  principal  sections  through  the  major  semiaxis  A, 
Lagrange  remarks  that,  starting  from  this  result  and  making  use  of  a  theorem  of  his 
own  in  the  Berlin  Memoirs  1792 — 93,  he  was  able  to  construct  the  series  by  means 
of  the  development  of  the  radical  1  -=-  s/'^"  +  y'  +  z''-  2by  -2cz  +  b''  +  &'  in  powers  of  b,  c, 
preserving  therein  only  the  even  powers  of  b  and  c,  and  transforming  a  term  such 
as  Hb^d^  into  a  determinate  numerical  multiple  of  ^-kABG  .  HiB"- A^y^{0'- A^)\ 

It  occurred  to  me   that  Lagrange's  series   must  needs  be   a  series 

reducible    to    his    form   as  a  function   of  £*  —  -4^    C^  —  A^,   in    virtue    of   the    equation 

-T-J  + jr;+ j-^l  <^(a,  b,  c)  =  0  satisfied  by  the   function  ^  (I  wrote  this  out  some  time 

before  the  Senate  House  Examination  1842,  in  an  examination  paper  for  my  tutor, 
Mr  Hopkins):  and  I  was  thus  led  to  consider  how  the  series  in  question  could  be 
transformed  so  as  to  identify  it  with  the  known  expression  for  the  attraction  as  a 
single  definite  integral. 

I  remark  that  my  formulae  relate  to  the  case  of  n  variables:  as  regards  ellip- 
soids the  number  of  variables  is  of  course  =  3 :  in  the  earlier  solutions  of  the 
problem  of  the  attraction  of  ellipsoids  there  is  no  ready  method  of  making  the 
extension  from  3  to  n.  The  case  of  n  variables  had  however  been  considered  in  a 
most  able  manner  by  Green  in  his  Memoir  "  On  the  determination  of  the  exterior 
and  interior  attractions  of  Ellipsoids  of  variable  densities,"  Camb.  Phil.  Trans,  vol.  V. 
1835,  pp.  395 — 430  (and"  Mathematical  Papers,  8vo  London,  1871,  pp.  187 — 222) ;  and  in 
the  Memoir  by  Lejeune-Dirichlet,  "  Sur  une  nouvelle  mdthode  pour  la  determination 
des  intdgrales  multiples,"  lAouv.  t.  iv.  (1839),  pp.  164 — 168,  although  the  case  actually 
treated  is  that  of  three  variables,  the  method  can  be  at  once  extended  to  the  case 
of  any  number  of  variables:  it  is  to  be  noticed  also  that  the  methods  of  Green  and 
Lejeune-Dirichlet  are  each  applicable  to  the  case  of  an  integral  involving  an  integer 
or  fractional  negative  power  of  the  distance.  This  is  far  more  general  than  my  formulae, 
for  in  them  the  negative  exponent  for  the  squared  distance  is  =  ^w,  and,  by  differen- 
tiation in  regard  to  the  coordinates  a,  b,...  of  the  attracted  point,  we  can  only  change 
this  into  ^n+p,   where  jp   is   a  positive   integer.      But   in    28,  the   radical   contained  in 

the   multiple   integral   is    r- — — — -—- -p^,  where   s   is  integer  or  fractional,  and  by  a 

like  process  of  expansion  and  summation  I  obtain  a  result  depending  on  a  single  integral 

I    [/^  I  y^a^x Tf--     And  m  29,  retammg  throughout  the  general  function   ^  {a^  —  x^,  ...) 

and  making  the  analogous   transformation  of  the   multiple  integral  itself,  I  express  the 
integral 

F=  Ida;, ...  dx„  a;,="i+' ...  ay+,=°/+i...  <^(a,  -«,, ...) 
in  terms  of  an  integral  | V»+' (1  -  y^y+Z^dT,  where   W  =  j da^...da;n4>(ai-oo,T,...). 
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I  recall  the  fundamental  idea  of  Lejeune-Dirichlet's  investigation ;    starting  with   an 

integral    jjlVdxdydz  over  a  given   volume   he   replaces   this  by    lllpUdxdydz   where   p 

is  a  discontinuous  function,  =  1  for  points  inside,  and  =  0  for  points  outside,  the  given 
volume ;  such  a  function  is  expressible  as  a  definite  integral  (depending  on  the  form 
of  the  bounding  surface)  in  regard  to  a  new  variable  0 :  the  limits  for  w,  y,  z,  may 
now  be  taken  to  be  oo ,  —  oo  for  each  of  the  variables  x,  y,  z,  and  it  is  in  many 
cases  possible  to  effect  these  integrations  and  thus  to  express  the  original  multiple 
integral  as  a  single  definite  integral  in  regard  to  6. 

I  have  not  ascertained  how  far  the  wholly  different  method  in  Lejeune- 
Dirichlet's  Memoir  "  Sur  un  moyen  gdn^ral  de  verifier  I'expression  du  potentiel  relatif 
a  une  masse  quelconque  homogene  ou  hdterogene,"  Crelle,  t.  XXXII.  (1846),  pp.  80 — 84, 
admits  of  extension  in  regard  to  the  number  of  variables,  or  the  exponent  of  the 
radical. 

4.  As  noticed  p.  22,  the  investigation  was  suggested  to  me  by  Mr  Greathead's 
paper,  "  Analytical  Solutions  of  some  problems  in  Plane  Astronomy,"  Camb.  Math.  Jour. 
vol.  I.  (1839),  pp.  182 — 187,  giving  the  expression  of  the  true  anomaly  in  multiple 
sines  of  the  mean  anomaly.  I  am  not  aware  that  this  remarkable  expression  has 
been  elsewhere  at  all  noticed  except  in  a  paper  by  Donkin,  "  On  an  application  of  the 
Calculus  of  Operations  in  the  transformation  of  trigonometrical  series,"  Quart.  Math. 
Journal,  vol.  III.  (1860),  pp.  1 — 15 ;   see  p.  9,  et  seq. 

3.     In  a  terminology  which  I  have  since  made  use  of: 

The  Postulandum  or  Capacity  (□)  of  a  curve  of  the  order  r  is  =^r(r  +  3); 
and  the  Postulation  (V)  of  the  condition  that  the  curve  shall  pass  through  k  given 
points  is  in  general  =  k. 

If  however  the  k  points  are  the  mn  intersections  of  two  given  curves  of  the 
orders  m  and  n  respectively,  and  if  r  is  not  less  than  m  or  n,  and  not  greater  than 
m  +  n  —  3,  then  the  postulation  for  the  passage  through  the  m^i  points,  instead  of  being 
=  mn,   is   =mn  — ^(m  +  n  — r  —  l)(m +  n  — r  —  2). 

Writing  7  =  m  +  n  — r,  and  8  =  ^(7  — 1)(7  —  2),  the  theorem  may  be  stated  in  the 
form,  a  curve  of  the  order  r  passing  through  mn  —  S  of  the  mn  points  of  intersection 
will  pass  through  the  remaining  S  points.  The  method  of  proof  is  criticised  by 
Bacharach  in  his  paper,  "  Ueber  den  Cayley'schen  Schnittpunktsatz,"  Math.  Ann.  t.  26 
(1886),  pp.  27.5 — 299,  and  he  makes  what  he  considers  a  correction,  but  which  is  at  any 
rate  an  important  addition  to  the  theorem,  viz.  if  the  S  points  lie  in  a  curve  of 
the  order  7  —  8,  then  the  curve  of  the  order  r  through  the  mn  —  S  points  does  not 
of  necessity  nor  in  general  pass  through  the  8  points.  See  my  paper  "On  the 
Intersection  of  Curves,"  Math.  Ann.  t.  xxx.  (1887),  pp.  85 — 90. 

6.  The  formulae  in  Rodrigues'  paper  for  the  transformation  of  rectangular  coordi- 
nates afterwards  presented  themselves  to  me  in  connexion  with  Quaternions,  see  20 ;  and 
again    in   connexion  with   the   theory   of  skew   determinants,  see  52. 
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8.  A  correction  to  the  theorem  (18),  p.  42,  is  made  in  my  paper  "Notes  on 
Lagrange's  theorem,"   Comb,  and  Dubl.  Math.  Jour.   vol.   vl   (1851),  pp.   37—45. 

10.  This  paper  is  connected  with  5,  but  it  is  a  particular  investigation  to  which 
I  attach  little  value.    The  like  remark  applies  to  40. 

12.  The  second  part  of  this  paper,  pp.  75 — 80,  relates  to  the  functions  obtained 
from  n  columns  of  symbolical  numbers  in  such  manner  as  a  determinant  is  obtained 
from  2  columns,  and  which  are  consequently  sums  of  determinants:  they  are  the 
functions  which  have  since  been  called  Commutants ;  the  term  is  due  to  Sylvester. 

13.  In  modem  language:  Boole  (in  his  paper  "Exposition  of  a  general  theory 
of  linear  transformations,"  Camh.  Math.  Jour.  vol.  III.  (1843),  pp.  1—20  and  106—119) 
had  previously  shown  that  a  discriminant  was  an  invariant;  and  Hesse  in  the  paper 
"Ueber  die  Wendepunkte  der  Curven  dritter  Ordnung,"  Crelle,  t.  xxvill.  (1844),  pp.  68— 
96,  had  established  certain  covariantive  properties  of  the  ternary  cubic  function.  I  first 
prdjjosed  in  this  paper  the  general  problem  of  invariants  (that  is,  functions  of  the 
coefficients,  invariantive  for  a  linear  transformation  of  the  facients),  treating  it  by  what 
may  be  called  the  " tantipartite "  theory:  the  idea  is  best  seen  from  the  example  p.  89, 
viz.  for  the  tripartite  function 

we  have  a  function  of  the  coefficients  which  is  simultaneously  of  the  forms 


H 


a,    b,    c,  ^d 

,        H 

e,    f,    g,     k 

a,     b,     e,    / 

,        H 

c,     d,    g,    h 

a,  c,     e,    g 

b,  d,    f,    h 


and  as  such  it  is  invariantive  for  linear  transformations  of  the  (xi,  x^),  (y,,  y^),  {z^,  z^). 

Passing  from  the  tantipartite  form  to  a  binary  form,  I  obtained  for  the  binary 
quartic  the  quadrin variant  (/  =  )  ae  —  '^bd  +  3c'' :  as  noticed  at  the  end  of  the  paper, 
the  remark  that  there  is  also  the  cubinvariant  [J  =  )  ace  —  adf  —  6'e  —  c*  +  Ibcd  was 
due  to  Boole.  The  two  functions  present  themselves,  but  without  reference  to  the 
invariantive  property  and  not  in  an  explicit  form,  in  Cauchy's  Memoir  "  Sur  la  deter- 
mination du  nombre  des  racines  r^elles  dans  les  equations  algdbriques,"  Jour.  Ecole 
Polyt.  t.  X.  (1815),  pp.  457—548. 

In  p.  92  it  is  assumed  that  the  invariant  called  6u  is  the  discriminant  of  the 
function  U  =  ax^y^ZiWi  ...  +  px^y^z^Wi :  but,  as  mentioned  in  [  ],  the  assumption  was 
incorrect.  This  was  shown  by  Schlafli  in  his  Memoir,  "Ueber  die  Resultante  eines 
Systemes  mehrerer  algcbraischen  Gleichungen,"  Wiener  Denks.  t.  IV.  Abth.  2  (1852), 
pp.  1 — 74:  see  pp.  35  et  seq.  The  discriminant  is  there  found  by  actual  calculation  to 
be  a  function  (not  of  the  order  6  as  is  6u,  but)  of  the  order  24,  not  breaking  up 
into  factors;  in  the  particular  case  where  the  coefficients  a,...p  are  equal,  1,  4,  6,  4,  1 
of  them  to  o,  b,  c,  d,  e  respectively,  in  such  wise  that  changing  only  the  variables 
the  function  becomes  =  (a,  b,  c,  d,  e^x,  y)*,  then  the  discriminant  in  question  does  break 
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up  into  factors,  the  value  in  this  case  being  J"  (P  —  27J')  of  the  order  24  as  in  the 
general  case,  but  containing  the  factor  /'  —  27 J'  which  is  the  discriminant  of  the  binary 
quartic. 

14.  In  this  paper  I  developed  what  (to  give  it  a  distinctive  name)  may  be  called 
the  "  hyperdetermiuant "  theory,  viz.  the  expressions  considered  are  of  the  form 

12°13^23\..  UJJJI^..., 

where  after  the  differentiations  the  variables  {x^,  y^),  (x^,  y^,...  are  to  be  or  may  be 
put  equal  to  each  other :  it  is  to  be  noticed  that  although  in  the  examples  I  chiefly 
consider  constant  derivatives,  or  invariants,  the  memoir  throughout  relates  as  well  to 
covariants  as  invariants.  The  theory  is  to  be  distinguished  from  Gordan's  process  of 
Ueberschiebung,  or  derivational  theory,  viz.  this  may  be  considered  as  dealing  exclusively, 
or  nearly  so,  with  the  single  class  of  derivatives  (F,  TT)",  =  12  FiTFj-.  the  theorem  that 
all  the  covariants  of  a  binary  function  can  be  obtained  successively  by  operating  in 
this  manner  on  the  function  itself  and  a  covariant  of  the  next  inferior  degree  was  a  very 
important  one. 

15.  ELsenstein's  theorem  may  be  stated  as  follows  :  the  function  a^d!'  +  4ac'  —  Qahcd 
+  46'd  —  St'c'  (which  is  the  discriminant  of  the  binary  cubic  (a,  h,  c,  d\x,  yY)  is 
automorphic,  viz.  it  is  converted  into  a  power  of  itself  when  for  a,  b,  c,  d  we  substitute 

the   differential   coefficients  -r- ,    -^ ,    -y- ,    -r?   of  the   function  itself      It  is  remarkable, 

da      do      dc     dd 

see    54,    that    the    function    is    automorphic    in    a    different    manner,    viz.    the    Hessian 

determinant    formed   with    the    second   differential    coefficients    —^ ,    &c.,    is    also   equal    to 

a  power  of  the  function  itself  The  first  part  of  the  paper  relates  to  the  function 
a'h' +  fg^  + . . .  +  4!bceh  which  had  presented  itself  to  me,  13,  in  the  theory  of  linear 
transformations,   and   which    is   in   like   manner   automorphic  for   the   change    a,  b,  ...  into 

-^ ,  -77  ,  &c.  The  function  however  occurs  in  connexion  with  the  arithmetical  theory 
da      do 

of   the    composition    of    quadratic    forms.    Gauss,   Disquisitiones    Arithmetics   (1801),   and 

see    92.      The    second    part    gives    for    the    binary    quartic    covariant    an    automorphic 

formula    analogous    to    those    previously   obtained    by   Hesse   for    the    ternary   cubic,   viz. 

the   Hessian   of  any   linear   function   of    the    quartic   and   its   Hessian,   is  itself  a   linear 

function    of    the   quartic   and   its   Hessian,   the   coefficients    depending  on   the   invariants 

/,  /  of  the  quartic  form. 

16.  This   is   a   mere   reproduction   of  13   and   14,   and   requires   no  remark. 

19  and  23.  These  papers  contain  a  mere  sketch  of  the  application  of  the  doubly 
infinite  product  expression  of  the  elliptic  function  sn  u  to  the  problem  of  transformation. 
As  noticed  in  23,  I  purposely  abstained  from  any  consideration  of  the  infinite  limiting 
values  of  m  and  n. 

c.  74 
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20.  The  discovery  of  the  formula  q(ix+jy  +  kz)q-'  =  ix'+jy'  +  kz',  as  expressing 
a  rotation,  waa  made  by  Sir  W.  R  Hamilton  some  months  previous  to  the  date  of 
this  paper.  As  appears  by  the  paper  itself,  I  was  led  to  it  by  Rodrigues'  formulae, 
see  6.     For  the  further  development  of  the  theory,  see  68. 

21.  The  system  of  imaginaries  tj,  ^.•••V  had  presented  itself  to  J.  T.  Graves  about 
Christmas  1843,  see  his  paper  "On  a  Connection  &c."  Phil.  Mag.  vol.  XXVL  (1845), 
pp.  315 — 320.    They  are  called  by  him   Octads,  or  Octaves. 

24  and  25.  These  papers  precede  the  researches  of  Eisenstein  on  the  same  subject. 
Crelle,  t.  xxxv.  (1847).  It  was  I  think  right  that  the  theory  of  the  doubly  infinite 
products  should  have  been  investigated  as  in  these  papers :  but  the  investigation  is  in 
some  measure  superseded  by  the  beautiful  theory  of  Weierstrass,  viz.  he  takes  for  the 
element  of  the  product  (not  a  mere  linear  function  of  u,  but)  a  linear  function  multiplied 
by  an  exponential  factor. 


au  =  Mil  ]  ( 1  +  -  j  e  w~*«^ 


w  =  2m(o  +  2»i'<»'  where  the  ratio  m:o)'  is  imaginary,  and  the  product  extends  to  all 
positive  or  negative  integer  values  of  m,  m'  (the  simultaneous  values  0,  0  excluded): 
in  consequence  of  the  introduction  of  the  exponential  factor  the  form  of  the  bounding 
curve  becomes  immaterial,  and  the  only  condition  is  that  it  shall  be  ultimately  every- 
where at  an   infinite  distance  from   the   origin. 

The  general  theory  of  Weierstrass  in  regard  to  the  exponential  factor  is  given  in 
the  Memoir,  "  Zur  Theorie  der  eindeutigen  analytischen  Functionen,"  Berlin.  Ahh.  1876 
(reprinted,  Abhandlungen  aus  der  Functionenlehre,  8°  Berlin,  1886):  and  the  application 
to  Elliptic  Functions  is  made  in  his  lectures,  edited  by  Sehwarz,  Fornieln  und  Lehrsdtze 
u.  8.  w.  4°  Gott.  1883.     See  also  Halphen,  Thdorie  des  Fonctions  Elliptiques,  Paris,  1887. 

26.  The  geometrical  results  in  regard  to  corresponding  points  on  a  cubic  curve 
are  many  of  them  due  to  Maclaurin.  See  his  "De  linearum  geometricarum  proprieta- 
tibus  generalibus  tractatus,"  published  as  an  Appendix  to  his  Treatise  on  Algebra, 
5  Ed.  Lond.  1788.  (See  also  De  Jonquieres'  "  Melanges  de  G^om^trie  pure,"  8°  Paris, 
1856.)  But  the  theorem  in  the  "  Addition "  was  probably  new :  the  curve  of  the  third 
class  touched  by  the  line  PP"  is  the  curve  called  by  me  the  Pippian  (as  represented 
by  the  contra  variant  equation  PU=0),  but  which  has  since  been  called  the  Cayleyan 
of  the  cubic  curve. 

27.  The  theory  of  the  conies  of  involution  was  so  far  as  I  am  aware  new. 

28  and  29.    See  2,  3. 

30.  As  noticed  in  the  paper,  the  investigation  is  directly  founded  upon  that  of 
Plucker  for  the  singularities  of  a  plane  curve.  It  is  to  be  observed  that  the  definition 
of  a  "  line  through  two  points "  ligne  menSe  par  deiuc  points  (non  cmisecutifs  en  gSnSral) 
du  systhme,  does  not  exclude  actual  double  points,  for  the  line  through  an  actual 
double  point  is  a  line   through  two  points,  coincident  indeed,  but  not  consecutive ;   but 
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it  would  have  been  proper  to  notice  the  distinction  between  actual  and  apparent 
double  points  (first  made  by  Dr  Salmon,  to  whom  the  term  apparent  double  point, 
adp,  is  due):  and  the  like  in  regard  to  the  lines  in  two  planes.  In  the  translation  of 
this  paper,  83,  there  are  two  footnotes  signed  G.  S.  (Dr  Salmon),  giving  for  plane  curves 
the  formula  i-k  =  S(v-/i)  and  2(t-B)  =  (v - ij.)(v  +  fi-9):  and  for  curves  of  double 
curvature  and  developable  surfaces  the  analogous  formulse  a  -  /3  =  2  (n  -  m),  x—y  =  {n  —  m) 
and  2(5r-A)  =  (»i-m)(w  +  m-7).  Also  in  the  second  set  of  sis  equations,  p.  210,  the 
last  three  equations  are  replaced  by 

a;  =  ^77i(m-l)(m2-m-4)-i(2A  +  3/S)(2A  +  3yS  +  l)-m(m-l)(2A  +  3/3)  +  3/i,  +  4A 
a  =  2wi  (3wi  -  7)  -  3  (4A  +  b0), 

5r  =  ^  (3m  -  7)  (3m^  -  5m  -  7)  +  n6A  +  8/3)  (6A  +  8/3  + 1)  -  3m  (m  -  2)  (6fe  +  8/3)  +  19/i  +  24y8, 

viz.  these  are  the  equations  serving  to  express  x,  a,  g  in  terms  of  m,  h,  /3. 

For   the   discussion  of   some    singularities   not   considered   in   the   present  paper  see 

Zeuthen,  "  Sur  les   singularites  ordinaires  des   courbes  gdom^triques   a  double  courbure," 

Comptes  Rendus,   t.  Lxvii.    (1868),   pp.    225 — 233,   and   "  Sur   les    singularites  ordinaires 

d'une  courbe  gauche  et  d'une  surface  d^veloppable,"  Annali  di  Matem.  t.  III.  (1869-70), 
pp.  175—217. 

40.     See   10. 


definite  integral    l-r, r 

^        }{(x-  a) 


41  and  44.     For  demonstrations  of  Sir  W.  Thomson's  theorem  for  the  value  of  the 

doc 
l{(^-a)^+...  +  z,y(^+...+^,y+i   '^^  ^^'   P'^P^'"'  "Demonstration   dun 

theorfeme  d' Analyse "  and  "  Extrait  d'une  lettre  k  M.  Liouville,"  Liouv.  t.  x.  (1845), 
pp.  137 — 147  and  364 — 367,  also  the  paper  "  On  certain  definite  integrals  suggested  by 
problems  in  the  theory  of  Electricity,"  Camb.  Math.  Jour.  t.  ii.  (1845),  pp.  109 — 121. 

45.  I  am  not  aware  that  the  equation  Jk  sn  it  =  H  (m)  -r  @  (m)  had  been  previously 
demonstrated  otherwise  than  by  the  circuitous  process  employed  in  the  Fundamenta 
Nova. 


The  series  z=:l  +  C,  j— ^  ...  +  Cr  t—^ 


+ ... ,  which  is  the  solution  of  the  differen- 


dz     d^z 
tial  equation  a?z  +  ax-j-+  -f-^  —  2{a? 


dz 


4)^^  =  0,  and  in  which  Cj,  G^,  ...denote  the  coeffi- 


cients of  the  highest  powers  of  n  in  the  expressions  given  p.  299,  is  in  fact  (as 
remarked  by  me  in  a  later  paper,  Liouv.  t.  Vll.  (1862))  the  Weierstrassian  function 
Al  {x). 

47.  The  surface  here  considered,  the  Tetrahedroid,  is  the  general  homographic 
transformation  of  the  wave  surface.  It  is  a  special  case  of  the  16-nodal  quartic  surface 
considered  by  Kummer  in  his  Memoir,  "Algebraische  Strahlen-systeme,"  Berl.  Ahh.  1866, 
pp.  1 — 120,  and  in   various  papers  in   the   Berliver  Monatsberichte. 

74.-2 


V 


588  NOTES   AND   REFERENCES. 

48.  The  expressions /,«  =  2  (a  — ^^(a;  — c)(a;  — (Z) ...  for  the  Sturmian  functions  in 
terms  of  the  roots,  or  (to  use  Sylvester's  term),  say  the  endoscopic  expressions  of  these 
functions,  were  obtained  by  him,  Phil.  Mag.  vol.  xv.  (1839). 

It  was  interesting  to  express  these  in  terms  of  the  sums  of  powers  /S,,  Sj,  &c., 
that  is  in  terms  of  symmetrical  functions  of  the  coefficients,  but  for  the  actual 
expression  of  the  Sturmian  functions  in  terms  of  the  coefficients  the  process  is  a  very 
circuitous  one,  and  the  proper  course  is  to  start  directly  from  the  exoscopic  expressions 
as  linear  functions  of  fx,  f'x  also  due  to  Sylvester  (see  his  Memoir  "  On  a  theory  of 
the  syzygetic  relations  of  two  rational  integral  functions  &c.,"  Phil.  Trans,  t.  CXLIII.  (1853), 
pp.  407 — 548),  which  is  what  is  done  in  the  subsequent  paper  65. 

49.  I  attach  some  value  to  this  paper  as  a  contribution  to  the  theory  of  the 
Gamma   function. 

50.  55,  70,  95,  98.  The  general  theorem  of  §  L  was  given  in  a  very  different  and 
less  suggestive  notation,  by  an  anonymous  writer,  "  Thdor^mes  appartenant  a  la  gdomdtrie 
de  la  rSgle,"  Gergonne  t.  ix.  (1818-19),  pp.  289 — 291  ;  viz.  the  statement  is  in  effect 
as  follows:  considering  in  a  plane  or  in  space  any  n  points  1,  2,  3...n;  then  joining 
these  in  order,  take  12  any  point  in  the  line  1,  2 ;  23  any  point  in  the  line  2,  3, 
and  so  on  to  n  —  l.n.  Take  then  123  the  intersection  of  the  lines  1,  23  and  12,  3; 
234  the  intersection  of  the  lines  2,  34  and  23,  4 ;  and  so  on  to  n— 2  .n  —  l.n.  Take 
then  1234  the  intersection  of  the  lines  1,  234;  12,  34;  and  123,  4  (viz.  these  three 
lines  will  meet  in  a  point) :  2345  the  intersection  of  the  lines  2,  345 ;  23,  45 ;  234,  5 
(viz.  these  three  lines  will  meet  in  a  point)...  and  so  on  to  n  —  S.n— 2.n  —  l.n.  And 
so  on  for  12345,  &c.  up  to  123... «;  in  the  successive  constructions  we  have  four, 
five, ...  and  finally  n  lines  which  in  each  case  meet  in  a  point.  A  proof  is  given  by 
Gergonne,  t.  xi.  (1820-21). 

A  large  part  of  this  paper  relates  to  the  theory  of  the  relations  to  each  other  of 
the  60  Pascalian  lines  derived  from  the  hexagons  which  can  be  formed  with  the  same 
six  points  upon  a  conic :  the  literature  of  the  question  is  very  extensive,  and  I  hope  to 
refer  to  it  again  in  the  Notes  to  another  volume. 

54.  See  for  an  addition  which  should  have  been  printed  with  this  paper,  the 
last  paragraph  of  92. 

63.  Boole's  theorem  of  integration  which  is  here  demonstrated  is  a  very  remarkable 
one,  and  it  would  be  very  interesting  to  investigate  the  general  forms,  or  a  larger 
number  of  particular  forms,  for  the  functions  P,  Q  satisfying  the  condition  mentioned 
in  the  theorem.  It  may  be  remarked  that  the  demonstration  is  very  closely  connected 
with  Lejeune-Dirichlet's  method  for  the  determination  of  certain  definite  integrals 
referred  to  in  2  and  3,  we  have  a  triple  integral  the  real  part  of  which  is  =fP  -h  Qi"+' 
or  0,  according  as  P  is  or  is  not  comprised  between  the  limits  0  and  1.  It  includes 
Boole's  formula  mentioned  in  44  and  in  64. 

65.  See  48. 

66.  The  method  here  employed  of  establishing  the  theory  of  Laplace's  coefficients 
in  Ti-dimensional  space   by  means  of  rectangular  coordinates,  has  I  think  some  advantage 
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over  the    ordinary   one,    in   which    angular    coordinates    are    introduced.     The    method    is 
not  given  in  Heine's  Kugelfimctionen,  Berlin  1878-81. 

67.  93,  and  99.     These  papers  relate  to  the  equation  of  differences,  see  p.  540,  derived 

dz  d^2  dz 

from  Jacobi's  equation  n{n—\)a?z  +  {n  —  1) {ow  —  2a?) -j- +  (1  —  aa?  +  of) -^-^  —  2n (a'  —  4) t-  =  0 : 

the  investigation  seems  to  show  that  the   integration  cannot  be   effected  in  any  tolerably 
simple  form. 

68.  See   20. 

69.  This  paper  relates  to  the  theory  of  the  functions  considered  by  Jacobi,  and 
to  which  the  name  "  Pfaffian "  has  since  been  given.  It  is  shown  that  the  definition 
of  a  determinant  may  be  so  extended  as  to  include  within  it  the  PfafSan :  and  it  is 
proved  that  a  symmetrical  skew  determinant  is  the  square  of  a  Pfaffian. 

71.     I  doubt  whether  the  theorem  is  trixe  except  in  the  cases  m  =  3  and  n  =  4. 

76.  As  mentioned  at  the  conclusion  of  the  Memoir  the  whole  subject  was  developed 
in  a  correspondence  with  Dr  Salmon.  Steiner's  researches  upon  Cubic  Surfaces  are  of 
later  date,  viz.  we  have  his  Memoir,  "Ueber  die  Flachen  dritten  Grades"  (read  to  the 
Berlin  Academy  31  January  1856),  Crelle,  t.  Liii.  (1857),  pp.  133 — 141  and  W&rhe,  t.  ii. 
pp.  651—659. 

77.  Contains  the  general  definition  of  the  'order'  of  a  system  of  equations. 

81.  Contains  the  remark  that  the  Cartesian  has  a  cwsp  at  each  of  the  two  circular 
points   at   infinity. 

82.  The  Problem  of  the  fifteen  school  girls  was  proposed  by  Kirkman,  Lady's 
and  Gentleman's  Diary,  1850 :  it  is  a  particular  case  of  the  Prize-question  proposed  by 
him  in  the   Diary   for   1844.     A  great   deal   has   been   written   on   the   subject. 

83.  See  30. 

92.     See  15. 

94.  This  paper  contains  my  foiirfold  formulae  for  the  addition  of  the  elliptic 
functions  sn,  en,  and  dn. 

100.  I  remark  that  the  terms  covariant,  invariant,  here  referred  to  as  introduced 
by  Sylvester,  were  first  employed  (together  with  many  other  valuable  new  terms)  in 
the  first  part  of  his  paper  "  On  the  Principles  of  the  Calculus  of  Forms,"  Camb.  and 
Dull.  Math.  Jour,  vol  VIL  (1852),  pp.  52 — 97.  I  hope  to  give  in  the  next  volume,  in 
connexion  with  my  Introductory  Memoir  on  Quantics,  a  review  of  the  earlier  history 
of  the  subject. 


END    OF    VOL.     I. 
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